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Preface

The theoretical aspects of Time Series Analysis in the Gaussian context have been well
understood since the end of the Second World War, more than 60 years ago. Linear
transformations (or filters) preserve the Gaussian property and hence fit well in that
framework. Norbert Wiener wanted to extend the theory to the non-linear world by
considering non-linear transformations of Gaussian processes, while requesting that
the output of the non-linear filters preserve the finite variance-covariance property,
which is one the hallmarks of Gaussian processes. Kiyoshi Itô attempted to do the
same thing in Japan. This extension is now known as the “Wiener chaos” and the cor-
responding stochastic integrals as “Wiener-Itô stochastic integrals”. The versatility of
the non-linear theory, however, turned out to be more limited than what was hoped
for. It is not easy, for example, to write down the distributions of the random variables
that live in this Wiener chaos. This mathematical challenge led several researchers to
develop ad-hoc graphical devices, known as diagram formulae, allowing to derive mo-
ments and cumulants of chaotic random variables bymeans of combinatorial identities.
Although these tools are not always easy to manipulate, they have been successfully
used in order to develop not only new types of central limit theorems where the limit
is Gaussian but also non-central limit theorems where the limit is non-Gaussian.
This is a book about combinatorial structures in the Wiener chaos. The combina-

torial structures involved in our analysis are those of lattices of partitions of finite sets,
over which we define incidence algebras, Möbius functions and associated inversion
formulae. As discussed in the text, this combinatorial standpoint (which is originally
due to Rota and Wallstrom [132]) provides an ideal framework in order to system-
atically deal with diagram formulae. Several applications are described, in particular
recent limit theorems for chaotic random variables. An explicit computer implemen-
tation into the Mathematica language completes the text.
Chaotic random variables play now a crucial role in several areas of theoretical

and applied probability. For instance, the fact that every functional of a Gaussian pro-
cess or a Poisson measure can be written as a series of multiple integrals (the so-called
“Wiener-Itô chaotic representation property”) is one of the staples of Malliavin calcu-
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lus and of its many applications, for example, to stochastic partial differential equa-
tions or stochastic calculus. In a recent series of papers (that are described and analyzed
in the book), essentially written by Nourdin, Nualart, Peccati and Taqqu, it has been
shown that the properties of chaotic random variables are the key elements for deriving
very general (and strikingly simple) convergence results for non-linear functionals of
Gaussian fields, Poisson measures or Lévy processes.
The goal of this monograph is to render this subject more accessible. We do this

in a number of ways. We provide many examples to illustrate the theory and we also
implement many of the formulas in Mathematica, so that the user can get a concrete
feeling for the various topics. The theoretical exposition is rigorous. We have tried to
fill in many of the steps in the proofs we provide, and when proofs are not given, we
include detailed references. The bibliography, for example, is rather extensive, with
more than 150 references. Our emphasis is on the combinatorial aspect of the subject
because it is through combinatorics that the various objects are related. We start with
describing partitions of a integer, of a set, the relations between them, we continue with
moments and cumulants and cover a number of graphical descriptions of the various
diagram formulae. When considering stochastic integrals, we do not always eliminate
diagonals as is usually done, but we consider integrals where an arbitrary subset of
diagonals has been eliminated, and we specify the explicit relations between them.
The stochastic integrals include not only multiple integrals with respect to a Gaussian
measure but also multiple integrals with respect to Poisson measures.
As anticipated, the subject is very much in flux with new limit theorems being

developed and further applications, for example, to the Malliavin calculus. Although
we do not cover these subjects, we provide an overview of various directions that are
being pursued by researchers. This survey provides a basis for understanding the new
developments.
The readership we have in mind includes researchers, but also graduate students

who are either starting their research or are already working on a doctoral thesis. For
a detailed description of the contents, please refer to the introduction and its subsec-
tion 1.1 “Overview”. The Contents, which include the title of the sections and subsec-
tions, also provide a good overview of the covered topics.
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would not have existed.
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Introduction

1.1 Overview

The aim of this work is to provide a unified treatment of moments and cumulants asso-
ciated with non-linear functionals of completely randommeasures. A “completely ran-
dommeasure” (also called an “independently scattered randommeasure”) is a measure
ϕ with values in a space of random variables, such that ϕ(A) and ϕ(B) are indepen-
dent random variables, whenever A and B are disjoint sets. Examples are Gaussian,
Poisson or Gamma randommeasures. We will specifically focus on multiple stochastic
integrals with respect to the random measure ϕ. These integrals are of the form∫

σ

f(z1, ..., zn)ϕ(dz1) · · · ϕ(dzn) (1.1.1)

and ∫
≥σ

f(z1, ..., zn)ϕ(dz1) · · · ϕ(dzn), (1.1.2)

where f is a symmetric function and ϕ is a completely random measure (for instance,
Poisson or Gaussian) on the real line. The integration is not over all of Rn, but over a
“diagonal” subset ofRn defined by a partition σ of the integers {1, ..., n} as illustrated
below.
We shall mainly adopt a combinatorial point of view. Our main inspiration is a

truly remarkable paper by Rota and Wallstrom [132], building (among many others)
on earlier works by Itô [40], Meyer [76, 77] and, most importantly, Engel [26] (see also
Bitcheler [9], Kussmaul [59], Linde [64], Masani [73], Neveu [79] and Tsilevich and
Vershik [159] for related works). In particular, in [132] the authors point out a crucial
connection between the machinery of multiple stochastic integration and the structure
of the lattice of partitions of a finite set, with specific emphasis on the role played by
the associated Möbius function (see e.g. [2], as well as Chapter 2 below). As we will
see later on, the connection between multiple stochastic integration and partitions is
given by the natural isomorphism between the partitions of the set {1, ..., n} and the
G. Peccati, M.S. Taqqu: Wiener Chaos: Moments, Cumulants and Diagrams –
A survey with computer implementation.
© Springer-Verlag Italia 2011
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diagonal sets associated with the Cartesian product of nmeasurable spaces (a diagonal
set is just a subset of the Cartesian product consisting of points that have two or more
coordinates equal).
For example, going back to (1.1.1), if n = 3 and

σ = {{1, 2}, {3}}

in (1.1.1), then one integrates over z1, z2, z3 ∈ R3 with

z1 = z2, z2 �= z3.

If
σ = {{1}, {2}, {3}},

then the integration is over

z1 �= z2, z1 �= z3, z2 �= z3

(commonly denoted z1 �= z2 �= z3). In (1.1.2), one integrates over “≥ σ ”, that is, over
all partitions that are coarser than σ. For example, if n = 3 and σ = {{1, 2}, {3}},
then “≥ σ ” indicates that one has not only to integrate over z1 = z2, z2 �= z3, but
also on the hyperdiagonal z1 = z2 = z3 (corresponding to the one-block partition
{{1, 2, 3}}). If n ≥ 2, the integrals (1.1.1) and (1.1.2) are non-linear functionals of ϕ,
and thus, even if ϕ is Gaussian, these integrals are non-Gaussian random variables.
As we will see in Chapter 5, a crucial element of our analysis is given by random

variables of the type (1.1.1), where the integration is performed over a setwithout diag-
onals, that is, where all the coordinates zi are different. Random variables of this type
belong to the so-calledWiener chaos associated with the random measure ϕ. Chaotic
random variables play now a crucial role in several areas of theoretical and applied
probability. For instance, we will see that they enjoy several remarkable connections
with orthogonal polynomials, such as Hermite and Charlier polynomials; also, we will
show that every square-integrable functional of a Gaussian process or of a Poisson
measure can be written as a series of multiple integrals over non-diagonal sets (the so-
called “Wiener-Itô chaotic representation property”). This last fact is one of the staples
of Malliavin calculus (see [93, 94, 21]) and of its many applications e.g. to stochastic
partial differential equations or stochastic calculus. In a recent series of papers (that
are described and analyzed in the last chapters of this book), it has been shown that the
properties of chaotic random variables are fundamental in deriving convergence results
for non-linear functionals of Gaussian fields, Poisson measures or Lévy processes.
The best description of the approach to stochastic integration followed in the

present work is still given by the following sentences, taken from [132]:

The basic difficulty of stochastic integration is the following. We are given
a measure ϕ on a set S, and we wish to extend such a measure to the prod-
uct set Sn. There is a well-known and established way of carrying out such
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an extension, namely, taking the product measure. While the product mea-
sure is adequate in most instances dealing with a scalar valued measure, it
turns out to be woefully inadequate when the measure is vector-valued, or,
in the case dealt with presently, random-valued. The product measure of a
nonatomic scalar measure will vanish on sets supported by lower-dimensional
linear subspaces of Sn. This is not the case, however, for random measures.
The problem therefore arises of modifying the definition of product measure
of a random measure in such a way that the resulting measure will vanish on
lower-dimensional subsets of Sn, or diagonal sets, as we call them.

As pointed out in [132], as well as in Chapter 5 below, the combinatorics of parti-
tion lattices provide the correct framework in order to define a satisfactory stochastic
product measure.
As discussed in detail in Chapter 8, part of the results presented in this work extend

to the case of isonormal Gaussian processes, that is, centered Gaussian families whose
covariance structure is isomorphic to some (real or complex) Hilbert space. Note that
isonormal Gaussian processes have gained enormous importance in recent years, for
instance in connection with fractional processes (see e.g. the second edition of Nu-
alart’s book [94]), or as limit objects (known as Gaussian Free Fields) appearing e.g.
in the theory of random matrices and random surfaces (see [129] and [139] for some
general discussions in this direction).
To make the notions we introduce concrete, we have included an Appendix to

this survey. It is devoted to a Mathematica1 implementation of various formulae. We
stress, however, that no knowledge of the Mathematica language is required. This is
because we provide in the Appendix detailed instructions and examples. This unusual
addendum may be welcome, in particular, by graduate students and new researchers
in this area.
As apparent from the title, in the subsequent chapters a prominent role will be

played by moments and cumulants. In particular, the principal aims of our work are
the following:

– Put diagram formulae in a proper algebraic setting. Diagram formulae are
mnemonic devices, allowing to compute moments and cumulants associated with
one or more random variables. These tools have been developed and applied in a
variety of frameworks: see e.g. [141, 151] for diagram formulae associated with
general random variables; see [10, 12, 34, 68] for non-linear functionals of Gaus-
sian fields; see [150] for non-linear functionals of Poisson measures. They can be
quite useful in the obtention of Central Limit Theorems (CLTs) by means of the
so-called method of moments and cumulants (see e.g. [66]). Inspired by the works
by McCullagh [74], Rota and Shen [131] and Speed [145], we shall show that all
diagram formulae quoted above can be put in a unified framework, based on the

1 Mathematica is a computational software program developed by Wolfram Research, which
is used widely in scientific and mathematical fields.
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use of partitions of finite sets. Although somewhat implicit in the previously quoted
references, this clear algebraic interpretation of diagrams is new. In particular, in
Chapter 4 we will show that all diagrams encountered in the probabilistic literature
(such as Gaussian, non-flat and connected diagrams) admit a neat translation in the
combinatorial language of partition lattices.

– Illustrate the Engel-Rota-Wallstrom theory.We shall show that the theory de-
veloped in [26] and [132] allows to recover several crucial results of stochastic
analysis, such as multiplication formulae for multiple Gaussian and Poisson inte-
grals see [49, 94, 150]. This extends the content of [132], which basically dealt
with product measures. See also [28] for other results in this direction.

– Shed light the combinatorial implications of new CLTs. In a recent series of
papers (see [69, 82, 86, 87, 90, 95, 98, 103, 106, 109, 110, 111]), a new set of tools
has been developed, allowing to deduce simple CLTs involving random variables
having the form of multiple stochastic integrals. All these results can be seen as
simplifications of the method of moments and cumulants. In Chapter 11, we will
illustrate these results from a combinatorial standpoint, by providing some neat
interpretations in terms of diagrams and graphs. In particular, we will prove that
in these limit theorems a fundamental role is played by the so-called circular dia-
grams, that is, connected Gaussian diagrams whose edges only connect subsequent
rows.

We will develop the necessary combinatorial tools related to partitions, diagram and
graphs from first principles in Chapter 2 and Chapter 4. Chapter 3 provides a self-
contained treament of moments and cumulants from a combinatorial point of view.
Stochastic integration is introduced in Chapter 5. Chapter 6 and Chapter 7 deal, re-
spectively, with product formulae and diagram formulae. Chapter 8 deals with Gaus-
sian random measures, isonormal Gaussian processes and the relationship between
corresponding multiple integrals and Hermite polynomials. In Chapter 9 we describe
Hermitian random measures and spectral representations and define the Hermite pro-
cesses. In Chapter 10 we introduce Charlier polynomials and relate them to multiple
integrals with respect to a Poisson random measure. Chapter 11 and Chapter 12 deal
with CLTs onWiener and Poisson chaos respectively. There are two appendices2. Ap-
pendix A describes theMathematica commands. These are also listed in the Contents.
Finally, Appendix B contains tables of moments and cumulants.

2 The index does not include the appendices.
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1.2 Some related topics

In this survey, we choose to follow a very precise path, namely starting with the basic
properties of partition lattices and diagrams, and develop from there as many as pos-
sible of the formulae associated with products, moments and cumulants in the theory
of stochastic integration with respect to completely random measures. In order to keep
the length of the present work within bounds, several crucial topics are not included (or
are just mentioned) in the discussion to follow. One remarkable omission is of course
a complete discussion of the connections between multiple stochastic integrals and or-
thogonal polynomials. This topic is partially treated in Chapters 8 and 10 below, in the
particular case of Gaussian and Poisson fields. For recent references on more general
stochastic processes (such as Lévy processes), see e.g. the monograph by Schoutens
[137] and the two papers by Solé and Utzet [143, 144]. Other related (and missing)
topics are detailed in the next list, whose entries are followed by a brief discussion.

– Wick products. Wick products are intimately related to chaotic expansions. A com-
plete treatment of this topic can be found e.g. in Janson’s book [46].

– Malliavin calculus. See the two monographs by Nualart [93, 94] for Malliavin
calculus in a Gaussian setting. The monograph by Di Nunno, Øksendal and Proske
[21] provides an introduction to Malliavin calculus with applications to finance.
A good introduction to Malliavin calculus for Poisson measures is contained in
the classic papers by Nualart and Vives [100], Privault [120] and Privault and Wu
[125], as well as in the recent monograph by Privault [122]. A fundamental con-
nection between Malliavin operators and limit theorems has been first pointed out
in [96]. See [82, 86, 106] for further developments.

– Hu-Meyer formulae. Hu-Meyer formulae connect Stratonovich multiple integrals
and multipleWiener-Itô integrals. See [94] for a standard discussion of this topic in
a Gaussian setting. Hu-Meyer formulae for general Lévy processes can be naturally
obtained by means of the theory described in the present book: see the excellent
paper by Farré et al. [28] for a complete treatment of this point.

– Stein’s method. Stein’s method for normal and non-normal approximation can be
a very powerful tool in order to obtain central and non-central limit theorems for
non-linear functionals of random fields. In Chapter 3, we will only scratch the
surface of this topic, by proving two basic results related to Stein’s method, namely
the Stein’s Lemma for the normal distribution, and the Chen-Stein Lemma for the
Poisson distribution. Some further discussion is contained in Chapter 11. See [147]
for a classic reference on the subject and [15] for an exhaustive recent monograph.
See [86, 87, 90] for several limit theorems involving functionals of Gaussian fields,
obtained by means of Stein’s method and Malliavin calculus. See [106, 114] for
applications of Stein’s method to functionals of Poisson measures.

– Free probability. The properties of the lattice of (non-crossing) partitions and the
corresponding Möbius function are crucial in free probability. See the monograph
by Nica and Speicher [80] for a valuable introduction to the combinatorial aspects
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of free probability. See Anshelevich [3, 4] for some instances of a “free” theory of
multiple stochastic integration. The paper [53], by Kemp et al., establishes some
explicit connections between limit theorems in free probability and the topics dis-
cussed in Chapter 11 below.



2

The lattice of partitions of a finite set

In this chapter we recall some combinatorial results concerning the lattice of partitions
of a finite set. These objects play an important role in the obtention of the diagram for-
mulae presented in Chapter 5. The reader is referred to Stanley [146, Ch. 3] and Aigner
[2] for a detailed presentation of (finite) partially ordered sets and Möbius inversion
formulae.

2.1 Partitions of a positive integer

Given an integer n ≥ 1, we define the set Λ (n) of partitions of n as the collection of
all vectors of the type λ = (λ1, ..., λk) (k ≥ 1), where:

(i) λj is an integer for every j = 1, ..., k;
(ii) λ1 ≥ λ2 ≥ · · · ≥ λk ≥ 1;
(iii) λ1 + · · ·+ λk = n.

(2.1.1)

We call k the length of λ. It is sometimes convenient to write a partition λ =
(λ1, ..., λk) ∈ Λ (n) in the form

λ = (1r1 2r2 · · · nrn) .

This representation (which encodes all information about λ) simply indicates that, for
every i = 1, ..., n, the vector λ contains exactly ri (≥ 0) components equal to i.
Clearly, if λ = (λ1, ..., λk) = (1r1 2r2 · · · nrn) ∈ Λ (n), then

1r1 + · · ·+ nrn = n (2.1.2)

and r1 + · · ·+ rn = k. We will sometimes use the (more conventional) notation

λ � n instead of λ ∈ Λ (n).

G. Peccati, M.S. Taqqu: Wiener Chaos: Moments, Cumulants and Diagrams –
A survey with computer implementation.
© Springer-Verlag Italia 2011
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Example 2.1.1 (i) If n = 5, one can, for example, have 5 = 4 + 1 or 5 = 1 + 1 +
1 + 1 + 1. In the first case the length is k = 2, with λ1 = 4 and λ2 = 1, and
the partition is λ =

(
1120304150

)
. In the second case, the length is k = 5 with

λ1 = ... = λ5 = 1, and the partition is λ =
(
1520304050

)
.

(ii) One can go easily from one representation to the other. Thus λ =
(
12233042

)
corresponds to

n = (1× 2) + (2× 3) + (3× 0) + (4× 2) = 16,

that is, to the decomposition 16 = 4 + 4 + 2 + 2 + 2 + 1 + 1, and thus to

λ = (λ1, λ2, λ3, λ4, λ5, λ6, λ7) = (4, 4, 2, 2, 2, 1, 1) .

Remark. Fix n ≥ 2 and k ∈ {1, ..., n}. Consider a partition of n of length k, say λ =
(λ1, ..., λk), and write it in the form λ = (1r1 2r2 · · · nrn). Then, one has necessarily
that rj = 0 for every j > n − k + 1 (or, equivalently, n ≤ j + k − 2). Indeed, if
rj > 0 for such a j, then there would exist λa∗ ∈ λ such that n ≤ λa∗ + k − 2. This
contradicts the inequality n = λ1 + · · ·λk ≥ λa∗ + k − 1, which results from the
fact that λ is composed of k strictly positive integers whose sum equals n. This fact
implies that, for fixed n ≥ 2 and k ∈ {1, ..., n}, every partition λ ∈ Λ(n) of length k
has the form

λ =
(
1r1 2r2 · · · (n− k + 1)rn−k+1 (n− k + 2)0 · · · n0

)
, (2.1.3)

thus yielding immediately the following statement.

Proposition 2.1.2 There exists a bijection, say β, between the subset of Λ(n) com-
posed of partitions with length k and the collection of all vectors (r1, ..., rn−k+1) of
nonnegative integers such that

r1 + · · ·+ rn−k+1 = k and 1r1 + 2r2 + · · ·+ (n− k + 1) rn−k+1 = n. (2.1.4)

The bijection is obtained as follows: if (r1, ..., rn−k+1) verifies (2.1.4), then β−1

(r1, ..., rn−k+1) is the element of Λ(n) of length k given by (2.1.3).

A vector of nonnegative integers (r1, ..., rm) verifying r1 + · · · + rm = k is
customarily called a weakm-composition of k (see for example Stanley [146, p. 15]).

Example 2.1.3 Consider the case n = 4 and k = 2. Then, there exist only two vectors
(r1, r2, r3) of nonnegative integers satisfying (2.1.4) (that is, such that r1 +r2 +r3 = 2
and r1 + 2r2 + 3r3 = 4), namely (1, 0, 1) and (0, 2, 0). These vectors correspond
respectively to the partitions λ1 = (3, 1) = (11203140) and λ2 = (2, 2) = (10223040).
Proposition 2.1.2 implies that λ1 and λ2 are the only elements of Λ(4) having length 2.
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2.2 Partitions of a set

Let b denote a finite nonempty set and let

P(b) be the set of partitions of b.

By definition, an element π of P (b) is a collection of nonempty and disjoint subsets of
b (called blocks), such that their union equals b. The symbol |π| indicates the number
of blocks (or the size) of the partition π.

Notation. For each pair i, j ∈ b and for each π ∈ P (b), we write

i ∼π j

whenever i and j belong to the same block of π.

We now define a partial ordering on P (b). For every σ, π ∈ P (b), we write

σ ≤ π

if and only if

each block of σ is contained in a block of π.

Thus,

If σ ≤ π, then |σ| ≥ |π|.

Borrowing from the terminology used in topology one also says that π is coarser
than σ. It is clear that≤ is a partial ordering relation, that is,≤ is a binary relation on
P (b), which is also reflexive, transitive and antisymmetric, that is:

(i) σ ≤ σ, for every σ ∈ P(b) (reflexivity);
(ii) if σ ≤ π and π ≤ ρ, then σ ≤ ρ (transitivity);
(iii) if σ ≤ π and π ≤ σ, then σ = π (antisymmetry);

(see also Stanley [146, pp. 97-98]).

Example 2.2.1 (i) If b = {1, 2, 3, 4, 5}, π = {{1, 2, 3} , {4, 5}} and σ = {{1, 2} ,
{3} , {4, 5}}, then, σ ≤ π because each block of σ is contained in a block of π.
We have 3 = |σ| > |π| = 2.

(ii) If π = {{1, 2, 3} , {4, 5}} and σ = {{1, 2} , {3, 4, 5}}, then π and σ are not
ordered.
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Moreover, the relation ≤ induces on P (b) a lattice structure. Recall that a lattice
is a partially ordered set such that each pair of elements has a least upper bound and a
greatest lower bound (see the forthcoming remark for a definition of these two notions,
as well as [146, p. 102]). In particular, the partition

σ ∧ π, σ, π ∈ P (b) ,

called meet of σ and π, is the partition of b such that each block of σ∧π is a nonempty
intersection between one block of σ and one block of π. On the other hand, the partition

σ ∨ π, σ, π ∈ P (b) ,

called join of σ and π, is the element of P (b) whose blocks are constructed by taking
the non-disjoint unions of the blocks of σ and π, that is, by taking the union of those
blocks that have at least one element in common.

Remarks. (a)Whenever π1 ≤ π2, one has |π1| ≥ |π2|. In particular, |σ ∧ π| ≥ |σ ∨ π|.
(b) The partition σ ∧ π is the greatest lower bound associated with the pair (σ, π).

As such, σ∧π is completely characterized by the property of being the unique element
ofP (b) such that: (i) σ∧π ≤ σ, (ii) σ∧π ≤ π, and (iii) ρ ≤ σ∧π for every ρ ∈ P (b)
such that ρ ≤ σ, π.

(c) Analogously, the partition σ ∨ π is the least upper bound associated with the
pair (σ, π). It follows that σ ∨ π is completely characterized by the property of being
the unique element ofP (b) such that: (i) σ ≤ σ∨π, (ii) π ≤ σ∨π, and (iii) σ∨π ≤ ρ

for every ρ ∈ P (b) such that σ, π ≤ ρ.

Example 2.2.2 (i) Take b = {1, 2, 3, 4, 5}. If π = {{1, 2, 3} , {4, 5}} and σ =
{{1, 2} , {3} , {4, 5}}, then, as noted above, σ ≤ π and we have

σ ∧ π = σ and σ ∨ π = π.

A graphical representation of π, σ, σ ∧ π and σ ∨ π is:

π = 1 2 3 4 5

σ = 1 2 3 4 5

σ ∧ π = 1 2 3 4 5

σ ∨ π = 1 2 3 4 5

(ii) If π = {{1, 2, 3} , {4, 5}} and σ = {{1, 2} , {3, 4, 5}}, then π and σ are not
ordered and

σ ∧ π = {{1, 2} , {3} , {4, 5}} and σ ∨ π = {b} = {{1, 2, 3, 4, 5}} .
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A graphical representation of π, σ, σ ∧ π and σ ∨ π is:

π = 1 2 3 4 5

σ = 1 2 3 4 5

σ ∧ π = 1 2 3 4 5

σ ∨ π = 1 2 3 4 5

(iii) A convenient way to build σ∨π is to do it in successive steps. Take the union of
two blocks with a common element and look at it as a new block of π. See if it
shares an element with another block of σ. If yes, repeat. For instance, suppose
that π = {{1, 2}, {3}, {4}} and σ = {{1, 3}, {2, 4}}. Then, π and σ are not
ordered and

σ ∧ π = {{1} , {2} , {3} , {4}} and σ ∨ π = {{1, 2, 3, 4}} .
One now obtains σ ∨ π by noting that the element 2 is common to {1, 2} ∈ π

and {2, 4} ∈ σ, and the “merged” block {1, 2, 4} shares the element 1 with the
block {1, 3} ∈ σ, thus implying the conclusion. A graphical representation of π,
σ, σ ∧ π and σ ∨ π is:

π = 1 2 3 4

σ = 1 3 2 4

σ ∧ π = 1 2 3 4

σ ∨ π = 1 2 3 4

Notation.When displaying a partition π of {1, ..., n} (n ≥ 1), the blocks b1, ..., bk ∈ π
will always be listed in the following way: b1 will always contain the element 1, and

min {i : i ∈ bj} < min {i : i ∈ bj+1} , j = 1, ..., k − 1.

Also, the elements within each block will be always listed in increasing order. For
instance, if n = 6 and the partition π involves the blocks {2} , {4} , {1, 6} and {3, 5},
we will write π = {{1, 6} , {2} , {3, 5} , {4}}.

Definition 2.2.3 The maximal element of P (b) is the trivial partition

1̂ = {b} .
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The minimal element of P (b) is

the partition 0̂, such that each block of 0̂ contains exactly one element of b.

Observe that
∣∣∣1̂∣∣∣ = 1 and

∣∣∣0̂∣∣∣ = |b|, and also 0̂ ≤ 1̂. Thus if b = {1, 2, 3}, then

0̂ = {{1}, {2}, {3}} and 1̂ = {1, 2, 3}.

Definition 2.2.4 The partition segment (or interval) [σ, π] inP (b), with σ ≤ π, is the
following subset of partitions of b:

[σ, π] = {ρ ∈ P (b) : σ ≤ ρ ≤ π} .

Plainly,

P (b) =
[
0̂, 1̂

]
.

2.3 Partitions of a set and partitions of an integer

We now focus on the notion of class, which associates to a segment of partitions a
partition of an integer.

Definition 2.3.1 The class of a segment [σ, π] (σ ≤ π), denoted λ (σ, π), is defined as
the partition of the integer |σ| given by

λ (σ, π) = (1r1 2r2 · · · |σ|r|σ|) , (2.3.5)

where ri, i = 1, ..., |σ|, indicates the number of blocks of π that contain exactly i
blocks of σ. We stress that necessarily |σ| ≥ |π|, and also

|σ| = 1r1 + 2r2 + · · ·+ |σ| r|σ| and |π| = r1 + · · ·+ r|σ|.

The lenght of λ (σ, π) equals |π|.

Example 2.3.2 (i) If π = {{1, 2, 3} , {4, 5}} and σ = {{1, 2} , {3} , {4, 5}}, then
since {1, 2} and {3} are contained in {1, 2, 3} and {4, 5} in {4, 5}, we have 1
block of π (namely {4, 5}) containing 1 block of σ and 1 block of π (namely
{1, 2, 3}) containing 2 blocks of σ. Thus r1 = 1, r2 = 1, r3 = 0, that is,
λ (σ, π) =

(
112130

)
, corresponding to the partition of the integer 3 = 2 + 1.

(ii) In view of (2.1.1), one may suppress the terms ri = 0 in (2.3.5), and write for
instance λ (σ, π) =

(
112032

)
=
(
1132

)
for the class of the segment [σ, π], as-

sociated with the two partitions σ = {{1} , {2} , {3} , {4} , {5} , {6} , {7}} and
π = {{1} , {2, 3, 4} , {5, 6, 7}}.
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From now on, we let

[n] = {1, · · · , n} , n ≥ 1. (2.3.6)

With this notation, the maximal and minimal element of the set P ([n]) are given,
respectively, by

1̂ = {[n]} = {{1, ..., n}} and 0̂ = {{1} , ..., {n}} . (2.3.7)

Now fix a set b, say b = [n] = {1, · · · , n} with n ≥ 1 and consider the partition
0̂ = {{1} , ..., {n}} . Then, for a fixed λ = (1r1 2r2 · · · nrn) � n, the number of

partitions π ∈ P (b) such that λ
(

0̂, π
)

= λ is given by

[ n
λ

]
�
[ n

r1, ..., rn

]
=

n!
(1!)r1 r1! (2!)r2 r2! · · · (n!)rn rn!

. (2.3.8)

This is the number of partitions π containing exactly r1 blocks of size 1, r2 blocks of
size 2, ..., rn blocks of size n. Equation (2.3.8) follows from the following fact. Fix
i = 1, ..., n. If π contains ri blocks of size i, then the elements in each block can be
permuted within the block, yielding (i!)ri possibilities and, in addition, the posiiton
of the ri blocks can be permuted as well, yielding ri! possiblities (see, for example,
[146] for more details). The requirement that λ

(
0̂, π

)
= λ = (1r1 2r2 · · · nrn) simply

means that, for each i = 1, ..., n, the partition πmust have exactly ri blocks containing
i elements of b. Recall that the integers r1, ..., rn must satisfy (2.1.2), namely 1r1 +
· · ·+ nrn = n.

Example 2.3.3 (i) For any finite set b, one has always that

λ
(

0̂, 1̂
)

=
(

1020 · · · |b|1
)
,

because 1̂ has only one block, namely b, and that block contains |b| blocks of 0̂.
(ii) Fix k ≥ 1 and let b be such that |b| = n ≥ k+1. Consider λ = (1r1 2r2 · · · nrn) �

n be such that rk = rn−k = 1 and rj = 0 for every j �= k, n− k. For instance,
if n = 5 and k = 2, then λ =

(
1021314050

)
. Then, each partition π ∈ P (b)

such that λ
(

0̂, π
)

= λ has only one block of k elements and one block of n− k
elements. To construct such a partition, it is sufficient to specify the block of k
elements. This implies that there exists a bijection between the set of partitions

π ∈ P (b) such that λ
(

0̂, π
)

= λ and the collection of the subsets of b having

exactly k elements. In particular, (2.3.8) gives[ n
λ

]
=
(
n

k

)
=

n!
k! (n− k)! .
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(iii) Let b = [7] = {1, ..., 7} and λ =
(
11233040506070

)
. Then, (2.3.8) im-

plies that there are exactly 7!
3!(2!)3 = 105 partitions π ∈ P (b), such that

λ
(

0̂, π
)

= λ. One of these partitions is {{1} , {2, 3} , {4, 5} , {6, 7}}. Another
is {{1, 7} , {2} , {3, 4} , {5, 6}} .

(iv) Let b = [5] = {1, ..., 5}, σ = {{1} , {2} , {3} , {4, 5}} and π = {{1, 2, 3} ,
{4, 5}}. Then, σ ≤ π and the set of partitions defined by the interval [σ, π] is
{σ, π, ρ1, ρ2, ρ3}, where

ρ1 = {{1, 2} , {3} , {4, 5}}
ρ2 = {{1, 3} , {2} , {4, 5}}
ρ3 = {{1} , {2, 3} , {4, 5}} .

The partitions ρ1, ρ2 and ρ3 are not ordered (i.e., for every 1 ≤ i �= j ≤ 3, one
cannot write ρi ≤ ρj), and are built by taking unions of blocks of σ in such a
way that they are contained in blocks of π. Moreover, λ (σ, π) =

(
1120314050

)
,

since there is exactly one block of π containing one block of σ, and one block of
π containing three blocks of σ.

(v) This example is related to the techniques developed in Chapter 6. Fix n ≥ 2, as
well as a partition γ = (γ1, ..., γk) ∈ Λ (n) such that γk ≥ 1. Recall that, by
definition, one has that γ1 ≥ γ2 ≥ ·· · ≥ γk and γ1 + · · ·+γk = n. Now consider

the segment
[
0̂, π

]
, where

0̂ = {{1} , {2} , ..., {n}} , and
π = {{1, ..., γ1} , {γ1 + 1, ..., γ1 + γ2} , ..., {γ1 + · · ·+ γk−1 + 1, ..., n}} .

Then, the jth block of π contains exactly γj blocks of 0̂, for every j = 1, ..., k,
implying that the class of the segment [0̂, π] coincides with (γ1, ..., γk). For in-
stance, when γ1 > γ2 > ... > γk (that is, all the γi’s are different), one has that

the class λ
(

0̂, π
)
is such that λ

(
0̂, π

)
=
(
γ1

kγ
1
k−1 · · · γ1

1

)
= γ, after suppress-

ing the indicators of the type r0.

The following statement is a consequence of (2.3.8) and of Proposition 2.1.2.

Proposition 2.3.4 Let n ≥ 1 and k ∈ {1, ..., n}. Then, the number of partitions of [n]
having exactly k blocks is given by

S(n, k) �
∑

r1,...,rn−k+1

n!
(1!)r1 r1! (2!)r2 r2! · · · (n− k + 1)!rn−k+1rn−k+1!

, (2.3.9)

where the sum runs over all vectors on nonnegative integers (r1, ..., rn−k+1) satisfying
r1 + · · ·+ rn−k+1 = k and 1r1 + 2r2 · · ·+(n− k + 1) rn−k+1 = n.
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Proof. By Definition 2.3.1, a partition π ∈ P([n]) has k blocks if and only if λ
(

0̂, π
)

has length k. Since λ
(

0̂, π
)
is a partition of the integer n, then using Proposition 2.1.2

one deduces that π ∈ P([n]) has k blocks if and only if λ
(

0̂, π
)
has the form of the

right-hand side of (2.1.3), for some vector on nonnegative integers (r1, ..., rn−k+1)
satisfying r1 + · · ·+ rn−k+1 = k and 1r1 + 2r2 · · ·+(n− k + 1) rn−k+1 = n. The
proof is concluded by using (2.3.8).

Remark.One defines customarily S(0, 0) = 1 and, forn ≥ 1,S(n, 0) = S(n, k) = 0,
for every k > n. The integers

S(n, k), n, k ≥ 0, (2.3.10)

defined by these conventions and by (2.3.9), are called the Stirling numbers of the
second kind. See, for example, [158, Ch.8] and [146, p.33] for some exhaustive pre-
sentations of the properties of Stirling numbers. See Section 2.4 for a connection with
Bell and Touchard polynomials.

Example 2.3.5 (i) For every n ≥ 1, one has thatS(n, 1) = 1, that is, there exists only
one partition of [n] containing exactly one block (i.e., the trivial partition {[n]}).
To see that this is consistent with (2.3.9) in the case k = 1, observe that the only
integer solution to the system

r1 + · · ·+ rn = 1, and 1r1 + 2r2 · · ·+n rn = n,

is given by r1 = · · · = rn−1 = 0 and rn = 1, and in this case

n!
(1!)r1 r1! (2!)r2 r2! · · · (n!)rnrn!

= 1.

By a similar route, one also checks that S(n, n) = 1.
(ii) Fix n ≥ 3. Wewant to compute S(n, 2), that is, the number of partitions of [n] con-
taining exactly two blocks. This case corresponds to k = 2, and one has therefore
to consider the system

r1 + · · ·+ rn−1 = 2, and 1r1 + 2r2 · · ·+(n− 1) rn−1 = n.

When n is even, this system has exactly n/2 solutions, obtained by choosing either
rn/2 = 2 and rl = 0 elsewhere, or rj = rn−j = 1 and rl = 0 elsewhere, for some
j = 1, ..., n/2 − 1. On the other hand, when n is odd the system has exactly
(n − 1)/2 solutions, obtained by choosing rj = rn−j = 1 and rl = 0 elsewhere,
for some j = 1, ..., (n− 1)/2. Using (2.3.9), we therefore deduce that

S(n, 2) =
(n/2)−1∑

j=1

(
n

j

)
+

1
2

(
n

n/2

)
, if n is even,

S(n, 2) =
(n−1)/2∑

j=1

(
n

j

)
, if n is odd.
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For instance S(3, 2) =
(3

1

)
= 3, S(4, 2) =

(4
1

)
+ 1

2

(4
2

)
= 4 + 3 = 7, and

S(5, 2) =
(

5
1

)
+
(

5
2

)
= 5 + 10 = 15.

The following statement contains a useful identity.

Proposition 2.3.6 Fix n ≥ 1. Let f be a function on P([n]) such that there exists a
function h on Λ(n) (the set of the partitions of n) verifying f(π) = h(λ(0̂, π)) (that
is, f only depends on the class λ(0̂, π)), one has

∑
π={b1,...,bk}∈P([n])

f(π) =
∑

λ=(1r1 2r2 ···nrn )�n

[ n
λ

]
h(λ).

The proof of Proposition 2.3.6 is elementary and left to the reader.

2.4 Bell polynomials, Stirling numbers and Touchard
polynomials

We will now connect some of the objects presented in the previous sections (in partic-
ular, the Stirling numbers of the second kind introduced in (2.3.9)) to the remarkable
classes of Bell and Touchard polynomials. These polynomials will appear later in the
book, as they often provide a neat way to express combinatorial relations between
moment and cumulants of random variables. See, for example, [13, Ch. 11] for an ex-
haustive discussion of these objects, as well as [119, Ch. 1] and [146, p. 33] and the
references therein.

Definition 2.4.1 Fix n ≥ 1. For every k ∈ {1, ..., n}, the partial Bell polynomial of
index (n, k) is the polynomial in n− k + 1 variables given by

Bn,k(x1, ..., xn−k+1) =
∑

r1,...,rn−k+1

n!
r1!r2! · · · rn−k+1!

(x1

1!

)r1 · · ·
(

xn−k+1

(n− k + 1)!

)rn−k+1

(2.4.11)

=
∑

λ=(1r1 2r2 ···nrn )�n
λ has length k

[ n
λ

]
xr1

1 × · · · × xrn−k+1

n−k+1, (2.4.12)

where the first sum runs over all vectors on nonnegative integers (r1, ..., rn−k+1) sat-
isfying r1 + · · ·+ rn−k+1 = k and 1r1 + 2r2 · · ·+(n− k + 1) rn−k+1 = n, and the

symbol
[ n
λ

]
is defined in (2.3.8). The nth complete Bell polynomial is the polynomial
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in n variables given by

Bn(x1, ..., xn) =
n∑

k=1

Bn,k(x1, ..., xn−k+1) (2.4.13)

=
∑

λ=(1r1 2r2 ···nrn )�n

[ n
λ

]
xr1

1 × · · · × xrn
n . (2.4.14)

Finally, the collection {Tn : n ≥ 0} of the Touchard (or exponential) polynomials
(in one variable) is defined as: T0 = 1 and

Tn(x) =
n∑

k=1

S(n, k)xk, n ≥ 1, (2.4.15)

where the Stirling number of the second kind S(n, k) is defined in (2.3.9).

Remarks. (a) In view of (2.3.8), the polynomial Bn,k in (2.4.11) is ob-
tained by multiplying each monomial xr1

1 × · · · × x
rn−k+1

n−k+1 by a coeffi-

cient equal to the number of partitions π ∈ P([n]) such that λ(0̂, π) =(
1r1 2r2 · · · (n− k + 1)rn−k+1 (n− k + 2)0 · · · n0

)
. Due to this construction, equal-

ities (2.4.12) and (2.4.14) are direct consequences of Proposition 2.1.2.
(b) A more general class of Touchard polynomials (in several variables) is dis-

cussed, for example, in [13, Sect. 11.7].

Example 2.4.2 (i) By reasoning as in Example 2.3.5-(i), one deduces that, for every
n ≥ 1, Bn,1(x1, ..., xn) = xn and Bn,n(x1, ..., xn) = xn

1 .
(ii) By reasoning as in Example 2.3.5-(ii), one sees that, for every n ≥ 3,

Bn,2(x1, ..., xn) =
(n/2)−1∑

j=1

(
n

j

)
xjxn−j +

1
2

(
n

n/2

)
x2

n/2,

if n is even, and

Bn,2(x1, ..., xn) =
(n−1)/2∑

j=1

(
n

j

)
xjxn−j ,

if n is odd.
(iii) Putting Points (i) and (ii) together, we can compute the third complete Bell poly-

nomial B3(x1, x2, x3), namely

B3(x1, x2, x3) = B3,1(x1, x2, x3) +B3,2(x1, x2, x3) +B3,3(x1, x2, x3)

= x3 + 3x1x2 + x3
1.
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The following statement establishes some relations between Bell and Touchard
polynomials, as well as between these polynomials and Bell numbers. The proof fol-
lows almost immediately from Definition 2.4.1 and relation (2.3.9), and is left to the
reader as an easy exercise.

Proposition 2.4.3 For every n ≥ 1, one has that, for every k ∈ {1, ..., n},

Bn,k(x, ..., x) = S(n, k)xk. (2.4.16)

Moreover,
Tn(x) = Bn(x, ..., x), (2.4.17)

and
Tn(1) = Bn, (2.4.18)

where Bn �
∑n

k=1 S(n, k) = |P([n])| is the so-called nth Bell number, counting
the number of partitions of [n].

To conclude, we present two remarkable relations involving Touchard polynomi-
als. The proof is deferred to Section 3.3, where they will be deduced (quite elegantly)
from moments and cumulants computations (see Proposition 3.3.2).

Proposition 2.4.4 The class of Touchard polynomials enjoys the following relations:
for every n ≥ 0,

Tn+1(x) = x
n∑

k=0

(
n

k

)
Tk(x) = x

n∑
k=0

(
n

k

)
Tn−k(x), (2.4.19)

and

Tn(x+ y) =
n∑

k=0

(
n

k

)
Tk(x)Tn−k(y). (2.4.20)

The second inequality in (2.4.19) follows from the identity
(
n
k

)
=
(

n
n−k

)
. Observe

that relation (2.4.20) is equivalent to saying that the sequence of polynomials {Tn :
n ≥ 0} is of the binomial type. See, for example, [56, Sect. 4.3], and the references
therein, for an introduction to polynomial sequences of the binomial type.

Example 2.4.5 (i) We use relation (2.4.19) in order to compute the first few Touchard
polynomials. One has: T0(x) = 1, and

T1(x) = xT0(x) = x

T2(x) = x(T0(x) + T1(x)) = x+ x2

T3(x) = x(T0(x) + 2T1(x) + T2(x)) = x+ 3x2 + x3.

In view of (2.4.18), this also provides the explicit value of the first Bell numbers,
namelyB1 = 1,B2 = 2 andB3 = 5. This means that there is exactly one partition
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of the set [1], and that there are exactly 2 and 5 partitions, respectively, of [2] and [3].
In particular, the partitions of [2] are {{1}, {2}} and {[2]}, whereas the partitions
of [3] are

{{1}, {2}, {3}}, {{1}, {2, 3}}, {{1, 2}, {3}}, {{1, 3}, {2}} and {[3]}.

(ii) Thanks to (2.4.18), equation (2.4.19) (in the case x = 1) yields a well-known
recursion formula for Bell numbers, i.e.

Bn+1 =
n∑

k=0

(
n

k

)
Bk, n ≥ 0,

where one sets by convention B0 = 1.

2.5 Möbius functions and Möbius inversion on partitions

We now state several properties of the Möbius function associated with the lattice
of partitions of a finite set. These properties are used throughout the book. The next
Section 2.6 contains some general facts on Möbius functions associated with arbitrary
(finite) partially ordered sets.

For σ, π ∈ P (b), we denote by μ (σ, π) the Möbius function associated with the
lattice P (b). It is defined as follows. If σ � π (that is, if the relation σ ≤ π does not
hold), then μ (σ, π) = 0. If σ ≤ π, then the quantity μ (σ, π) depends only on the class
λ (σ, π) of the segment [σ, π], and is given by

μ (σ, π) = (−1)n−r (2!)r3 (3!)r4 · · · ((n− 1)!)rn (2.5.21)

= (−1)n−r
n−1∏
j=0

(j!)rj+1 , (2.5.22)

where n = |σ|, r = |π|, and λ (σ, π) = (1r1 2r2 · · · nrn) (that is, there are exactly ri
blocks of π containing exactly i blocks of σ). Since 0! = 1! = 1, expressions (2.5.21)
and (2.5.22) do not depend on the specific values of r1 (the number of blocks of π
containing exactly 1 block of σ) and r2 (the number of blocks of π containing exactly
two blocks of σ).

Example 2.5.1 (i) If |b| = n ≥ 1 and σ ∈ P (b) is such that |σ| = k ( ≤ n ), then

μ
(
σ, 1̂

)
= (−1)k−1 (k − 1)!. (2.5.23)

Indeed, in (2.5.21) rk = 1, since 1̂ has a single block which contains the k blocks

of σ. In particular, μ
(

0̂, {b}
)

= μ
(

0̂, 1̂
)

= (−1)n−1 (n− 1)!.
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(ii) For every π ∈ P (b), one has μ (π, π) = 1. Indeed, since (trivially) each element
of π contains exactly one element of π, one has λ (π, π) =

(
1|π|2030 · · · n0

)
.

(iii) Fix n ≥ 2 and let b ⊂ [n] be such that 0 < |b| < n. Consider a partition π ∈
P([n]) such that b is a block of π, and write π′ in order to indicate the partition of
[n]\b (i.e. of the complement of b) composed of the blocks of π that are different
from b. Then, denoting byμ andμ′, respectively, theMöbius functions associated
with P([n]) and P([n]\π), one has that

μ(0̂, π) = (−1)|b|−1(|b| − 1)!× μ′(0̂, π′). (2.5.24)

Equality (2.5.24) can be deduced by a direct inspection of formula (2.5.22) or,
alternatively, as an application of the forthcoming Proposition 2.6.6.

The next result is crucial for the obtention of the combinatorial formulae found in
Chapter 3 and Chapter 5 below. For every pair of functionsG,F : P (b)→ C one has
that, ∀σ ∈ P (b),

G (σ) =
∑

0̂≤π≤σ F (π) (resp. G (σ) =
∑

σ≤π≤1̂ F (π) ) (2.5.25)

if and only if, ∀π ∈ P (b),

F (π) =
∑

0̂≤σ≤π μ (σ, π)G (σ) (resp. F (π) =
∑

π≤σ≤1̂ μ (π, σ)G (σ) ),

(2.5.26)

where μ (·, ·) is the Möbius function given in (2.5.21). Relation (2.5.26) is known as
theMöbius inversion formula associated withP (b). For a proof of the equivalence be-
tween (2.5.25) and (2.5.26), see the next section (general references are, for example,
[146, Sect. 3.7] and [2]). To understand (2.5.26) as inversion formulae, one can inter-
pret the sum

∑
0̂≤π≤σ F (π) as an integral of the type

∫ σ

0̂ F (π) dπ (and analogously
for the other sums appearing in (2.5.25) and (2.5.26)).

2.6 Möbius functions on partially ordered sets

We now present a short discussion on Möbius functions associated with general par-
tially ordered finite sets. As anticipated, this discussion implicitly provides a proof of
the inversion formula (2.5.26), as well as some useful additional identities. The reader
is referred to the already quoted references [2] and [146] for further details.

2.6.1 Incidence algebras and general Möbius inversion

Let P be a finite partially ordered set with partial order 
. We write x ≺ y to indicate
that x 
 y and x �= y. For instance, P could be a set of subsets, with 
 equal to the
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inclusion relation ⊆. In our context, P = P (b), the set of partitions of b, and 
 is the
partial order ≤ considered above. The incidence algebra associated with P , denoted
by I(P ) is the collection of all those functions f : P × P → C such that f(x, y) = 0
whenever x � y, endowed with the convolution operation

(f ∗ g)(x, y) =
∑

z : x�z�y

f(x, z)g(z, y). (2.6.27)

Two elements of I(P ), denoted by δ and ζ, play special roles in our discussion.
The delta function δ is defined by the relation: δ(x, y) = 1 if and only if x = y.
Note that δ is the (left and right) neutral element with respect to the convolution ∗ ,
meaning that f ∗ δ = δ ∗ f = f for every f ∈ I(P ). The zeta function ζ is defined as:
ζ(x, y) = 1 if x 
 y, and = 0 otherwise.
In Section 2.5 the Möbius function μ was defined through relations (2.5.21)–

(2.5.22). We define here through Proposition 2.6.1, and we will show that (2.5.21)–
(2.5.22) hold.

Proposition 2.6.1 The function ζ admits a (right and left) convolutional inverse, that
is, there exists a unique function μ ∈ I(P ) such that

ζ ∗ μ = μ ∗ ζ = δ. (2.6.28)

Moreover, the function μ is completely determined by the following recursive rela-
tions:

μ (x, x) = 1 ∀x ∈ P,
μ (x, y) = −∑x�z≺y μ (x, z) , ∀ x, y ∈ P : x ≺ y,

μ (x, y) = −∑x≺z�y μ (z, y) , ∀ x, y ∈ P : x ≺ y,

μ (x, y) = 0 ∀ x, y ∈ P : x � y.

(2.6.29)

Proof. It is clear that (2.6.29) univocally defines an element of I(P ) (see Section 2.6.2
below for more details on this point). It is therefore sufficient to prove that a function
μ ∈ I(P ) verifies relation (2.6.29) if and only if it satisfies (2.6.28). In order to prove
this double implication, the crucial observation is that, by virtue of (2.6.27), for every
f ∈ I(P ) and for every x 
 y,∑

x�z�y

f (x, z) = (f ∗ ζ)(x, y)

and ∑
x�z�y

f (z, y) = (ζ ∗ f)(x, y),

and, in particular, (f ∗ ζ)(x, x) = (ζ ∗ f)(x, x) = f(x, x). It follows from these
relations that a function μ ∈ I(P ) verifies (2.6.29) if and only if both (μ ∗ ζ)(x, y)
and (ζ ∗ μ)(x, y) equal 1 or 0, according as x = y or x �= y. This is equivalent to
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saying that μ verifies (2.6.29) if and only if ζ ∗μ = μ∗ζ = δ, thus yielding the desired
conclusion.

Remark. It is not difficult to prove (see, for example, [146, Proposition 3.6.2, p. 114])
that for a function f ∈ I(P ) the following four properties are equivalent:

(i) f(x, x) �= 0 for every x ∈ P ;
(ii) f has a right inverse in I(P );
(iii) f has a left inverse in I(P ), and
(iv) f has a two-sided inverse in I(P ).

Property (iv) means that there exists a function g ∈ I(P ) such that g is both the left
and right inverse of f . It is easily seen that such a function g is unique.

The convolutional inverse μ appearing in formulae (2.6.28)–(2.6.29) is called the
Möbius function associated withP . In particular, when specializing (2.6.29) to the case
where P is equal to P(b) (that is, to the collection of all partitions of the finite set b,
endowed with the partial order ≤), one obtains that the Möbius function μ associated
with P(b) is completely characterized by the relations

μ (σ, σ) = 1 ∀σ ∈ P (b) ,
μ (σ, π) = −∑σ≤ρ<π μ (σ, ρ) , ∀ σ, π ∈ P (b) : σ < π,

μ (σ, π) = −∑σ<ρ≤π μ (ρ, π) , ∀ σ, π ∈ P (b) : σ < π,

μ (σ, π) = 0 ∀ σ, π ∈ P (b) : σ � π,

(2.6.30)

where we write σ < π to indicate that σ ≤ π and σ �= π (and similarly for ρ < π).
It is now a routine combinatorial computation to check that the function μ : P(b) ×
P(b)→ C, defined in (2.5.21)–(2.5.22), verifies (2.6.30), and therefore coincides with
the convolutional inverse of the zeta function associated with P(b). See Section 2.6.3
below for a direct proof of the fact that (2.5.21) the Möbius function of P(b).

Example 2.6.2 Consider the set b = {1, 2, 3}. In this case, one has that P(b) contains
exactly five elements, namely: 0̂ = {{1}, {2}, {3}}, 1̂ = {b}, π1 = {{1, 2}, {3}},
π2 = {{1}, {2, 3}} and π3 = {{1, 3}, {2}}. Note that the three non-trivial partitions
π1, π2, π3 are not ordered. According to the definition of the Möbius function given
in Section 2.5, one has that μ(0̂, 1̂) = (−1)22! = 2 and μ(πi, 1̂) = μ(0̂, πi) = −1
(i = 1, 2, 3), yielding the relations

μ(0̂, 1̂) = −[μ(π1, 1̂) + μ(π2, 1̂) + μ(π3, 1̂) + μ(1̂, 1̂)]

= −[μ(0̂, π1) + μ(0̂, π2) + μ(0̂, π3) + μ(0̂, 0̂)]

μ(0̂, πi) = μ(πi, 1̂) = −μ(πi, πi) (i = 1, 2, 3),

that are consistent with (2.6.29).
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Relation (2.6.28) yields a general version of the inversion formulae stated in
(2.5.26).

Proposition 2.6.3 (General Möbius inversion) Let P be a partially ordered set. For
every pair of functions G,F : P → C one has that, ∀y ∈ P ,

G (y) =
∑
x�y

F (x) (resp. G (y) =
∑
y�x

F (x) ) (2.6.31)

if and only if, ∀x ∈ P ,

F (x) =
∑
y�x

μ (y, x)G (y) (resp. F (x) =
∑
x�y

μ (x, y)G (y) ), (2.6.32)

where μ is the Möbius function associated with P .

Proof. The fact that the left hand side of (2.6.31) is equivalent to the left hand side of
(2.6.32) is a consequence of the relations∑
y�x

μ (y, x)
∑
u�y

F (u) =
∑
u�x

F (u)
∑

u�y�x

μ (y, x) =
∑
u�x

F (u)(ζ ∗μ)(u, x) = F (x),

and∑
x�y

∑
u�x

μ (u, x)G(u) =
∑
u�y

G(u)
∑

u�x�y

μ (u, x) =
∑
u�y

G(u)(μ ∗ ζ)(u, y) = G(y),

where we used the fact that μ ∗ ζ = ζ ∗ μ = δ. Analogously, one has that∑
x�y

μ (x, y)
∑
y�u

F (u) =
∑
x�u

F (u)
∑

x�y�u

μ(x, y) =
∑
x�u

F (u)(μ ∗ ζ)(x, u) = F (x),

and∑
y�x

∑
x�u

μ (x, u)G(u) =
∑
y�u

G(u)
∑

y�x�u

μ(x, u) =
∑
y�u

G(u)(ζ ∗ μ)(y, u) = G(y),

thus proving the remaining parts of the statement.

Observe that relation (2.6.29) can be reformulated as follows: for each x 
 y,

∑
x�z�y

μ (z, y) =
∑

x�z�y

μ (x, z) =
{

0 if x �= y,
μ (x, x) ( = 1) if x = y,

(2.6.33)

which will be used in the sequel. In the next section, we shall demonstrate that either
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one of the two equalities appearing in (2.6.33) completely determines (by recursion)
the function μ.

2.6.2 Computing a Möbius function

Let P be a finite partially ordered set, with partial order 
 and Möbius function μ. In
this section, we shall describe a recursive procedure which allows to deduce the values
of μ from either one of the two systems

∑
x�z�y

μ (z, y) =
{

0 if x �= y,
1 if x = y,

(2.6.34)

and ∑
x�z�y

μ (x, z) =
{

0 if x �= y,
1 if x = y.

(2.6.35)

As already done in Definition 2.2.4 (in the special case P = P(b)), given x 
 y

we define the segment (or interval) [x, y] as

[x, y] � {z ∈ P : x 
 z 
 y}.

We also define the length of [x, y] as the largest integer l such that there exist
ρ0, ρ1, ..., ρl ∈ P verifying

x = ρ0 ≺ ρ1 ≺ ρ2 ≺ · · · ≺ ρl = y.

If x = y, then the length of [x, y] = {x} is defined to be zero by convention. Note
that the length of a segment is always well-defined, since the partially ordered set P is
finite; moreover the length of a segment is always ≤ |P | − 1. If the length of [x, y] is
1, then one says that y covers x (that is, y covers x if and only if x ≺ y and there is no
z ∈ P such that x ≺ z ≺ y).

Example 2.6.4 Let P = P([4]) and π = {{1}, {2}, {3, 4}} ∈ P([4]). Then, the
interval [π, 1̂] (recall that 1̂ = {[4]} is the maximal partition) contains π, 1̂, as well as
the three partitions

π1 = {{1, 2}, {3, 4}}, π2 = {{1}, {2, 3, 4}}, π3 = {{1, 3, 4}, {2}}.

Since π1, π2 and π3 are not ordered, one deduces that the length of [π, 1̂] is 2. Observe
that 1̂ covers πi, for i = 1, 2, 3.
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A recursive procedure for computing μ.We focus on (2.6.34). By construction, one
has that μ(x, x) = 1 for every x ∈ P . Moreover, if y covers x, then (2.6.34) becomes
μ(x, y) + μ(y, y) = 0, thus yielding μ(x, y) = −1. Now fix an integer l ≥ 1, assume
that the values of μ(x, y) are known for every x 
 y such that the length of [x, y] is
≤ l, and consider a pair u 
 v such that [u, v] has length l+ 1. Then, (2.6.34) implies
that

μ(u, v) = −
∑

u≺z�v

μ (z, v) .

Since the right hand side of the preceding equation only involves pairs z 
 v such that
[z, v] has length at most l, this procedure completely determines the value of μ(u, v).
By recursion on l, it also determines the whole Möbius function μ. Note that one could
equivalently use relation (2.6.35).

2.6.3 Further properties of Möbius functions and a proof of (2.5.21)

Consider two finite partially ordered sets P,Q, whose order relations are denoted, re-
spectively, by
P and
Q. The product of P andQ is defined as the Cartesian product
P ×Q, endowed with the following partial order relation: (x, y)
P×Q (x′, y′) if, and
only if, x 
P x′ and y 
Q y′. Products of more than two partially ordered sets are
defined analogously. Note that product of lattices are again lattices.We say (see, for ex-
ample, [146, p. 98]) that P andQ are isomorphic if there exists a bijection ψ : P → Q

which is order-preserving and such that the inverse of ψ is also order-preserving; this
requirement on the bijection ψ is equivalent to saying that, for every x, x′ ∈ P ,

x 
P x′ if and only if ψ (x) 
Q ψ (x′) . (2.6.36)

Of course, two isomorphic partially ordered sets have the same cardinality. The fol-
lowing result is quite useful for explicitly computing Möbius functions. It states that
the Möbius function is invariant under isomorphisms, and that the Möbius function of
a lattice product is the product of the associated Möbius functions. See, for example,
[146, Sect. 3.8] for more applications of these results.

Proposition 2.6.5 Let P,Q be two partially ordered sets, and let μP and μQ denote
their Möbius functions. Then,

1 If P and Q are isomorphic, then

μP (x, y) = μQ (ψ (x) , ψ (y))

for every x, y ∈ P , where ψ is the bijection appearing in (2.6.36).
2 The Möbius function associated with the partially ordered set P ×Q is given by:

μP×Q [(x, y) , (x′, y′)] = μP (x, x′)× μQ (y, y′) .
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Proof. Point 1 is an immediate consequence of (2.6.29). Point 2 follows from the fact
that, for every pair of partially ordered sets P and Q with zeta functions ζP and ζQ,
one has that (by definition)

ζP×Q[(x, y), (x′, y′)] = ζP (x, x′)ζQ(y, y′),

whenever (x, y) 
P×Q (x′, y′).

We will implicitly apply Proposition 2.6.5 to deduce formula (2.5.21), as well as
in the proof of Theorem 6.1.1. In both instances, it will be used in combination with
the next statement. Its proof will be illuminated by an example.

Proposition 2.6.6 Let b be a finite set, and let π, σ ∈ P (b) be such that:

(i) σ ≤ π;
(ii) the segment [σ, π] has class (λ1, ..., λk) � |σ|.
Then, [σ, π] is a partially ordered set isomorphic to the lattice product of the k sets
P ([λi]), i = 1, ..., k.

Proof. To prove the statement, we shall use the fact that each partition in [σ, π] is
obtained by taking unions of the blocks of σ that are contained in the same block of π.
Focus on a partition ρ ∈ [σ, π]. We want to map it to a partition of integers. To do this,
observe first that (λ1, ..., λk) is the class of [σ, π] if and only if for every i = 1, ..., k,
there is a block bi ∈ π such that bi contains exactly λi blocks of σ. In particular,
k = |π|. We now construct a bijection ψ, between [σ, π] and the lattice products of the
P ([λi])’s, as follows:

i) for i = 1, ..., k, write bi,j , j = 1, ..., λi, to indicate the blocks of σ contained in bi;
ii) for every partition ρ ∈ [σ, π] and every i = 1, ..., k, construct a partition ζ (i, ρ)

of the set of integers [λi] = {1, ..., λi} by the following rule:
for every j, l ∈ {1, ..., λi} , one has

j ∼ζ(i,ρ) l

(that is, j and l belong to the same block of ζ (i, ρ)) if and only if

the union bi,j ∪ bi,l is contained in a block of ρ;
iii) define the application ψ : [σ, π]→ P ([λ1])× · · · × P ([λk]) as

ρ �→ ψ (ρ) := (ζ (1, ρ) , ..., ζ (k, ρ)) . (2.6.37)

It is easily seen that the application ψ in (2.6.37) is indeed an order-preserving bijec-
tion, verifying (2.6.36) for P = [σ, π] and Q = P ([λ1])× · · · × P ([λk]).
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Example 2.6.7 Let p = [4] = {1, 2, 3, 4}, and consider the following two partitions
in P(b):

σ = {{1, 2}, {3}, {4}} = {b1, b2, b3},
π = 1̂ = {1, 2, 3, 4}.

The segment [σ, π] is such that [σ, π] = {σ, π1, π2, π3, 1̂}, where
π1 = {{1, 2, 3}, {4}}
π2 = {{1, 2, 4}, {3}}
π3 = {{1, 2}, {3, 4}}.

Since the only block of π contains 3 blocks of σ, namely b1, b2, b3, one has λ1 = 3
(here, k = |π| = 1). Consider now the mapping

ζ : [σ, π]→ P([3]) = P({1, 2, 3})
which associates to a partition ρ ∈ [σ, π], the partition of [3] = {1, 2, 3}, which puts
j and l in the same block if and only if the blocks bj and bl are contained in the same
block of ρ. Then

ζ(σ) = ζ{b1, b2, b3} = {{1}, {2}, {3}}
ζ(π1) = ζ{b1 ∪ b2, b3} = {{1, 2}, {3}}
ζ(π2) = ζ{b1 ∪ b3, b2} = {{1, 2}, {3}}
ζ(π3) = ζ{b1, b2 ∪ b3} = {{1}, {2, 3}}
ζ(1̂) = ζ{b1 ∪ b2 ∪ b3} = {{1, 2, 3}}.

Observe that ζ is an order preserving bijection. For instance, π3 ≤ π and ζ(π3) ≤ ζ(π).

Remark. By inspection of the preceding proof of Proposition 2.6.6, one sees that,
if σ ≤ π are two partitions as in the statement of Proposition 2.6.6, then the segment
[σ, π] is a lattice (with respect to the partial order relation≤) withminimal andmaximal
elements given, respectively, by σ and π. Recall that a lattice is a partially ordered set
P such that each pair x, z ∈ P has a least upper bound (denoted by x∨z) and a greatest
lower bound (denoted by x ∧ z).
We shall now provide a self-contained proof of (2.5.21), which is inspired by the

discussion contained in [80, Ch. 10]. Our arguments hinge on the following general
lemma.

Lemma 2.6.8 Let P be a finite lattice, with partial order 
 and Möbius function μ.
Denote by 0̂ and 1̂, respectively, the minimal and maximal element of P . Then, for
every z �= 0̂, one has that ∑

x : x∨z=1̂

μ(0̂, x) = 0. (2.6.38)
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Proof. From (2.6.34) one infers that

δ(x ∨ z, 1̂) =
∑

x∨z�t�1̂

μ(t, 1̂) =
∑

0̂�t�1̂

μ(t, 1̂)ζ(x, t)ζ(z, t),

where the second equality derives from the fact that x∨ z 
 t if and only if x 
 t and
z 
 t. Using these relations, we deduce that∑
x : x∨z=1̂

μ(0̂, x) =
∑

0̂�x�1̂

μ(0̂, x)δ(x ∨ z, 1̂) =
∑

0̂�x�1̂

μ(0̂, x)
∑

0̂�t�1̂

μ(t, 1̂)ζ(x, t)ζ(z, t)

=
∑

z�t�1̂

μ(t, 1̂)
∑

0̂�x�t

μ(0̂, x)ζ(x, t) =
∑

z�t�1̂

μ(t, 1̂)(μ ∗ ζ)(0̂, t)

=
∑

z�t�1̂

μ(t, 1̂)δ(0̂, t) = 0,

since μ ∗ ζ = δ and 0̂ ≺ z by assumption.

Proof that (2.5.21) defines the Möbius function of P(b). Our general definiton of
the Möbius function led to formula (2.6.35). We now want to show that this implies
formula (2.5.21) for the Möbius function of P(b). Without loss of generality, we can
assume that b = [n] for some integer n ≥ 1. Also, we shall use the notation μj , j ≥ 1,
to indicate the quantity μ(0̂, 1̂), whenever μ is the Möbius function associated with
the lattice P([j]). We first show that μ1 = 1, μ2 = −1 and μ3 = 2. Indeed, P([1])
contains a single element x = {{1}} and hence μ(x, x) = 1. On the other hand P([2])
contains only 0̂ and 1̂ and hence (2.6.35) implies 0 = μ(0̂, 0̂) + μ(0̂, 1̂) = 1 + μ2,
yielding μ2 = −1. Finally, P([3]) = {0̂, π1, π2, π3, 1̂}, where π1 = {{1, 2}, {3}},
π2 = {{1, 3}, {2}} and π3 = {{1}, {2, 3}}. Formula (2.6.35) implies therefore that
0 = μ(0̂, 0̂) + μ(0̂, πi), that is, μ(0̂, πi) = −1, for i = 1, 2, 3. To conclude, use the
fact that

0 =
∑

0̂�z�1̂

μ(0̂, z) = 1− 1− 1− 1 + μ(0̂, 1̂),

implying μ3 = μ(0̂, 1̂) = 2. Now consider two partitions σ, π ∈ P([n]) such that
σ ≤ π, and the segment [σ, π] has class (λ1, ..., λk) � |σ|. Using Proposition 2.6.5 and
Proposition 2.6.6, one has the decomposition

μ(σ, π) =
k∏

i=1

μλi .

It follows that, in order to prove (2.5.21), it is sufficient to show that, for every j ≥ 1,

μj = (−1)j−1(j − 1)!. (2.6.39)

We already pointed out that (2.6.39) is true for j = 1, 2, 3 so that we can assume that
j ≥ 4. According to Lemma 2.6.8, for every partition ρ ∈ P([j]) such that ρ > 0̂, one
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has that ∑
π:π∨ρ=1̂

μ(0̂, π) = 0. (2.6.40)

We now want to explicitly compute the left-hand side of (2.6.40) when ρ =
{{1}, {2}, ..., {j−2}, {j−1, j}}, that is, when ρ is the partition obtained by merging
the last two blocks of 0̂. In this case, the class {π : π∨ρ = 1̂} is given by the following
union:

{π : π ∨ ρ = 1̂} = 1̂ ∪ {πA : A ⊆ [j − 2]},
where the πA are defined as follows:

– π∅ = {{1, 2, ..., j − 2, j}, {j − 1}};
– π[j−2] = {[j − 1], {j}} = {{1, ..., j − 1}, {j}};
– πA = {A ∪ {j − 1}, {j} ∪ ([j − 2]\A)}, for every A �= ∅, [j − 2].

Since each partition πA has one block of size |A| + 1 and one block of size 1 + (j −
2 − |A|) = j − |A| − 1, applying again Proposition 2.6.5 and Proposition 2.6.6 one
sees that

μ(0̂, πA) = μ|A|+1 μj−|A|−1.

Plugging these expressions into (2.6.40) yields

0 =
∑

π:π∨ρ=1̂

μ(0̂, π) = μj +
∑

A⊆[j−2]

μ(0̂, πA)

= μj +
∑

A⊆[j−2]

μ|A|+1 μj−|A|−1

= μj +
j−2∑
k=0

(
j − 2
k

)
μk+1 μj−k−1.

We thus get an expression of μj in terms of μl, l ≤ j − 1, valid for j ≥ 4. We now
conclude the proof of (2.6.39) (and therefore of (2.5.21)) by induction. Suppose that
μl = (−1)l−1(l − 1)! for every l ≤ j − 1, where j ≥ 4: then,

μj = −
j−2∑
k=0

(
j − 2
k

)
[(−1)kk!] [(−1)j−k−2(j − k − 2)!] = (−1)j−1(j − 1)!.

This concludes the proof. �





3

Combinatorial expressions of cumulants
and moments

We recall here the definition of cumulant, and we present several of its properties.
A classic discussion of cumulants is contained in the book by Shiryaev [141]; see
also the papers by Rota and Shen [131], Speed [145] and Surgailis [151], as well as
Pitman [119, pp. 20-23] and the references therein. From now on, we assume that
every random variable is defined on a common suitable probability space (Ω,F ,P).
The symbol E indicates the mathematical expectation associated with the probability
measure P.

3.1 Cumulants

For n ≥ 1, we consider a vector of real-valued random variablesX[n] = (X1, ...,Xn)
such that E |Xj |n < ∞, ∀j = 1, ..., n. For every subset b = {j1, ..., jk} ⊆ [n] =
{1, ..., n}, we write

Xb = (Xj1 , ...,Xjk
) and Xb = Xj1 × · · · ×Xjk

, (3.1.1)

where × denotes the usual product. For instance, ∀m ≤ n,

X[m] = (X1, ...,Xm) and X[m] = X1 × · · · ×Xm.

Remark. Xb is a vector of random variables, whereasXb is a random variable.

For every b = {j1, ..., jk} ⊆ [n] and (z1, ..., zk) ∈ Rk, we let

gXb
(z1, .., zk) = E

[
exp

(
i

k∑
�=1

z�Xj�

)]
.

The joint cumulant of the components of the vectorXb is defined as

χ (Xb) = (−i)k ∂k

∂z1 · · · ∂zk
ln gXb

(z1, ..., zk) |z1=...=zk=0 , (3.1.2)

G. Peccati, M.S. Taqqu: Wiener Chaos: Moments, Cumulants and Diagrams –
A survey with computer implementation.
© Springer-Verlag Italia 2011
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thus

χ (X1, ...,Xk) = (−i)k ∂k

∂z1 · · · ∂zk
lnE

[
exp

(
i

k∑
�=1

zlXl

)]∣∣∣∣∣
z1=...=zk=0

.

We recall the following facts.

(i) The application Xb �→ χ (Xb) is homogeneous, that is, for every h =
(h1, ..., hk) ∈ Rk,

χ (h1Xj1 , ..., hkXjk
) = (Πk

�=1h�)× χ (Xb) .

(ii) The applicationXb �→ χ (Xb) is invariant with respect to the permutations of b.
(iii) χ (Xb) = 0, if the vector Xb has the form Xb = Xb′ ∪Xb′′ , with b′, b′′ �= ∅,

b′ ∩ b′′ = ∅ andXb′ andXb′′ independent.
(iv) If Y = {Yj : j ∈ J} is a Gaussian family and if X[n] is a vector obtained by

juxtaposing n ≥ 3 elements ofY (with possible repetitions), then χ
(
X[n]

)
= 0.

Properties (i) and (ii) follow immediately from (3.1.2). To see how to deduce (iii)
from (3.1.2), just observe that, ifXb has the structure described in (iii), then

ln gXb
(z1, ..., zk) = ln gXb′ (z� : j� ∈ b′) + ln gXb′′ (z� : j� ∈ b′′)

(by independence), so that

∂k

∂z1 · · · ∂zk
ln gXb

(z1, ..., zk)

=
∂k

∂z1 · · · ∂zk
ln gXb′ (z� : j� ∈ b′) +

∂k

∂z1 · · · ∂zk
ln gXb′′ (z� : j� ∈ b′′) = 0,

since we are taking derivatives over non-existent variables.
Finally, property (iv) is proved by using the fact that, if X[n] is obtained by

juxtaposing n ≥ 3 elements of a Gaussian family (even with repetitions), then
ln gXb

(z1, .., zk) has necessarily the form
∑

l a (l) zl +
∑

i,j b (i, j) zizj , where a (k)
and b (i, j) are coefficients not depending on the zl’s.All the derivatives of order higher
than 2 are then zero.
When |b| = n, one says that the cumulant χ (Xb), given by (3.1.2), has order n.

WhenX[n] = (X1, ...,Xn) is such that Xj = X , ∀j = 1, ..., n, where X is a random
variable in Ln (P) (that is, E|X|n <∞), we use the notation χn and write

χ
(
X[n]

)
= χ (X, ...,X) = χn (X) (3.1.3)

and we say that χn (X) is the nth cumulant (or the cumulant of order n) of X . Of
course, in this case one has that

χn (X) = (−i)n ∂n

∂zn
ln gX (z)

∣∣∣∣
z=0

,
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where gX (z) = E [exp (izX)]. Note that, if X,Y ∈ Ln (P) (n ≥ 1) are independent
random variables, then (3.1.2) implies that

χn (X + Y ) = χn (X) + χn (Y ) ,

since χn (X + Y ) involves the derivatives of

lnE [exp (iz (X + Y ))] = lnE [exp (izX)] + lnE [exp (izY )]

with respect to z. In particular, by setting Y to be equal to a constant c ∈ R, one obtains
the remarkable properties that

χ1(X + c) = E(X + c) = E(X) + c = χ1(X) + c, (3.1.4)

χn(X + c) = χn(X), n ≥ 2, (3.1.5)

since χn(c) = 0 for every n ≥ 2.

Example 3.1.1 Let N be a Poisson random variable with parameter x > 0, that is,
P[N = k] = e−xxk/k!, for every integer k ≥ 0. Then, elementary computations
show that gN (z) = exp[x(eiz − 1)], thus yielding χn(N) = x, for every n ≥ 1.

3.2 Relations involving moments and cumulants

We want to relate expectations of products of random variables, such as E [X1X2X3],
to cumulants of vectors of random variables, such as χ (X1,X2,X3). Note the dissym-
metry: moments involve products, while cumulants involve vectors. We will have, for
example,

χ (X1,X2) = E [X1X2]− E [X1]E [X2] ,

and hence
χ (X1,X2) = Cov (X1,X2) ,

the covariance of the vector (X1,X2). Conversely, we will have

E [X1X2] = χ (X1)χ (X2) + χ (X1,X2) .

Thus, using the notation introduced above, we will establish precise relations be-
tween objects of the type

χ (Xb) = χ (Xj : j ∈ b) and E
[
Xb
]

= E [Πj∈bXj ] .

We can do this also for random variables that are products of other random variables:
for instance, to obtain χ (Y1Y2, Y3), we apply the previous formula with X1 = Y1Y2

andX2 = Y3, and get χ (Y1Y2, Y3) = E [Y1Y2Y3]−E [Y1Y2]E [Y3]. We shall also state
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a formula, due to Malyshev, which expresses χ (Y1Y2, Y3) in terms of other cumulants,
namely in this case

χ (Y1Y2, Y3) = χ (Y1, Y3)χ (Y2) + χ (Y1)χ (Y2, Y3) + χ (Y1, Y2, Y3) .

The next result, first proved in [62] (for Parts 1 and 2) and [67] (for Part 3), contains
three crucial relations, linking the cumulants and the moments associated with a ran-
dom vector X[n]. We use the properties of the lattices of partitions, as introduced in
the previous chapter.

Proposition 3.2.1 (Leonov and Shiryaev [62] and Malyshev [67]) For every b ⊆
[n],

1.

E
[
Xb
]

=
∑

π={b1,...,bk}∈P(b)

χ (Xb1) · · · χ (Xbk
) ; (3.2.6)

2.

χ (Xb) =
∑

σ={a1,...,ar}∈P(b)

(−1)r−1 (r − 1)!E (Xa1) · · · E (Xar ) ; (3.2.7)

3. ∀σ = {b1, ..., bk} ∈ P (b),

χ
(
Xb1 , ...,Xbk

)
=

∑
τ={t1,...,ts}∈P(b)

τ∨σ=1̂

χ (Xt1) · · · χ (Xts) . (3.2.8)

Remark. To the best of our knowledge, our forthcoming proof of equation (3.2.8)
(which is known asMalyshev’s formula) is new. As an illustration of (3.2.8), consider
the cumulant χ (X1X2,X3), in which case one has σ = {b1, b2}, with b1 = {1, 2}
and b2 = {3}. There are three partitions τ ∈ P ([3]) such that τ ∨ σ = 1̂ = {1, 2, 3},
namely τ1 = 1̂, τ2 = {{1, 3} , {2}} and τ3 = {{1} , {2, 3}}, from which it follows
that

χ (X1X2,X3) = χ (X1,X2,X3) + χ (X1,X3)χ (X2) + χ (X1)χ (X2,X3) .

Proof of Proposition 3.2.1. The proof of (3.2.6) is obtained by differentiating the
characteristic function and its logarithm, and by identifying corresponding terms (for
more details on these computations, see [141], [131, Sect. 6] or [145]). We now show
how to obtain (3.2.7) and (3.2.8) from (3.2.6).
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Relation (3.2.6) implies that, ∀σ = {a1, ..., ar} ∈ P (b),

r∏
j=1

E [Xaj ] =
∑

π={b1,...,bk}≤σ
π∈P(b)

χ (Xb1) · · · χ (Xbk
) . (3.2.9)

We can therefore set

G (σ) =
r∏

j=1

E [Xaj ]

and

F (π) = χ (Xb1) · · · χ (Xbk
)

in (2.5.25) and (2.5.26), so as to deduce that, for every π = {b1, ..., bk} ∈ P (b),

χ (Xb1) · · · χ (Xbk
) =

∑
σ={a1,...,ar}≤π

μ (σ, π)
r∏

j=1

E [Xaj ] . (3.2.10)

Relation (3.2.7) is therefore a particular case of (3.2.10), obtained by setting π = 1̂

and by using the equality μ
(
σ, 1̂

)
= (−1)|σ|−1 (|σ| − 1)!, which is a consequence of

(2.5.21).
To deduce Malyshev’s formula (3.2.8) from (3.2.7) and (3.2.9), write Xbj = Yj ,

j = 1, ..., k (recall that the Xbj are random variables defined in (3.1.1)), and apply
(3.2.7) to the vectorY = (Y1, ..., Yk) to obtain that

χ
(
Xb1 , ...,Xbk

)
= χ (Y1, ..., Yk) = χ (Y) (3.2.11)

=
∑

β={p1,...,pr}∈P([k])

(−1)r−1 (r − 1)!E (Yp1) · · · E (Ypr) .

Write σ = {b1, ..., bk}, and observe that σ is a partition of the set b, while the partitions
β in (3.2.11) are partitions of the first k integers. Now fix

β ∈ {p1, ..., pr} ∈ P ([k]) .

For i = 1, ..., r, take the union of the blocks bj ∈ σ having j ∈ pi, and call this union
ui. One obtains therefore a partition π = {u1, ..., ur} ∈ P (b) such that |π| = |β| = r.
Thanks to (2.5.21) and (2.5.23),

(−1)r−1 (r − 1)! = μ
(
β, 1̂

)
= μ

(
π, 1̂

)
(3.2.12)

(note that the two Möbius functions appearing in (3.2.12) are associated with different

lattices: indeed, μ
(
β, 1̂

)
refers to P ([k]), whereas μ

(
π, 1̂

)
is associated with P (b)).
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With this notation, one has also that E (Yp1) · · · E (Ypr) = E (Xu1) · · · E (Xur), so
that, by (3.2.9),

E (Yp1) · · · E (Ypr) = E (Xu1) · · · E (Xur) =
∑

τ={t1,...,ts}≤π
τ∈P(b)

χ (Xt1) · · · χ (Xts) .

(3.2.13)
By plugging (3.2.12) and (3.2.13) into (3.2.11) we obtain finally that

χ
(
Xb1 , ...,Xbk

)
=

∑
σ≤π≤1̂

μ
(
π, 1̂

) ∑
τ={t1,...,ts}:τ≤π

χ (Xt1) · · · χ (Xts)

=
∑

τ∈P(b)

χ (Xt1) · · · χ (Xts)
∑

π∈[τ∨σ,1̂]
μ
(
π, 1̂

)
=

∑
τ :τ∨σ=1̂

χ (Xt1) · · · χ (Xts) ,

where the last equality is a consequence of (2.6.33), since

∑
π∈[τ∨σ,1̂]

μ
(
π, 1̂

)
=
{

1 if τ ∨ σ = 1̂
0 otherwise.

(3.2.14)

For a single random variableX , one has (3.1.3): hence, Proposition 3.2.1 implies:

Corollary 3.2.2 Let X be a random variable such that E |X|n <∞. Then,

E [Xn] =
∑

π={b1,...,bk}∈P([n])

χ|b1| (X) · · · χ|bk| (X) (3.2.15)

=
∑

λ=(1r1 2r2 ···nrn )�n

[ n
λ

]
× [χ1(X)]r1 × · · · × [χn(X)]rn (3.2.16)

=
∑

1r1+···+rn=n
ri≥0

n!
(1!)r1 · · · (n!)rnrn!

[χ1(X)]r1 × · · · × [χn(X)]rn (3.2.17)

=
n−1∑
s=0

(
n− 1
s

)
χs+1(X)× E(Xn−s−1), (3.2.18)

χn (X) =
∑

σ={a1,...,ar}∈P([n])

(−1)r−1 (r − 1)!E
(
X |a1|

)
· · · E

(
X |ar|

)
, (3.2.19)

where in (3.2.16) we used the notation of formula (2.3.8), with the convention that
[χl(X)]0 = 1.
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Proof. Formulae (3.2.15) and (3.2.19) follow immediately from Proposition 3.2.1.
Equality (3.2.16) is a consequence of Proposition 2.3.6 in the special case f(π) =
χ|b1| (X) · · ·χ|bk| (X), whenever π = (b1, ..., bk). Equation (3.2.17) is a more explicit
expression of (3.2.16). Finally, equation (3.2.18) can be deduced from (3.2.16) by re-
cursion or, alternatively, as a consequence of the following elementary computations:

E(Xn) = (−i)n dn

dzn
gX(z)|z=0

= (−i)n dn−1

dzn−1

[(
d

dz
ln gX(z)

)
gX(z)

]∣∣∣∣
z=0

=

[
n−1∑
s=0

(−i)s+1

(
n− 1
s

)
ds+1

dzs+1
(ln gX(z))× (−i)n−1−s d

n−1−s

dzn−1−s
gX(z)

]∣∣∣∣∣
z=0

,

where gX(z) = E[exp(izX)], and d0

dz0 gX(z) = 1 (by convention). Indeed, for s =
0, ..., n− 1,

(−i)s+1 d
s+1

dzs+1
ln gX(z)|z=0 = χs+1(X) and

(−i)n−1−s d
n−1−s

dzn−1−s
gX(z)|z=0 = E(Xn−s−1).

Remark. In [88] it is shown that formula (3.2.18) can be used in order to derive ex-
plicit expressions for the cumulants of random variables defined on Wiener space,
based on infinite-dimensional integration by parts formulae. The expressions derived
in [88] represent an actual alternative to the ones obtained in Chapter 7 by means of
combinatorial devices. Several generalizations of (3.2.18) are discussed in the paper
by Barbour [6].

Example 3.2.3 (i) Formula (3.2.7), applied respectively to b = {1} and to b =
{1, 2}, gives immediately the well-known relations
χ (X) = E (X) and χ (X,Y ) = E (XY )− E (X)E (Y ) = Cov (X,Y ) .

(3.2.20)

χ (X1,X2,X3) = E (X1X2X3)− E (X1X2)E (X3)

−E (X1X3)E (X2)− E (X2X3)E (X1)

+2E (X1)E (X2)E (X3) ,

so that, in particular,

χ3 (X) = E
(
X3
)− 3E

(
X2
)
E (X) + 2E (X)3

.

(ii) Let G[n] = (G1, ..., Gn), n ≥ 3, be a Gaussian vector such that E (Gi) = 0,
i = 1, ..., n. Then, for every b ⊆ [n] such that |b| ≥ 3, we know from Section 3.1
that

χ (Gb) = χ (Gi : i ∈ b) = 0.
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By applying this relation and formulae (3.2.6) and (3.2.20) toG[n], one therefore
obtains the well-known relation (sometimes called Wick formula)

E [G1 ×G2 × · · · ×Gn] (3.2.21)

=

{∑
π={{i1,j1},...,{ik,jk}}∈P([n]) E (Gi1Gj1) · · · E (Gik

Gjk
) , n even

0, n odd.

Observe that, on the RHS of (3.2.21), the sum is taken over all partitions π of
[n] such that each block of π contains exactly two elements. A little inspection
shows that, for n even, the number of such partitions is given by the double
factorial (n− 1)!!, which is defined as 1!! = 1 and, for n ≥ 4,

(n− 1)!! = (n− 1)× (n− 3)× · · · × 3× 1 (3.2.22)

(for instance: 3!! = 3, 5!! = 15, and so on). Using this fact and takingG[n] such
that Gi = G, i = 1, ..., n, where G is a centered Gaussian random variable with
variance σ2, one deduces from the previous computation the well known fact that

E [Gn] =
{
σn × (n− 1)!!, n even
0, n odd.

(3.2.23)

Relation (3.2.23) implies in particular that themoments ofG satisfy the following
recurrence relation: for every n ≥ 2

E(Gn+1) = n× σ2 × E(Gn−1). (3.2.24)

We conclude this section by showing an interesting consequence of relation
(3.2.24), known as Stein’s Lemma, providing a useful characterization of one-
dimensional Gaussian distributions. Note that this result is the basis of the so-called
Stein’s method for normal approximations. The reader is referred to the survey by Chen
and Shao [14] for an introduction to the subject. Stein’s Lemma should also be com-
pared with the forthcoming Chen-Stein Lemma 3.3.3, providing a characterization of
the Poisson distribution.

Lemma 3.2.4 (Stein’s Lemma) Let G be a Gaussian random variable with zero
mean and variance σ2 > 0, and let W be any real-valued random variable. Then,
W

law= G if and only if, for every smooth function h verifying E|h′(G)| <∞, one has
that

E[Wh(W )] = σ2 × E[h′(W )]. (3.2.25)

Proof. IfW is a centered Gaussian random variable with variance σ2, then integration
by parts (or a Fubini argument) shows that relation (3.2.25) is verified. To prove the
reverse implication, assume thatW verifies (3.2.25) for every test function h as in the
statement. By selecting h(x) = xn, n ≥ 0, we see that relation (3.2.25) implies that
E(W ) = 0, E(W 2) = σ2, and, for every n ≥ 3,

E[Wn+1] = n× σ2 × E[Wn−1].
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By virtue of (3.2.24), we therefore deduce that E(Wn) = E(Gn) for every n ≥ 1, and
the conclusion follows from the fact that the normal distribution is determined by its
moments (see the forthcoming Lemma 3.2.5).

For the sake of completeness, we shall provide a self-contained proof of the fact that
the Gaussian distribution is determined by its moments. Given a probability measure
ν on R, we denote by

mn(ν) =
∫
R

xnν(dx), n ≥ 0,

the sequence of its moments (whenever they are well-defined).

Lemma 3.2.5 Let σ > 0 and let gσ denote the centered Gaussian probability distribu-
tion of variance σ2, that is, gσ(dx) = (2πσ2)−1/2e−x2/2σ2

dx. Then, gσ is determined
by its moments. This means that, if ν is another probability measure (having moments
of all order) verifyingmn(ν) = mn(gσ) for every n ≥ 1, then necessarily ν = gσ .

Proof. Let ν be as in the statement. We have to show that, for every t ∈ R,∫
R
eitxν(dx) =

∫
R
eitxgσ(dx). Since mk(ν) = mk(gσ) for every k, we can write,

thanks to Taylor’s expansion and the triangle and Cauchy-Schwarz inequalities,∣∣∣∣∫
R

eitxν(dx)−
∫
R

eitxgσ(x)
∣∣∣∣

≤
∫
R

∣∣∣∣∣eitx −
n∑

k=0

(itx)k

k!

∣∣∣∣∣ ν(dx) +
∫
R

∣∣∣∣∣eitx −
n∑

k=0

(itx)k

k!

∣∣∣∣∣ gσ(dx)

≤
∫
R

∣∣∣∣ |tx|n+1

(n+ 1)!

∣∣∣∣ ν(dx) +
∫
R

∣∣∣∣ |tx|n+1

(n+ 1)!

∣∣∣∣ gσ(dx)

≤
(∫

R

|tx|2n+2

(n+ 1)!2
ν(dx)

)1/2

+
(∫

R

|tx|2n+2

(n+ 1)!2
gσ(dx)

)1/2

=

√
|t|2n+2 m2n+2(ν)

(n+ 1)!2
+

√
|t|2n+2 m2n+2(gσ)

(n+ 1)!2
= 2

√
|t|2n+2m2n+2(gσ)

(n+ 1)!2
,

for every n ≥ 1. The conclusion is obtained by observing that, thanks to Stirling’s
formula,

lim
n→∞

|t|2n+2 m2n+2(gσ)
(n+ 1)!2

= lim
n→∞

|tσ|2n+2 × (2n+ 1)!!
(n+ 1)!2

= 0,

where we have used the notation (3.2.22).
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3.3 Bell and Touchard polynomials and the Poisson distribution

We now want to connect Corollary 3.2.2 to the class of Bell and Touchard polyno-
mials introduced in Definition 2.4.1. We start with a statement reexpressing formulae
(3.2.16) and (3.2.19), respectively, in terms of complete and partial Bell polynomials.

Proposition 3.3.1 Let X be a random variable such that E|X|n < ∞, and write
mj = E(Xj) and qj = χj(X), j = 1, ..., n. Then,

E(Xn) = Bn(q1, ..., qn) (3.3.26)

χn(X) =
n∑

k=1

(−1)k−1(k − 1)!Bn,k(m1, ...,mn−k+1), (3.3.27)

where Bn and Bn,k are, respectively, the nth complete Bell polynomial (see (2.4.13))
and the partial Bell polynomial of index (n, k) (see (2.4.11)).

Proof. Formula (3.3.26) is a direct consequence of (3.2.16) and (2.4.14). To see that
(3.3.27) also holds, rewrite (3.2.19) as

χn(X) =
n∑

k=1

(−1)k−1(k − 1)!

⎡⎢⎢⎣ ∑
λ=(1r1 2r2 ···nrn )�n

λ has length k

[ n
λ

]
mr1

1 × · · · ×mrn−k+1

n−k+1

⎤⎥⎥⎦ ,
(3.3.28)

so that the conclusion is deduced from (2.4.12).

In what follows, for every x > 0, we shall denote by N(x) a Poisson random
variable with parameter x. The following statement provides an elegant connection
between the moments of the random variables N(x) and Touchard polynomials.

Proposition 3.3.2 For every n ≥ 0, one has that

E[N(x)n] = Tn(x), x > 0, (3.3.29)

whereTn is thenth Touchard polynomial, as defined in (2.4.15). In particular formulae
(2.4.19) and (2.4.20) hold.

Proof. The statement is trivial in the case n = 0. Fix n ≥ 1 and observe that, accord-
ing to Example 3.1.1, one has that χk(N(x)) = x, for every k ≥ 1. Plugging this
expression into (3.3.26) in the case X = N(x), one deduces that

E(N(x)n) = Bn(x, ..., x) =
n∑

k=1

Bn,k(x, ..., x) = Tn(x),

where the last two equalities follow from (2.4.13) and (2.4.17). We shall now use
properties of the Poisson distribution to prove Proposition 2.4.4, namely that (2.4.19)
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and (2.4.20) are verified. To see that (2.4.19) holds, we use (3.2.18) and the fact that
χk(N(x)) = x for every k to deduce that

Tn+1(x) = E[N(x)n+1] =
n∑

k=0

(
n

k

)
x× E(N(x)n−k) = x

n∑
k=0

(
n

k

)
Tn−k(x).

To prove (2.4.20), fix x, y > 0 and let N ′(y) be a Poisson random variable with pa-
rameter y, independent of N(x). Since E[eiz(N(x)+N ′(y))] = exp [(x+ y)(eiz − 1)],
one has that N(x) +N ′(y) has the same law as N(x+ y). It follows that

Tn(x+ y) = E[(N(x) +N ′(y))n] =
n∑

k=0

(
n

k

)
E[N(x)kN ′(y)n−k].

By independence,E[N(x)kN ′(y)n−k] = E[N(x)k]×E[N(y)n−k] = Tk(x)Tn−k(y),
and the proof is concluded.

Remarks. (a) By virtue of (2.4.18), and since P[N(1) = k] = e−1/k!, specializ-
ing (3.3.29) to the case x = 1 yields the following remarkable summation formulae
involving the Bell numbers Bn = Tn(1): for every n ≥ 1,

Bn =
1
e

∞∑
k=1

kn

k!
. (3.3.30)

Formula (3.3.30) was first proved by Dobiński [22] in 1877.
(b) Formula (3.3.29) may be also used to deduce an explicit expression for the

generating function of Bell numbers. Indeed, for every x > 0 one has that

∞∑
n=0

Tn(x)
tn

n!
=

∞∑
n=0

E[N(x)n]
tn

n!
= E

[ ∞∑
n=0

N(x)ntn

n!

]
= E[etN(x)] = ex(et−1),

(3.3.31)
implying, by setting x = 1,

∞∑
n=0

Bn
tn

n!
= eet−1. (3.3.32)

Reading backwards the chain of equalities (3.3.31), one deduces in particular that, for
every x, t > 0,

lim
n→∞Tn(x)

tn

n!
= lim

n→∞E[N(x)n]
tn

n!
= 0. (3.3.33)

As a further illustration, we will now use Proposition 3.3.2 to deduce a short proof
of the so-called Chen-Stein Lemma, providing an elegant characterization of the Pois-
son distribution. The reader is referred, for example, to the survey by Erhardsson [27]
for an introduction to the powerful Chen-Stein method for Poisson approximations
and its many applications. Note that Lemma 3.3.3 is usually proved by solving a finite
difference equation. Also, one should compare with the previously discussed Stein’s
Lemma 3.2.4.
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Lemma 3.3.3 (Chen-Stein Lemma) Let Z be a random variable with values in N.
Then, Z has a Poisson distribution with parameter x > 0 if and only if, for every
bounded function f : N→ N,

E[Zf(Z)] = xE[f(Z + 1)]. (3.3.34)

Proof. If Z has a Poisson distribution with parameter x, then for every bounded f

E[Zf(Z)] = e−x
∞∑

k=1

kf(k)
xk

k!
= e−x

∞∑
j=0

f(j + 1)
xj+1

j!
= xE[f(Z + 1)],

where we used the change of variable j = k − 1, thus showing that (3.3.34) is ver-
ified. Now suppose that Z is an integer-valued random variable satisfying (3.3.34),
and writeN(x) to indicate a Poisson random variable with parameter x. Approximat-
ing the monomial a �→ an (n ≥ 1) by means of the truncated (bounded) functions
a �→ an1(a≤m),m ≥ 1, one deduces by monotone convergence that relation (3.3.34)
continues to hold whenever f is a polynomial. Choosing f(a) = an,n ≥ 0, in (3.3.34),
one obtains therefore

E[Zn+1] = xE[(Z + 1)n] = x
n∑

k=0

(
n

k

)
E[Zn−k].

Since E[Z0] = 1 = T0(x) by definition, we deduce from the recurrence rela-
tion (2.4.19) that E[Zn] = Tn(x) = E[N(x)n], for every n ≥ 1. To conclude,
we shall prove by a direct argument that the Poisson distribution is characterized
by its moments. Indeed, applying the triangle inequality and the standard estimate

|eitu −∑n
k=0

(tu)k

k! | ≤ |tu|n+1/(n + 1)! we deduce that, for every real t and every
integer n,∣∣∣E[eitN(x)]− E[eitZ ]

∣∣∣
≤
∣∣∣∣∣E[eitN(x)]−

n∑
k=0

E[N(x)k]
tk

k!

∣∣∣∣∣+
∣∣∣∣∣E[eitZ ]−

n∑
k=0

E[N(x)k]
tk

k!

∣∣∣∣∣
≤
∣∣∣∣∣E[eitN(x)]−

n∑
k=0

E[N(x)k]
tk

k!

∣∣∣∣∣+
∣∣∣∣∣E[eitZ ]−

n∑
k=0

E[Zk]
tk

k!

∣∣∣∣∣

≤ E[N(x)n+1]× |t|n+1

(n+ 1)!
+
E[Zn+1]× |t|n+1

(n+ 1)!

= 2
E[N(x)n+1]× |t|n+1

(n+ 1)!
→ 0,
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where the convergence to zero takes place (by virtue of (3.3.33)) as n→∞.
Remark. By inspection of the preceding proof, one sees immediately that relation
(3.3.34) continues to hold for Z Poisson of parameter x and for real-valued functions
f with polynomial growth and not necessarily with values in N.

As above, for every x > 0 let N(x) be a Poisson random variable with parameter
x. Formula (3.3.29) yields in particular that, for every n ≥ 0, there exists a polynomial
of degree at most n, denoted by T̃n, such that

T̃n(x) = E[(N(x)− x)n], x > 0. (3.3.35)

Of course, T̃0(x) = 1 and T̃1(x) = 0. The next statement uses relation (3.3.34) to
deduce a complete characterization of the family {T̃n : n ≥ 0}.

Proposition 3.3.4 For every n ≥ 1,

T̃n+1(x) = x
n−1∑
k=0

(
n

k

)
T̃k(x). (3.3.36)

Proof. One has that

T̃n+1(x) = E[(N(x)− x)(N(x)− x)n] = E[N(x)(N(x)− x)n]− xT̃n(x).

By applying (3.3.34) to the function f(a) = (a− x)n, we deduce that

E[N(x)(N(x)− x)n] = xE[(N(x) + 1− x)n] = x

n∑
k=0

(
n

k

)
T̃k(x),

whence

T̃n+1(x) = x
n∑

k=0

(
n

k

)
T̃k(x)− xTn(x) = x

n−1∑
k=0

(
n

k

)
T̃k(x).

Example 3.3.5 Using (3.3.36), one deduces that

T̃2(x) = xT̃0(x) = x (3.3.37)

T̃3(x) = x[T̃0(x) + 2T̃1(x)] = x

T̃4(x) = x[T̃0(x) + 3T̃1(x) + 3T̃2(x)] = x+ 3x2

T̃5(x) = x[T̃0(x) + 4T̃1(x) + 6T̃2(x) + 4T̃3(x)] = x+ 10x2.

Remark. The polynomials T̃n are sometimes called centered Touchard polynomials.
They provide the centered moments of the Poisson distribution. See Privault [123] for
several generalizations of formula (3.3.36).

Another interesting combinatorial property of the family {T̃n} is given in the next
statement.
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Proposition 3.3.6 For every n ≥ 1 the quantity T̃n(1) equals the number of partitions
of [n] that have no singletons (that is, the partitions with blocks of size at least 2).

Proof. Using (3.1.4)–(3.1.5) and Example 3.1.1, one sees that χ1(N(1)− 1) = 0 and
χn(N(1)− 1) = χn(N(1)) for every n ≥ 2. Combining these facts with the identity
(3.2.15) yields

T̃n(1) = E[(N(1)− 1)n] =
∑

π∈P([n])

1{π has no singletons},

from which we deduce the conclusion.

Example 3.3.7 We can, for example, combine Proposition 3.3.6 with (3.3.37) and
deduce the following facts:

(i) there is only T̃2(1) = 1 partition of [2] and T̃3(1) = 1 partition of [3] with no
singletons (in both cases, it is the trivial partition 1̂);

(ii) there are exactly T̃4(1) = 4 partitions of [4] with no singletons, namely: 1̂,
{{1, 2}, {3, 4}}, {{1, 3}, {2, 4}} and {{1, 4}, {2, 3}};

(iii) there are exactly T̃5(1) = 11 partitions of [5] without singletons (list them as an
exercise).
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Diagrams and multigraphs

In this chapter, we translate some of the notions presented in Chapter 2 into the lan-
guage of diagrams and multigraphs, which are often used in order to compute cu-
mulants and moments of non-linear functionals of random fields (see, for example,
[10, 12, 34, 35, 68, 150, 151]). We will have, in particular, the correspondence indi-
cated in Table 4.1, as will be explained in the sequel.

Table 4.1. Correspondence

Diagram Multigraph

π ∨ σ = 1̂ connected connected

π ∧ σ = 0̂ non-flat no loops

We will consider, in addition, Gaussian and circular diagrams.

4.1 Diagrams

Consider a finite set b. A diagram is a graphical representation of a pair of partitions
(π, σ) ⊆ P (b), such that π = {b1, ..., bk} and σ = {t1, ..., tl}. It is obtained as
follows.

1. Order the elements of each block bi, for i = 1, ..., k.
2. Associate with each block bi ∈ π a row of |bi| vertices (represented as dots), in
such a way that the jth vertex of the ith row corresponds to the jth element of the
block bi.

3. For every a = 1, ..., l, draw a closed curve around the vertices corresponding to the
elements of the block ta ∈ σ.

We will denote by Γ (π, σ) the diagram of a pair of partitions (π, σ).

G. Peccati, M.S. Taqqu: Wiener Chaos: Moments, Cumulants and Diagrams –
A survey with computer implementation.
© Springer-Verlag Italia 2011
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Fig. 4.1. A simple diagram
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Fig. 4.2. A diagram built from two three-block partitions

Example 4.1.1 (i) If b = [3] = {1, 2, 3} and π = σ = {{1, 2} , {3}}, then Γ (π, σ)
is represented in Fig. 4.1.

(ii) If b = [8], and π = {{1, 2, 3} , {4, 5} , {6, 7, 8}} and σ = {{1, 4, 6}, {2, 5},
{3, 7, 8}}, then Γ (π, σ) is represented in Fig. 4.2. Hence, the rows in Γ (π, σ)
indicate the sets in π and the curves indicate the sets in σ.

Remarks.

(a) We use the terms “element” and “vertex” interchangeably.
(b) Note that the diagram generated by the pair (π, σ) is different, in general, from the

diagram generated by (σ, π).
(c) Each diagram is a finite hypergraph.We recall that a finite hypergraph is an object

of the type (V,E), where V is a finite set of vertices, and E is a collection of (not
necessarily disjoint) nonempty subsets of V . The elements of E are usually called
edges. In our setting, these are the blocks of σ.

(d) Note that, once a partition π is specified, the diagram Γ (π, σ) encodes all the
information on σ.

Now fix a finite set b. In what follows, we will list and describe several type of di-
agrams. They can be all characterized in terms of the lattice structure of P (b), namely
the partial ordering≤ and the join and meet operations ∨ and ∧, as described in Chap-
ter 2. Recall that 1̂ = {b}, and 0̂ is the partition whose elements are the singletons
of b.
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Fig. 4.3. A non-connected diagram
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Fig. 4.4. Dividing a non-connected diagram
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Fig. 4.5. A connected diagram

Connected Diagrams. The diagram Γ (π, σ) associated with two partitions (π, σ) is
said to be connected if

π ∨ σ = 1̂,

that is, if the only partition ρ such that π ≤ ρ and σ ≤ ρ is the maximal partition 1̂.
The diagram appearing in Fig. 4.2 is connected, whereas the one in Fig. 4.1 is not

(indeed, in this case π ∨ σ = π ∨ π = π �= 1̂). Another example of a non-connected
diagram (see Fig. 4.3) is obtained by taking b = [4], π = {{1, 2} , {3} , {4}} and
σ = {{1, 2} , {3, 4}}, so that π ≤ σ (each block of π is contained in a block of σ) and
π ∨ σ = σ �= 1̂.
In other words, Γ (π, σ) is connected if and only if the rows of the diagram (the

blocks of π) cannot be divided into two subsets, each defining a separate diagram.
Fig. 4.4 shows that the diagram in Fig. 4.3 can be so divided, and thus is disconnected
(non-connected).
The diagram in Fig. 4.5, which has the same partition π, but σ = {{1, 3, 4} , {2}},

is connected.
Note that we do not use the term ‘connected’ as one usually does in graph theory

(indeed, the diagrams we consider in this section are always non-connected hyper-
graphs, since their edges are disjoint by construction).
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Fig. 4.6. A non-flat diagram
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Fig. 4.7. A Gaussian diagram

Non-flat Diagrams. The diagram Γ (π, σ) is non-flat if

π ∧ σ = 0̂,

that is, if the only partition ρ such that ρ ≤ π and ρ ≤ σ is the minimal partition 0̂.
It is easily seen that π ∧ σ = 0̂ if and only if for any two blocks bj ∈ π, ta ∈ σ,
the intersection bj ∩ ta either is empty or contains exactly one element. Graphically, a
non-flat graph is such that the closed curves defining the blocks of σ cannot join two
vertices in the same row (thus having a ‘flat’ or ‘horizontal’ portion). The diagrams
in Fig. 4.1-4.3 are all flat (not non-flat). Observe that the diagram in Fig. 4.2 is flat
because it has a flat portion: the block {3, 7, 8} of σ has (7, 8) as a flat portion. The
diagram in Fig. 4.5 is non-flat. Another non-flat diagram is given in Fig. 4.6, and is
obtained by taking

b = [7] , π = {{1, 2, 3} , {4} , {5, 6, 7}} and σ = {{1, 4, 5} , {2, 7} , {3, 6}}.

Gaussian Diagrams.We say that the diagram Γ (π, σ) is Gaussian, whenever every
block of σ contains exactly two elements. Plainly, Gaussian diagrams exists only if
there is an even number of vertices. When a diagram is Gaussian, one usually repre-
sents the blocks of σ not by closed curves, but by segments connecting two vertices
(which are viewed as the edges of the resulting graph). For instance, a Gaussian (non-
flat and connected) diagram is obtained in Fig. 4.7, where we have taken

b = [6] , π = {{1, 2, 3} , {4} , {5, 6}} and σ = {{1, 4} , {2, 5} , {3, 6}} .

Whenever a block a = {i, j} is such that i ∈ b1 and j ∈ b2, where b1, b2 are blocks
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of π, we shall say that a links b1 and b2. For instance, in Fig. 4.7, the blocks {1, 2, 3}
and {5, 6} of π are linked by the two blocks of σ given by {2, 5} and {3, 6}. In the
terminology of graph theory, a Gaussian diagram is a non-connected (non-directed)
graph. Since every vertex is connected with exactly another vertex, one usually says
that such a graph is a perfect matching.

Circular (Gaussian) Diagrams. Consider two partitions π = {b1, ..., bk} and σ =
{t1, ..., tl} such that the blocks of σ have size |ta| = 2 for every a = 1, ..., l. Then, the
diagram Γ (π, σ) (which is Gaussian) is said to be circular if each row of Γ (π, σ) is
linked to both the previous and the next row, with no other possible links except for
the first and the last row, which should also be linked together. This implies that the
diagram is connected.
Formally, the diagram Γ (π, σ), where π = {b1, ..., bk} and σ = {t1, ..., tl}, is

circular (Gaussian) whenever the following properties hold (recall that i ∼σ j means
that i and j belong to the same block of σ):

(a) for every p = 2, ..., k − 1 there exist j1 ∼σ i1 and j2 ∼σ i2 such that j1, j2 ∈ bp,
i1 ∈ bp−1 and i2 ∈ bp+1;

(b) for every p = 2, ..., k − 1 and every j ∈ bp, j ∼σ i implies that i ∈ bp−1 ∪ bp+1;
(c) there exist j1 ∼σ i1 and j2 ∼σ i2 such that j1, j2 ∈ bk, i1 ∈ bk−1 and i2 ∈ b1;
(d) for every j ∈ bk, j ∼σ i implies that i ∈ b1 ∪ bk−1;
(e) there exist j1 ∼σ i1 and j2 ∼σ i2 such that j1, j2 ∈ b1, i1 ∈ b2 and i2 ∈ bk, (vi)

for every j ∈ b1, j ∼σ i implies that i ∈ bk ∪ b2.

Example 4.1.2
(i) A circular diagram is obtained by taking b = [10] and

π = {{1, 2} , {3, 4} , {5, 6} {7, 8} , {9, 10}}
σ = {{1, 3} , {2, 9} , {4, 6} , {5, 7} , {8, 10}} ,

which implies that Γ (π, σ) is the diagram in Fig. 4.8.
To illustrate condition (a) above for this example, consider p = 2, that is the
second block b2 = {3, 4} of π. Then there is j1 = 3, j2 = 4 in b2 and also i1 = 1
in b1 and i2 = 6 in b3 such that j1 ∼σ i1 and j2 ∼σ i2.
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Fig. 4.8. A circular diagram
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Fig. 4.9. A circular diagram with rows of different size

(ii) Another example of a circular diagram is given in Fig. 4.9.
It is obtained from b = [12] and

π = {{1, 2, 3} , {4, 5} , {6, 7} , {8, 9} , {10, 11, 12}}
σ = {{1, 4} , {2, 11} , {3, 10} , {5, 7} , {6, 8} , {9, 12}} .

We can now express various formulas involving moments and cumulants in terms
of diagrams. We shall do this here and in the sequel.

Example 4.1.3

(i) Malyshev’s formula (3.2.8) can be expressed in terms of connected diagrams as
follows:
For every finite set b and every σ = {b1, ..., bk} ∈ P (b),

χ
(
Xb1 , ...,Xbk

)
=

∑
τ={t1,...,ts}∈P(b)
Γ (σ,τ) is connected

χ (Xt1) · · · χ (Xts) . (4.1.1)

(ii) Suppose that the random variables X1,X2,X3 are such that E |Xi|3 < ∞,
i = 1, 2, 3. We have already applied formula (4.1.1) in order to compute the
cumulant χ (X1X2,X3). Here, we shall give a graphical demonstration. Re-
call that, in this case, b = [3] = {1, 2, 3}, and that the relevant partition is
σ = {{1, 2} , {3}}. There are only three partitions τ1, τ2, τ3 ∈ P ([3]) such
that Γ (σ, τ1) , Γ (σ, τ2) and Γ (σ, τ3) are connected, namely τ1 = 1̂, τ2 =
{{1, 3} , {2}} and τ3 = {{1} , {2, 3}}. The diagrams Γ (σ, τ1) , Γ (σ, τ2) and
Γ (σ, τ3) are represented in Fig. 4.10. Relation (4.1.1) thus implies that

χ (X1X2,X3) = χ (X1,X2,X3) + χ (X1,X3)χ (X2) + χ (X1)χ (X2,X3)

= χ (X1,X2,X3) + Cov (X1,X3)E (X3) + E (X1)Cov (X2,X3) ,

where we have used (3.2.20).
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Fig. 4.10. Computing cumulants by connected diagrams

� �� �
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Fig. 4.11. Two partitons: one non-crossing (above) and one crossing (below)

Remark. Another class of partitions admitting a neat graphical representation is the
collection of non-crossing partitions. Given n ≥ 2 , we say that a partition π ∈ P([n])
is non-crossing if one cannot find integers 1 ≤ p1 < q1 < p2 < q2 ≤ n such that
p1 ∼π p2, q1 ∼π q2 and p1 and p2 are not in the same block as q1 and q2. To under-
stand the terminology, one has to represent a partition π ∈ P([n]) as follows: (i) draw
the elements of [n] as dots on the same line, (ii) supply each dot with a vertical line un-
der it, and (iii) join the vertical lines of the elements in the same block with a horizontal
line. The partition π is non-crossing if and only if the lines involved in this represen-
tation can be drawn in such a way that they do not cross. Consider for instance the
two partitions of [4] depicted in Fig. 4.11. The upper partition is {{1, 4}, {2, 3}}, and
it is non-crossing, whereas the lower partition is {{1, 3}, {2, 4}}, which is crossing.
One customarily denotes by NC(n) the class of non-crossing partitions of [n]. Note
that P(n) = NC(n), for n = 2, 3, and that one has NC(n) ⊂ P([n]), with strict in-
clusion, for every n ≥ 4. One remarkable feature of the class NC(n) is that it can be
endowed with a lattice structure analogous to the one ofP(n). Non-crossing partitions
play a crucial role in free probability, where they are used, for example, to define the
concept of free cumulant. The reader is referred to the monograph by Nica and Spe-
icher [80] for a detailed introduction to the combinatorics of non-crossing partitions in
the context of free probability.
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4.2 Solving the equation σ ∧ π = 0̂

Let π be a partition of [n] = {1, ..., n}. One is often asked, as will be the case in
Section 6.1, to find all partitions σ ∈ P ([n]) such that

σ ∧ π = 0̂, (4.2.2)

where, as usual, 0̂ = {{1} , ..., {n}}, that is, 0̂ is the partition made up of singletons.
The use of diagrams provides an easy way to solve (4.2.2), since (4.2.2) holds if and
only if the diagram Γ (π, σ) is non-flat. Hence, proceed as in Section 4.1, by (1) or-
dering the blocks of π, (2) associating with each block of π a row of the diagram, the
number of points in a row being equal to the number of elements in the block, and (3)
drawing non-flat closed curves around the points of the diagram.

Example 4.2.1 (i) Let n = 2 and π = {{1} , {2}} = 0̂. Then, σ1 = π = 0̂ and
σ2 = 1̂ (as represented in Fig. 4.12) solve equation (4.2.2). Note that P ([2]) =
{σ1, σ2}.

(ii) Let n = 3 and π = {{1, 2} , {3}}. Then, σ1 = 0̂, σ2 = {{1, 3} , {2}} and σ3 =
{{1} , {2, 3}} (see Fig. 4.13) are the only elements of P ([3]) solving (4.2.2).

(iii) Let n = 4 and π = {{1, 2} , {3, 4}}. Then, there are exactly seven σ ∈ P ([4])
solving (4.2.2). They are all represented in Fig. 4.14.

(iv) Let n = 4 and π = {{1, 2} , {3} , {4}}. Then, there are ten σ ∈ P ([4]) that are
solutions of (4.2.2). They are all represented in Fig. 4.15.

In what follows (see, for example, Theorem 7.1.3 below), we will sometimes be
called to solve jointly the equations σ ∧ π = 0̂ and σ ∨ π = 1̂, that is, given π, to

�
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Fig. 4.12. Solving σ ∧ π = 0̂ in the simplest case

� �
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Fig. 4.13. Solving σ ∧ π = 0̂ in a three-vertex diagram
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Fig. 4.14. The seven solutions of σ ∧ π = 0̂ in a four-vertex diagram
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Fig. 4.15. The ten solutions of σ ∧ π = 0̂ in a three-row diagram

find all diagrams Γ (π, σ) that are non-flat (σ ∧ π = 0̂) and connected (σ ∨ π = 1̂).
Having found, as before, all those that are non-flat, one just has to choose among
them those that are connected, that is, the diagrams whose rows cannot be divided
into two subset, each defining a separate diagram. These are: the second diagram
in Fig. 4.12, the last two in Fig. 4.13, the last six in Fig. 4.14, the sixth to ninth of
Fig. 4.15. Again as an example, observe that the second diagram in Fig. 4.15 is not
connected: indeed, in this case, π = {{1, 2} , {3} , {4}}, σ = {{1} , {2} , {3, 4}}, and
π ∨ σ = {{1, 2} , {3, 4}} �= 1̂.

4.3 From Gaussian diagrams to multigraphs

A multigraph is a graph in which (a) two vertices can be connected by more than one
edge, and (b) loops (that is, edges connecting one vertex to itself) are allowed. Such
objects are sometimes called “pseudographs”, but we will avoid this terminology. In
what follows, we show how a multigraph can be derived from a Gaussian diagram.
This representation of Gaussian diagrams can be used in the computation of moments
and cumulants (see [35] or [68]).
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Fig. 4.16. A multigraph with three vertices
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Fig. 4.17. A multigraph built from a circular diagram

Fix a set b and consider partitions π, σ ∈ P (b) such that Γ (π, σ) is Gaussian and
π = {b1, ..., bk}. Then, the multigraph Γ̂ (π, σ), with k vertices and |b| /2 edges, is
obtained from Γ (π, σ) as follows.

1. Identify each row of Γ (π, σ) with a vertex of Γ̂ (π, σ), in such a way that the ith
row of Γ (π, σ) corresponds to the ith vertex vi of Γ̂ (π, σ).

2. Draw an edge linking vi and vj for every pair (x, y) such that x ∈ bi, y ∈ bj and
x ∼σ y.

Example 4.3.1 (i) The multigraph obtained from the diagram in Fig. 4.7 is given
in Fig. 4.16.

(ii) The multigraph associated with Fig. 4.8 is given in Fig. 4.17 (note that this graph
has been obtained from a circular diagram).

The following result is easily verified: it shows how the nature of a Gaussian dia-
gram can be deduced from its graph representation.

Proposition 4.3.2 Fix a finite set b, as well as a pair of partitions (π, σ) ⊆ P (b) such
that the diagram Γ (π, σ) is Gaussian and |π| = k. Then,

1. Γ (π, σ) is connected if and only if Γ̂ (π, σ) is a connected multigraph.
2. Γ (π, σ) is non-flat if and only if Γ̂ (π, σ) has no loops.
3. Γ (π, σ) is circular if and only if the vertices v1, ..., vk of Γ̂ (π, σ) are such that: (i)

there is an edge linking vi and vi+1 for every i = 1, ..., k − 1, and (ii) there is an
edge linking vk and v1.
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Fig. 4.18. A non-connected flat diagram and its multigraph

As an illustration, in Fig. 4.18 we present the picture of a flat and non-connected
diagram (on the left), whose multigraph (on the right) is non-connected and displays
three loops.
This situation corresponds to the case b = [8],

π = {{1, 2} , {3, 4, 5} , {6, 7, 8}} , and
σ = {{1, 2} , {3, 4} , {5, 8} , {6, 7}} .

Section 4.4 provides a summary, as well as intuitive explanations.

4.4 Summarizing diagrams and multigraphs

The diagram Γ (π, σ) is:

Table 4.2. Diagrams

connected π ∨ σ = 1̂ if the rows of π cannot be divided into two subsets, each
defining a separate diagram

non-flat π ∧ σ = 0̂ if the closed curves defining the blocks of σ do not have
a horizontal portion

Gaussian if each block of σ contains exactly two elements

circular if each row is linked to both the previous and next row
(with no other links)
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The multigraph corresponding to a Gaussian diagram Γ (π, σ) is:

connected π ∨ σ = 1̂ if the multigraph is connected

non-flat π ∧ σ = 0̂ if the multigraph has no loops

circular if the edges connecting the vertices form a cycle

Intuitive explanation for diagrams

1. Connected diagrams: σ ∨ π = 1̂. Suppose that the rows of π can be divided into
two subsets, each defining a separate subdiagram. Then there is no way of joining
together the elements of these two subdiagrams in order to get σ ∨ π = 1̂. This is
the case, for example, in Fig. 4.1 where π = σ = {{1, 2} , {3}}, so that their join
equals {{1, 2} , {3}} and not 1̂ = {1, 2, 3}. The diagram is therefore not connected.
On the other hand, there are no such problems with the diagram of Fig. 4.5 which
is connected.

2. Non-flat diagrams: σ ∧ π = 0̂. Since the blocks of π are depicted horizontally, if
σ had some of its blocks partially horizontal as well, then π and σ would have that
part in common, and thus one would not have σ ∧ π = 0̂. In Fig. 4.2, the points 7
and 8 lie in a partly horizontal block of σ and hence σ ∧ π will not contain them as
singletons.

3. Gaussian diagrams. As it will turn out, partitions σ with blocks of size strictly
greater than 2 are often not present in a Gaussian context, for instance in the con-
text of moments and cumulants (see, for example, Corollary 7.3.1). This is why
diagrams Γ (π, σ), where every block of σ has exactly two elements are called
Gaussian.

4. Circular diagrams. Circular diagrams are easily recognizable because the blocks
of σ form a cycle (this is readily apparent in the multigraph representation). They
appear in the formulas for moments and cumulants of a Gaussian chaos of order
q = 2. For instance, the diagram in Fig. 4.8 is circular. See also the multigraph
representation in Fig. 4.17.
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Wiener-Itô integrals and Wiener chaos

We will now introduce the notion of a completely random measure on a Polish space
(Z,Z), as well as those of a stochastic measure of order n ≥ 2, a diagonal measure
and a multiple (stochastic) Wiener-Itô integral. All these concepts can be unified by
means of the formalism introduced in Chapters 2–4. We shall merely remark that the
domain of the multiple stochastic integrals defined in this chapter can be extended
to more general (and possibly random) classes of integrands. We refer the interested
reader to the paper by Kallenberg ans Szulga [51], as well as to the monographs by
Kussmaul [59], Kwapień and Woyczyński [61, Ch. 10] and Linde [64], for several
results in this direction.

5.1 Completely random measures

Diagonals and subdiagonals play an important role in the context of multiple integrals.
The following definitions provide a convenient way to specify them. In what follows,
we will denote by (Z,Z) a Polish space, where Z is the associated Borel σ-field. A
Polish space is a complete separable metric space. The fact that we endow Z with the
Borel σ-field Z makes (Z,Z) a so-called Borel space. Typical examples include Rd

with the Euclidean metric, the space C[0, 1] of continuous functions on [0, 1] with the
sup-norm metric and the space C[0,∞) of continuous functions on [0,∞) with the
topology of uniform convergence on bounded sets (see, for example, [32]).

Definition 5.1.1 For every n ≥ 1, we write (Zn,Zn) = (Z⊗n,Z⊗n), with Z1 = Z.
For every partition π ∈ P ([n]) and every B ∈ Zn, we set

Zn
π � {(z1, ..., zn) ∈ Zn : zi = zj if and only if i ∼π j} and

Bπ � B ∩ Zn
π . (5.1.1)

G. Peccati, M.S. Taqqu: Wiener Chaos: Moments, Cumulants and Diagrams –
A survey with computer implementation.
© Springer-Verlag Italia 2011
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Recall that i ∼π j means that the elements i and j belong to the same block of the
partition π. Relation (5.1.1) states that the variables zi and zj should be equated if and
only if i and j belong to the same block of π.

Example 5.1.2 (i) Since 0̂ = {{1} , ..., {n}}, no two elements can belong to
the same block, and therefore B0̂ coincides with the collection of all vectors
(z1, ..., zn) ∈ B such that zi �= zj , ∀i �= j.

(ii) Since 1̂ = {{1, ..., n}}, all elements belong to the same block and therefore

B1̂ = {(z1, ..., zn) ∈ B : z1 = z2 = ... = zn}.

A set such as B1̂ is said to be purely diagonal.
(iii) Suppose n = 3 and π = {{1} , {2, 3}}. Then,Bπ = {(z1, z2, z3) ∈ B : z2 = z3,

z1 �= z2}.

The following decomposition lemma (whose proof is immediate and left to the
reader) will be used a number of times.

Lemma 5.1.3 For every set B ∈ Zn,

B = ∪σ∈P([n])Bσ = ∪σ≥0̂Bσ .

Moreover Bπ ∩Bσ = ∅ if π �= σ.

One has also that

(A1 × · · · ×An)1̂ = ((∩n
i=1Ai)× · · · × (∩n

i=1Ai)︸ ︷︷ ︸)1̂

n times

; (5.1.2)

indeed, since all coordinates are equal in the LHS of (5.1.2), their common value must
be contained in the intersection of the sets.

Example 5.1.4 As an illustration of (5.1.2), let A1 = [0, 1] and A2 = [0, 2] be
intervals in R1, and draw the rectangle A1 × A2 = [0, 1] × [0, 2] ∈ R2. The set
(A1 ×A2)1̂ (that is, the subset ofA1×A2 composed of vectors whose coordinates are
equal) is therefore identical to the diagonal of the square (A1 ∩A2)× (A1 ∩A2) =
[0, 1]2. The set (A1 ×A2)1̂ can be visualized as the thick diagonal segment in Fig.
5.1.

We shall now define a “completely random measure” ϕ, often called an “indepen-
dently scattered random measure”. It has two characteristics: it is a measure and it
takes values in a space of random variables. It will be denoted with its arguments as
ϕ (B,ω), where B is a Borel set and ω is a point in the underlying sample space Ω.
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0 1 2
0

1

2

Fig. 5.1. A purely diagonal set

The “size” of ϕ will be controlled by a non-random, σ-finite and non-atomic measure
ν, where

ν (B) = Eϕ (B)2
.

The measure ν is called the control measure of ϕ. The fact that ν is non-atomic means
that ν ({z}) = 0 for every z ∈ Z.
The measureϕwill be used to define multiple integrals, where one integrates either

over a whole subset of Zp, p ≥ 1, or over a subset “without diagonals”. In the first
case we will need to suppose E |ϕ (B)|p < ∞; in the second case, one may suppose
as little as Eϕ (B)2

<∞, which is a good reason for working with multiple integrals
where one excludes diagonals. In the first case, since p ≥ 1 will be arbitrary, we shall
suppose that E |ϕ (B)|p < ∞, ∀p ≥ 1, that is, ϕ ∈ ∩p≥1L

p (P). We now present the
formal definition of ϕ.

Definition 5.1.5 (1) Let ν be a positive, σ-finite and non-atomic measure on (Z,Z),
and let

Zν = {B ∈ Z : ν (B) <∞}. (5.1.3)

A centered completely random measure (in ∩p≥1L
p (P)) on (Z,Z) with control mea-

sure ν, is a function ϕ (·, ·), from Zν ×Ω to R, such that

(i) for every fixed B ∈ Zν , the application ω �→ ϕ (B,ω) is a random variable;
(ii) for every fixed B ∈ Zν , ϕ (B) ∈ ∩p≥1L

p (P);
(iii) for every fixed B ∈ Zν , E [ϕ (B)] = 0;
(iv) for every collection of pairwise disjoint elements ofZν ,B1, ..., Bn, the variables

ϕ (B1) ,..., ϕ (Bn) are independent;
(v) for every B,C ∈ Zν ,

E [ϕ (B)ϕ (C)] = ν (B ∩ C). (5.1.4)

(Note that this implies that E[ϕ(∅)2] = ν(∅) = 0, and therefore that ϕ(∅) = 0
a.s.-P.)
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(2) When ϕ (·) verifies the properties (i) and (iii)–(v) above and ϕ (B) ∈ L2 (P),
∀B ∈ Zν (so that it is not necessarily true that ϕ (B) ∈ Lp (P), p > 2), we say that ϕ
is a completely random measure in L2 (P).

Remark. In what follows, we will systematically assume that ν �= 0, that is, that there
exists C ∈ Z such that ν(C) > 0 and also that ν is non-atomic. A Borel space Z can
be either finite, countable or have the cardinality of the continuum (see, for example,
Dudley [24, Th. 13.1.1] for more details). Since we assume that ν is non-atomic, we
conclude that Z has the cardinality of the continuum, and hence that (Z,Z) is Borel-
isomorphic to ([0, 1],B([0, 1])), where B([0, 1]) stands for the Borel σ-field of [0, 1].
Recall that (Z,Z) is Borel-isomorphic to ([0, 1],B([0, 1])) if and only if there exists a
bijection f from Z onto [0, 1] such that f and f−1 are both measurable.

Two crucial remarks on additivity. (a) Let B1, ..., Bn, ... be a sequence of disjoint
elements of Zν , and let ϕ be a completely random measure on (Z,Z) with control ν.
Then, for every finite N ≥ 2, one has that ∪N

n=1Bn ∈ Zν , and, by using Properties
(iii), (iv) and (v) in Definition 5.1.5, one has that

E

⎡⎣(ϕ (∪N
n=1Bi

)− N∑
n=1

ϕ (Bn)

)2
⎤⎦ = ν

(∪N
n=1Bn

)− N∑
n=1

ν (Bn) = 0, (5.1.5)

because ν is a measure, and therefore it is finitely additive. Relation (5.1.5) implies in
particular that

ϕ
(∪N

n=1Bn

)
=

N∑
n=1

ϕ (Bn) , a.s.-P. (5.1.6)

Now suppose that ∪∞n=1Bn ∈ Zν . Then, by (5.1.6) and again by virtue of Properties
(iii), (v) and (vi) in Definition 5.1.5,

E

⎡⎣(ϕ (∪∞n=1Bn)−
N∑

n=1

ϕ (Bn)

)2
⎤⎦ = E

[(
ϕ (∪∞n=1Bn)− ϕ (∪N

n=1Bi

))2
]

= ν
(∪∞n=N+1Bn

) →
N→∞

0,

because ν is σ-additive. This entails in turn that

ϕ (∪∞n=1Bn) =
∑∞

n=1 ϕ (Bn), a.s.-P, (5.1.7)

where the series on the RHS converges inL2 (P), and hence a.s. because the summands
are independent (this is a consequence of Lévy’s famous “Equivalence Theorem” – see,
for example, [24, Th. 9.7.1, p. 320]). Relation (5.1.7) simply means that the application

Zν → L2 (P) : B �→ ϕ (B) ,
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is σ-additive, and therefore that every completely random measure acts like a σ-
additive measure with values in the Hilbert space L2 (P). See, for example, Engel
[26], Kussmaul [59] or Linde [64] for further discussions on vector-valued measures.
(b) In general, it is not true that, for a completely randommeasure ϕ and for a fixed

ω ∈ Ω, the application
Zν → R : B �→ ϕ (B,ω)

acts like a σ-additive real-valued (signed) measure. The most remarkable example of
this phenomenon is given by Gaussian completely random measures. This point is
related to the content of Section 5.11.

Notation.We consider the spaces (Z,Z) and (Zn,Zn) = (Z⊗n,Z⊗n). Do not con-
fuse the subset Zn

π in (5.1.1), where π denotes a partition, with the class Zn
ν in the

forthcoming formula (5.1.8) (see also (5.1.3)), where ν denotes a control measure.

Now fix a completely random measure ϕ on (Z,Z). We want now to define a
corresponding measure ϕ[n] on (Zn,Zn) and we want that measure to have the nice
properties stated in the next definition. If ϕ[n] has these nice properties, then we will
say that the underlying measure ϕ is a “good” measure. We start by defining ϕ[n] on
rectangles. For every n ≥ 2 and every rectangle

C = C1 × · · · × Cn, Cj ∈ Zν ,

we define
ϕ[n] (C) � ϕ (C1)× · · · × ϕ (Cn) ,

so that the application C �→ ϕ[n] (C) can be extended to a finitely additive application
on the ring of finite linear combinations of rectangular sets in Zn with finite νn mea-
sure, with values in the set of σ(ϕ)-measurable random variables. In the next definition
we focus on those completely random measures such that the application ϕ[n] admits
a unique infinitely additive (and square-integrable) extension on Zn (more precisely,
on the class of those elements of Zn having finite νn measure). Here, the infinite ad-
ditivity (also called σ-additivity) is in the sense of the L1 (P) convergence. Note that
we write ϕ[n] to emphasize the dependence of ϕ[n] not only on n, but also on the set
[n] = {1, ..., n}, whose lattice of partitions will be considered later. The basic idea is
as follows: the completely random measure ϕ is defined on Z; it will be “good” if it
induces a measure on Zn with the nice properties listed in the following definition.

Definition 5.1.6 For n ≥ 2, we write

Zn
ν = {C ∈ Zn : νn (C) <∞}. (5.1.8)

A completely random measure ϕ, verifying points (i)–(v) of Definition 5.1.5, is said to
be good if, for every fixed n ≥ 2, there exists a (unique) collection of random variables

ϕ[n] =
{
ϕ[n] (C) : C ∈ Zn

}
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such that

(i)
{
ϕ[n] (C) : C ∈ Zn

ν

} ⊆ L2 (P) ;
(ii) for every rectangle C = C1 × · · · × Cn, Cj ∈ Zν ,

ϕ[n] (C) = ϕ (C1) · · · ϕ (Cn) ; (5.1.9)

(iii) ϕ[n] is a σ-additive random measure in the following sense: if C ∈ Zn
ν is such

that C = ∪∞j=1Cj , with the {Cj} disjoints, then

ϕ[n] (C) =
∞∑

j=1

ϕ[n] (Cj) , with convergence (at least) in L1 (P) . (5.1.10)

Remarks.

(a) The notion of a “completely random measure” can be traced back to Kingman’s
seminal paper [55]. For further references on completely random measures, see
also the two surveys by Surgailis [151] and [152] (note that, in such references,
completely randommeasures are called “independently scattered measures”). The
use of the term “good”, to indicate completely random measures satisfying the re-
quirements of Definition 5.1.6, is taken fromRota andWallstrom [132] . Existence
of good measures is discussed in Engel [26] and Kwapień and Woyczyński [61,
Ch. 10]. For further generalizations of Engel’s results the reader is referred, for
example, to [51] and [133].

(b) We will sometimes write

ϕ[1] = ϕ.

Note that, in the case n = 1, the σ-additivity (5.1.7) of ϕ = ϕ[1] in the a.s. sense
follows from point (v) of Definition 5.1.5. In the case n ≥ 2, the assumption that
the measure ϕ is good implies σ-additivity in the sense of (5.1.10).

(c) The σ-additivity of the measures ϕ[n] immediately implies the following continu-
ity property. Let {C, Ck : k ≥ 1} be a collection of elements of Zn

ν such that,
(i) either C1 ⊆ C2 ⊆ C3 ⊆ ... and C = ∪kCk, or (ii) C1 ⊇ C2 ⊇ C3 ⊇ ...

and C = ∩kCk. Then, as k → ∞, the sequence ϕ[n](Ck) converges to ϕ(C) in
L1(P). The proof of this fact follows from (5.1.10) and an argument analogous to
the non-random case.

Example 5.1.7 The following two examples of good completely random measures
will play a crucial role in the subsequent sections. Note that, in this book, we are not
going to provide a complete proof of the fact that a given measure is good (the reader is
referred to [26] and [61, Ch. 10] for a full treatment of this point). However, in Section
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5.8 we shall provide some hints about the arguments one must use in order to prove
that a measure is good, in the special case of measures generated by Lévy processes on
the real line. Note that, by a Borel isomorphism argument similar to the ones already
used in this section, one can always represent a completely random measure (CRM)
on a Polish space with non-atomic control in terms of a CRM on the real line.

(i) A centered Gaussian random measure with control ν is a collection G =
{G (B) : B ∈ Zν} of jointly Gaussian random variables, centered and such that,
for every B,C ∈ Zν , E [G (C)G (B)] = ν (C ∩B). The family G is clearly a
completely random measure. The fact that G is also good is classic, and can be
seen as a special case of the main results in [26]. Some details can be found in
Section 5.8.

(ii) A compensated Poisson measure with control ν is a completely randommeasure
N̂ = {N̂ (B) : B ∈ Zν}, as in Definition 5.1.5, such that,

∀B ∈ Zν , N̂ (B) law= N (B)− ν (B) ,

where N (B) is a Poisson random variable with parameter

ν (B) = EN (B) = EN (B)2
.

The fact that N̂ is also good derives once again from the main findings of [26].
A more direct proof of this last fact can be obtained by observing that, for al-
most every ω, N̂ [n] (·, ω) must necessarily coincide with the canonical product
(signed) measure (on (Zn,Zn)) associated with the signed measure on (Z,Z)
given by N̂ (·, ω) = N (·, ω) − ν (·) (indeed, such a canonical product measure
satisfies necessarily (5.1.9)).

(iii) A ω-based proof as at Point (ii) cannot be obtained in the Gaussian case. Indeed,
if G is a Gaussian measure as in Point (i), one has that, in general, for almost
every ω, the mapping B �→ G (B,ω) does not define a signed measure. As an
example, consider the case whereG is generated by a standard Brownian motion
{Wt : t ∈ [0, 1]} on [0, 1], in such a way thatG([0, t]) = Wt (note that the paths
of W are assumed to be almost surely continuous). Then, the fact that G is a
signed measure with positive probability, would imply that the mapping t �→Wt

has finite variation with positive probability (this is a standard property of signed
measures). However, this is inconsistent with the well-known fact that

lim
n→∞

n∑
k=1

(
W k

n
−W k−1

n

)2
= 1,

where the limit is in the sense of the convergence in probability. Note that this
last relation is a very special case of Theorem 5.11.1 below.
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5.2 Single Wiener-Itô integrals

Let ϕ be a completely random measure in the sense of Definition 5.1.5, with control
measure ν. Our aim in this section is to define (single)Wiener-Itô integrals with respect
to ϕ.

Proposition 5.2.1 Letϕ be a completely randommeasure inL2 (P), with σ-finite con-
trol measure ν. Then, there exists a unique continuous linear operatorh �→ ϕ (h), from
L2 (ν) into L2 (P), such that

ϕ (h) =
m∑

j=1

cjϕ (Bj) (5.2.11)

for every elementary function of the type

h (z) =
m∑

j=1

cj1Bj (z) , (5.2.12)

where cj ∈ R and the sets Bj are in Zν and pairwise disjoint.

Proof. In what follows, we call simple kernel a kernel h as in (5.2.12). For every simple
kernel h, set ϕ (h) to be equal to (5.2.11). Then, by using Properties (iii), (v) and (vi)
in Definition 5.1.5, one has that, for every pair of simple kernels h, h′,

E [ϕ (h)ϕ (h′)] =
∫

Z

h (z)h′ (z) ν (dz) . (5.2.13)

Since simple kernels are dense inL2 (ν), the proof is completed by the following (stan-
dard) approximation argument. If h ∈ L2(ν) and {hn} is a sequence of simple kernels
converging to h, then (5.2.13) implies that {ϕ(hn)} is a Cauchy sequence in L2(P),
and one defines ϕ(h) to be the L2(P) limit of ϕ(hn). One easily verifies that the def-
inition of ϕ(h) does not depend on the chosen approximating sequence {hn}. The
application h �→ ϕ(h) is therefore well-defined, and (by virtue of (5.2.13)) it is an
isomorphism from L2 (ν) into L2 (P).

The random variable ϕ (h) is usually written as∫
Z

h (z)ϕ (dz) ,
∫

Z

hdϕ or Iϕ
1 (h) , (5.2.14)

and it is called theWiener-Itô stochastic integral of hwith respect to ϕ. By inspection
of the previous proof, one sees that Wiener-Itô integrals verify the isometric relation

E [ϕ (h)ϕ (g)] =
∫

Z
h (z) g (z) ν (dz) = (g, h)L2(ν) , ∀g, h ∈ L2 (ν). (5.2.15)
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Observe also that

Eϕ (h) = 0.

If B ∈ Zν , we write interchangeably ϕ (B) or ϕ (1B) (the two objects coincide,
thanks to (5.2.11)). For every h ∈ L2 (ν), the law of the random variable ϕ (h) is
infinitely divisible (see Section 5.3).

5.3 Infinite divisibility of single integrals

Let ϕ be a completely random measure in the sense of Definition 5.1.5, with control
measure ν. Our aim in this section is to give a characterization of the single Wiener-
Itô integrals, as appearing in Proposition 5.2.1, as infinitely divisible random variables.
Since these integrals have mean zero and finite variance, we do not use the most gen-
eral representations of infinitely divisible distributions but only those corresponding
to random variables with mean zero and finite variance. Infinitely divisible laws are
introduced in many textbooks, see, for example, Billingsley [8], Sato [136] or Steu-
tel and van Ham [148], to which we refer the reader for further details. We recall the
definition.

Definition 5.3.1 A random variable X is said to be infinitely divisible if, for any
n ≥ 1, there are i.i.d. random variables Xj,n, j = 1, ..., n, such that the following
equality in law holds:

X
law=

n∑
j=1

Xj,n. (5.3.16)

Proposition 5.3.2 Let ϕ be a completely random measure on the Polish space (Z,Z),
with non-atomic control ν. Then, for every B ∈ Zν the random variable ϕ(B) is
infinitely divisible.

Proof.We can assume that ν �= 0. As already observed in a remark following Defini-
tion 5.1.5, since ν is non-atomic and Z is a Polish space whose Borel σ-field is given
by Z , there exists a one-to-one mapping f : (Z,Z) → ([0, 1],B([0, 1])) such that f
and f−1 are both measurable. For every A ∈ B([0, 1]), write νf (A) = ν(f−1(A)). It
is clear that νf is a Borel non-atomic measure on ([0, 1],B([0, 1])), and also that the
collection of random variables

ϕf = {ϕf (A) : A ∈ B([0, 1]), νf (A) <∞} ,

where ϕf (A) = ϕ(f−1(A)), is a completely random measure on ([0, 1],B([0, 1]))
with control νf (as defined in Definition 5.1.5). Since, for every B ∈ Zν , one has
that νf (f(B)) = ν(B) < ∞ and ϕ(B) = ϕf (f(B)), it is therefore sufficient to
prove that, for every A ∈ B([0, 1]) such that νf (A) < ∞, the variable ϕf (A) has an
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infinitely divisible law. To show this, fix such a set A and, for every integer n ≥ 1,
write A0,n = A∩ [0, 1

n

]
, and Ai,n = A∩ ( i

n ,
i+1
n

]
, i = 1, ..., n− 1. By construction,

one has that, for a fixed n, the random variables ϕ(Ai,n) are independent. Moreover,
by additivity, for every n,

ϕf (A) =
n−1∑
i=0

ϕf (Ai,n). (5.3.17)

If the ϕf (Ai,n), i = 0, 1, ..., n − 1, were identically distributed, then (5.3.16) would
be satisfied and we would conclude that ϕf (A) is infinitely divisible. To reach this
conclusion in our situation, note that, since νf is non-atomic, the mapping t �→ νf (A∩
[0, t]) is continuous and hence uniformly continuous on [0, 1], since [0, 1] is a compact
interval. Therefore, for any ε > 0 one has that (by Chebyshev’s inequality),

max
i=0,...,n−1

P[|ϕf (Ai,n)| > ε]

≤ maxi=0,...,n−1 νf (Ai,n)
ε2

=
maxi=0,...,n−1[νf (A ∩ [0, (i+ 1)/n])− νf (A ∩ [0, i/n])]

ε2

−→ 0,

as n → ∞. In addition, one has trivially that∑n−1
i=0 ϕf (Ai,n) converges in distribu-

tion to ϕf (A). We can now use Khintchine’s Theorem (see below) in the special case
Xi,n = ϕf (Ai,n) and S = ϕf (A), and deduce immediately that ϕf (A) is infinitely
divisible and so is therefore ϕ(B) for every B ∈ Zν .

In the previous proof, we have used the so-called Khintchine’s Theorem, that we
state (for the sake of completeness) in a form that is adapted to our framework. For a
proof, see for example, Sato [136, Th. 9.3, p. 47].

Theorem 5.3.3 (Khintchine’s Theorem) Let {Xi,n : n ≥ 1, i = 0, ..., n− 1} be an
array of real valued random variables such that, for a fixed n,X0,n,X1,n, ...,Xn−1,n

are independent. Assume that, for every ε > 0,

lim
n→∞ max

i=0,1,...,n−1
P(|Xi,n| > ε) = 0,

and that, as n → ∞, the sums Sn =
∑n−1

i=0 Xi,n, n ≥ 1, converge in law to some
random variable S. Then, S has an infinitely divisible distribution.

Having established that ϕ(B) is infinitely divisible, we shall now determine its
so-called Lévy-Khintchine representation. Using the one for infinitely divisible distri-
butions with finite variance (see, for example, Billingsley [8, Th. 28.1]), we have that,
for every B ∈ Zν , there exists a unique pair

(
c2 (B) , αB

)
such that c2 (B) ∈ [0,∞)
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and αB is a measure on R satisfying

αB ({0}) = 0 and
∫
R

x2αB (dx) <∞, (5.3.18)

and, for every θ ∈ R,

E [exp (iθϕ (B))] = exp
[
− c2(B)θ2

2 +
∫
R

(exp (iθx)− 1− iθx)αB (dx)
]
.

(5.3.19)

The measure αB is called a Lévy measure, and the components of the pair (c2(B), αB)
are called the Lévy-Khintchine characteristics associated with ϕ (B). Also, the expo-
nent

−c
2 (B) θ2

2
+
∫
R

(exp (iθx)− 1− iθx)αB (dx)

is known as the Lévy-Khintchine exponent associated with ϕ (B). Plainly, if ϕ is Gaus-
sian, then αB = 0 for every B ∈ Zν (the reader is referred, for example, to [136] for
an exhaustive discussion of infinitely divisible laws). The representation (5.3.19) is
valid for infinitely divisible distributions with mean zero and finite variance.
The following result relates higher moments of the random variable ϕ(B) to the

“moments” of the measure αB .

Lemma 5.3.4 For any k ≥ 3

E|ϕ(B)|k <∞ if and only if
∫
R

|x|kαB(dx) <∞. (5.3.20)

Proof. This a consequence of a result by Wolfe [163, Th. 2].

Proposition 5.3.2 states thatϕ(B) is infinitely divisible. The next proposition states
thatϕ(h), h ∈ L2(ν), is also infinitely divisible and provides a description of the Lévy-
Khintchine exponent of ϕ (h). The proof is taken from [108] and uses arguments and
techniques developed in [127] (see also [60, Sect. 5]). Following the proof, we present
an interpretation of the result.

Proposition 5.3.5 For every B ∈ Zν , let
(
c2 (B) , αB

)
denote the pair such that

c2 (B) ∈ [0,∞), αB verifies (5.3.18) and

E [exp (iθϕ (B))] = exp
[
−c

2 (B) θ2

2
+
∫
R

(exp (iθx)− 1− iθx)αB (dx)
]
.

(5.3.21)
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Then, the following holds:

1. The application B �→ c2 (B), from Zν to [0,∞), extends to a unique σ-finite mea-
sure c2 (dz) on (Z,Z), such that

c2 (dz)� ν (dz) ,

where ν is the control measure of ϕ.
2. There exists a unique measure α on (Z × R,Z × B (R)) such that

α (B × C) = αB (C) ,

for every B ∈ Zν and C ∈ B (R).
3. There exists a function

ρν : Z × B (R) �→ [0,∞]

such that

(i) for every z ∈ Z, ρν (z, ·) is a Lévy measure1 on (R,B (R)) satisfying∫
R

x2ρν (z, dx) <∞;

(ii) for every C ∈ B (R), ρν (·, C) is a Borel measurable function;
(iii) for every positive function g (z, x) ∈ Z ⊗ B (R),∫

Z

∫
R

g (z, x) ρν (z, dx) ν (dz) =
∫

Z

∫
R

g (z, x)α (dz, dx) . (5.3.22)

4. For every (θ, z) ∈ R× Z, define

Kν (θ, z) = −θ
2

2
σ2

ν (z) +
∫
R

(
eiθx − 1− iθx) ρν (z, dx) , (5.3.23)

where

σ2
ν (z) =

dc2

dν
(z) ;

then, for every h ∈ L2 (ν),∫
Z

|Kν (θh (z) , z)| ν (dz) <∞,
and

E [exp (iθϕ (h))] (5.3.24)

= exp
[∫

Z

Kν (θh (z) , z) ν (dz)
]

= exp
[
−θ

2

2

∫
Z

h2 (z)σ2
ν (z) ν (dz)

+
∫

Z

∫
R

(
eiθh(z)x − 1− iθh (z)x

)
ρν (z, dx) ν (dz)

]
.

1 That is, ρν (z, {0}) = 0 and
∫
R

min
(
1, x2

)
ρν (z, dx) < ∞.
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Sketch of the proof. The proof follows from results contained in [127, Sect. II]. Point
1 is indeed a direct consequence of [127, Proposition 2.1 (a)]. In particular, whenever
B ∈ Z is such that ν (B) = 0, then E[ϕ (B)2] = 0 (due to Point (vi) of Defini-
tion 5.1.5) and therefore c2 (B) = 0, thus implying

c2 � ν.

Point 2 follows from the first part of the statement of [127, Lemma 2.3]. To establish
Point 3 define, as in [127, p. 456],

γ (B) = c2 (B) +
∫
R

min
(
1, x2

)
αB (dx) = c2 (B) +

∫
R

min
(
1, x2

)
α (B, dx) ,

(5.3.25)
wheneverB ∈ Zν , and observe (see [127, Definition 2.2]) that γ (·) can be canonically
extended to a σ-finite and positive measure on (Z,Z). Moreover, since ν (B) = 0 im-
plies ϕ (B) = 0 a.s.-P, the uniqueness of the Lévy-Khinchine characteristics implies
as before γ (B) = 0, and therefore

γ (dz)� ν (dz) .

Observe also that, by standard arguments, one can select a version of the density
(dγ/dν) (z) such that

(dγ/dν) (z) <∞
for every z ∈ Z. According to [127, Lemma 2.3], there exists a function ρ : Z ×
B (R) �→ [0,∞], such that:

(a) ρ (z, ·) is a Lévy measure on B (R) for every z ∈ Z;
(b) ρ (·, C) is a Borel measurable function for every C ∈ B (R);
(c) for every positive function g (z, x) ∈ Z ⊗ B (R),∫

Z

∫
R

g (z, x) ρ (z, dx) γ (dz) =
∫

Z

∫
R

g (z, x)α (dz, dx) . (5.3.26)

In particular, by using (5.3.26) in the case g (z, x) = 1B (z)x2 for B ∈ Zμ,∫
B

∫
R

x2ρ (z, dx) γ (dz) =
∫
R

x2αB (dx) <∞,

since ϕ (B) ∈ L2 (P), and we deduce that ρ can be chosen in such a way that, for every
z ∈ Z, ∫

R

x2ρ (z, dx) <∞.

Now define, for every z ∈ Z and C ∈ B (R),

ρν (z, C) =
(
dγ

dν
(z)
)
ρ (z, C) ,
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so that

ρν (z, dx) ν (dz) = ρ (z, dx)
dγ

dν
(z) ν(dz) = ρ (z, dx) γ(dz), (5.3.27)

and observe that, due to the previous discussion, the application ρν : Z × B (R) �→
[0,∞] trivially satisfies properties (i)-(iii) in the statement of Point 3, which is therefore
proved.
To prove Point 4, first define (as before) a function h ∈ L2 (ν) to be simple if

h (z) =
n∑

i=1

ai1Bi (z) ,

where ai ∈ R, and (B1, ..., Bn) is a finite collection of disjoint elements of Zν . Be-
cause of (5.3.21), the relations (5.3.24) hold for such a simple kernel h(z).
Of course, the class of simple functions (which is a linear space) is dense in

L2 (ν), and therefore for every L2 (ν) there exists a sequence hn, n ≥ 1, of simple
functions such that

∫
Z

(hn (z)− h (z))2
ν (dz) → 0. As a consequence, since ν is

σ-finite there exists a subsequence nk such that hnk
(z)→ h (z) for ν-a.e. z ∈ Z (and

therefore for γ-a.e. z ∈ Z) and moreover, for every B ∈ Z , the random sequence
ϕ (1Bhn) is a Cauchy sequence in L2 (P), and hence it converges in probability. In
the terminology of [127, p. 460], this implies that every h ∈ L2 (ν) is ϕ-integrable,
and that, for every B ∈ Z , the random variable ϕ (h1B), defined according to
Proposition 5.2.1, coincides with

∫
B
h (z)ϕ (dz), i.e. the integral of h with respect to

the restriction of ϕ (·) to B, as defined in [127, p. 460]. As a consequence, by using
a slight modification of [127, Proposition 2.6]2 (which basically exploits the fact that
(5.3.24) is trivially satisfied by simple kernels, and then proceeds by approximation),
the functionK0 on R× Z given by

K0 (θ, z) = −θ
2

2
σ2

0 (z) +
∫
R

(
eiθx − 1− iθx) ρ (z, dx) ,

where σ2
0 (z) =

(
dc2/dγ

)
(z), is such that

∫
Z
|K0 (θh (z) , z)| γ (dz) < ∞ for every

h ∈ L2 (ν), and also

E [exp (iθϕ (h))]

= E
[
exp

(
iθ

∫
Z

h (z)ϕ (dz)
)]

=
∫

Z

[
− (θh (z))2

2
σ2

0 (z) +
∫
R

(
eiθh(z)x − 1− iθh (z)x

)
ρ (z, dx)

]
γ (dz)

=
∫

Z

K0 (θh (z) , z) γ (dz) . (5.3.28)

The fact that, by definition, Kν in (5.3.23) verifies

Kν (θh (z) , z) = K0 (θh (z) , z)
dγ

dν
(z) , ∀z ∈ Z, ∀h ∈ L2 (ν) , ∀θ ∈ R,

yields (5.3.24).
2 The difference lies in the choice of the truncation.
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Interpretation of Proposition 5.3.5 The random variable ϕ(h) can be viewed as a
“sum” of random variables h(z)ϕ(dz), each with its own Lévy measure. To make
this statement precise, it is best to look at ϕ(1B), where B be a given set in Zν . The
characteristic function of the random variable ϕ(B) or ϕ(1B) involves the Lévy char-
acteristic

(c2(B), αB),

where c2(B) is a non-negative constant and αB(dx) is a Lévy measure on R. We
want now to view B ∈ Zν as a “variable” and thus to extend c2(B) to a measure
c2(dz) on (Z,Z), andαB(dx) to a measure α(dz, dx) onZ⊗B(R). Consider firstαB .
According to Proposition 5.3.5, it is possible to extend αB(dx) to a measure α(dz, dx)
on Z ⊗ B(R), which can be expressed as

α(dz, dx) = ρν(z, dx)ν(dz) = ρ(z, dx)γ(dz), (5.3.29)

by (5.3.27), where both ρν and ρ are functions on Z × B(R). The functions ρν and ρ
are both Radon-Nykodim derivatives: ρν(z, dx) is the Radon-Nykodim derivative of
α(dz, dx) with respect to the control measure of ν(dz) of ϕ(dz), and ρ(z, dx) is the
Radon-Nykodim derivative of α(dz, dx) with respect to the Lévy measure defined in
(5.3.25). Observe, however, that ρ enters only in the proof, and not in the statement
of Proposition 5.3.5. Thus, in view of (5.3.29), the measure α(dz, dx) is obtained as a
“mixture” of the Lévy measures ρν(z, ·) and ρ(z, ·) over the variable z, using respec-
tively either the control measure ν or the Lévy measure γ as a mixing measure.
A similar approach is applied to the Gaussian part of the exponent in (5.3.21),

involving c2(B). The coefficient c2(B) can be extended to a measure c2(dz), and this
measure can be moreover expressed as

c2(dz) = σ2
ν(z)ν(dz), (5.3.30)

where σ2
ν is the density of c

2 with respect to the control measure ν of ϕ. This allows us
to represent the characteristic function of theWiener-Itô integralϕ(h) as in (5.3.24). In
that expression, the function h(z) appears explicitly in the Lévy-Khintchine exponent
as a factor to the argument θ of the characteristic function. One would obtain the Lévy-
Khintchine characteristics by making a change of variables, setting for example, u =
h(z)x and v = x.

Example 5.3.6 (i) If ϕ = G is a centered Gaussian measure with control measure
ν, then α = 0 and c2 = ν (therefore σ2

ν = 1) and, for h ∈ L2 (ν),

E [exp (iθG (h))] = exp
[
−θ

2

2

∫
Z

h2 (z) ν (dz)
]
.
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(ii) If ϕ = N̂ is a compensated Poisson measure with control measure ν, then
c2 (·) = 0 and

ρν (z, dx) = δ1 (dx)

for all z ∈ Z, where δ1 is the Dirac mass at x = 1. It follows that, for h ∈ L2 (ν),

E
[
exp

(
iθN̂ (h)

)]
= exp

[∫
Z

(
eiθh(z) − 1− iθh (z)

)
ν (dz)

]
. (5.3.31)

(iii) We are interested in the random variable

ϕ (B) =
∫
R

∫
Z

u1B (z) N̂ (du, dz) ,

where (Z,Z) is a Polish space and N̂ is a centered Poisson random measure on

R×Z

(endowed with the usual product σ-field) with σ-finite control measure
ν (du, dz). The random variable ϕ (B) describes the sum of Poisson jumps of
size u during the “time” interval B (if Z ⊂ R+).
Define the measure μ on (Z,Z) by

μ (B) =
∫
R

∫
Z

u21B (z) ν (du, dz) .

Then, the mapping

B �→ ϕ (B) =
∫
R

∫
Z

u1B (z) N̂ (du, dz) , (5.3.32)

where B ∈ Zμ = {B ∈ Z : μ (B) <∞}, is a completely random measure on
(Z,Z), with control measure μ. In particular, by setting

kB (u, z) = u1B (z) ,

one has that the characteristic function of N̂(kB) is given by (5.3.31), with ν(dz)
replaced by ν(du, dz). Thus

E [exp (iθϕ (B))] = E
[
exp

(
iθN̂ (kB)

)]
= exp

[∫
R

∫
Z

(
eiθkB(u,z) − 1− iθkB (u, z)

)
ν (du, dz)

]
= exp

[∫
R

∫
Z

(
eiθu1B(z) − 1− iθu1B (z)

)
ν (du, dz)

]
= exp

[∫
R

∫
Z

(
eiθu − 1− iθu)1B (z) ν (du, dz)

]
(5.3.33)

= exp
[∫

R

(
eiθu − 1− iθu)αB (du)

]
, (5.3.34)
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where

αB (du) =
∫

Z

1B (z) ν (du, dz) (5.3.35)

(compare with (5.3.19)). A key step in the argument is (5.3.33).
(iv) Keep the framework of Point (iii). When the measure ν is a product measure

of the type ν (du, dx) = ρ (du)β (dx), where β is σ-finite and ρ (du) verifies
ρ ({0}) = 0 and

∫
R
u2ρ (du) <∞ (and therefore αB (du) = β (B) ρ (du)), one

says that the completely random measure ϕ in (5.3.32) is homogeneous (see, for
example, [105]). In particular, for a homogeneous measure ϕ, relation (5.3.34)
gives

E [exp (iθϕ (B))] = exp
[
β (B)

∫
R

(
eiθu − 1− iθu) ρ (du)

]
. (5.3.36)

(v) From (5.3.36) and the classic results on infinitely divisible random variables (see,
for example, [136]), one deduces that a centered and square-integrable random
variable Y is infinitely divisible if and only if the following holds: there exists a
homogeneous completely random measure ϕ on some space (Z,Z), as well as
an independent centered standard Gaussian random variable G, such that

Y
law= aG+ ϕ (B) , for some a ≥ 0 and B ∈ Z .

(vi) Let the framework and notation of the previous Point (iii) prevail, and assume
moreover that:

(1) (Z,Z) = ([0,∞),B ([0,∞))), and

(2) ν (du, dx) = ρ (du) dx, where dx stands for the restriction of the Lebesgue
measure on [0,∞), and ρ verifies ρ ({0}) = 0 and

∫
R
u2ρ (du) <∞.

Then, the process

t �→ ϕ ([0, t]) =
∫
R

∫
[0,t]

uN̂ (du, dz) , t ≥ 0, (5.3.37)

is a centered and square-integrable Lévy process (with no Gaussian component)
started from zero: in particular, the stochastic process t �→ ϕ ([0, t]) has indepen-
dent and stationary increments. Let

X(t) = ϕ([0, t]), t ≥ 0,

denote this process. It has the following interpretation. In view of (5.3.37), if the
Poisson measure N̂ has a point in the box (du, dt), then the process X(t) has a
jump of size u in the time interval (t, t+ dt).
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(vii) Conversely, every centered and square-integrable Lévy processZt with no Gaus-

sian component is such thatZt
law= ϕ ([0, t]) (in the sense of stochastic processes)

for some ϕ ([0, t]) defined as in (5.3.37). To see this, just use the fact that, for ev-
ery t,

E [exp (iθZt)] = exp
[
t

∫
R

(
eiθu − 1− iθu) ρ (du)

]
, (5.3.38)

where the Lévy measure verifies ρ ({0}) = 0 and
∫
R
u2ρ (du) < ∞, and ob-

serve that this last relation implies that ϕ([0, t]) and Zt have the same finite-
dimensional distributions. This fact is the starting point of the paper by Farré et
al. [28], concerning Hu-Meyer formulae for Lévy processes.

Remark. Let (Z,Z) be a Polish space. Point 4 in Proposition 5.3.5 implies that ev-
ery centered completely random measure ϕ on (Z,Z) has the same law as a random
mapping of the type

ϕ : B �→ G (B) +
∫
R

∫
Z

u1B (z) N̂ (du, dz),

where G and N̂ are, respectively, a Gaussian measure on Z and an independent com-
pensated Poisson measure on R× Z.

Example 5.3.7 (i) (Gamma random measures) Let (Z,Z) be a Polish space, let λ >
0 (interpret λ as a “rate”) and let N̂ be a centered Poisson random measure on
R×Z with σ-finite control measure

ν (du, dz) =
exp (−λu)

u
1u>0 duβ (dz) ,

where β (dz) is a σ-finite measure on (Z,Z). Now define the completely random
measure ϕ according to (5.3.32). By using (5.3.35) and the fact that

αB (du) = β (B)
exp (−λu)

u
1u>0 du,

one infers that, for every B ∈ Z such that β (B) <∞ and every real θ,

E [exp (iθϕ (B))]

= exp
[
β (B)

∫ ∞

0

(
eiθu − 1− iθu) exp (−λu)

u
du

]
= exp

[
β (B)

∫ ∞

0

(
eiλ−1θu − 1

) exp (−u)
u

du

]
exp

(−iθλ−1β (B)
)

=
1

(1− iλ−1θ)β(B)
exp

(−iλ−1θβ (B)
)
, (5.3.39)
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thus yielding that ϕ (B) is a centered Gamma random variable, with rate λ (mean
1/λ) and shape parameter β (B). To verify (5.3.39), observe that, if a is a suitable
constant, then∫ ∞

0

eiau − 1
u

e−udu = i

∫ ∞

0

(∫ a

0
eiuxdx

)
e−udu

= i

∫ a

0

∫ ∞

0
e−(1−ix)ududx = i

∫ a

0

1
1− ixdx = − ln(1− ia).

The completely random measure ϕ (B) has control measure β, and it is called a
(centered) Gamma random measure. Note that ϕ (B) + β (B) > 0, a.s.-P, when-
ever 0 < β (B) < ∞ because it gives us back the usual non-centered Gamma
measure. See, for example, [37, 38, 45, 157], and the references therein, for recent
results on (non-centered) Gamma random measures.

(ii) (Dirichlet processes) Let the notation and assumptions of the previous example
prevail, and assume that 0 < β (Z) <∞ (that is, β is non-zero and finite). Then,
ϕ (Z) + β (Z) > 0 and the mapping

B �−→ ϕ (B) + β (B)
ϕ (Z) + β (Z)

(5.3.40)

defines a random probability measure on (Z,Z), known as Dirichlet process with
parameter β. Since the groundbreaking paper by Ferguson [30], Dirichlet pro-
cesses play a fundamental role in Bayesian non-parametric statistics: see, for ex-
ample, [44, 75] and the references therein. Note that (5.3.40) does not define a
completely random measure (the independence over disjoint sets fails): however,
as shown in [104], one can develop a theory of (multiple) stochastic integration
with respect to general Dirichlet processes, by using some appropriate approxima-
tions in terms of orthogonal U -statistics. See [119] for a state of the art overview
of Dirichlet processes in modern probability.

(iii) (Compound Poisson processes, I) Keep the framework and assumptions of for-
mula (5.3.38), and assume that ρ(·) = λ×π(·), where λ > 0 and π is a probability
measure on R, not charging zero and such that

∫
R
xπ(dx) = 0. Then, Zt has the

same law (as a stochastic process) as the following compound Poisson process

t �→ Pt =
Nt∑
j=1

Yj , t ≥ 0, (5.3.41)

where N = {Nt : t ≥ 0} is a standard Poisson process with parameter λ, and
{Yj : j ≥ 1} is an i.i.d. sequence with common law equal to π, independent of
N . To see this, observe that Pt is a process with independent increments, define

π̂(θ) =
∫
R

eiθxπ(dx)
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to be the characteristic function of π, and finally exploit independence to write

E
[
eiθ
∑Nt

j=1 Yj

]
= E

[
π̂(θ)Nt

]
= exp [λt(π̂(θ)− 1)]

= exp
[
λt

∫
R

(eiθx − 1− θx)π(dx)
]

= E
[
eiθZt

]
. (5.3.42)

(iv) (Compound Poisson processes, II) This is an exercise for you: consider a com-
pound Poisson process Pt as in (5.3.41), except that this time we assume that
π({0}) > 0, that is, the “weights” Yi can be zero with positive probability. Show
that Pt has the same law as a process Zt as in (5.3.38), with ρ given by:

ρ(A) = λ× π(A ∩ {x : x > 0}).

5.4 Multiple stochastic integrals of elementary functions

We now fix a good completely random measure ϕ, in the sense of Definition 5.1.6 of
Section 5.1. We defined there the corresponding random measure ϕ[n] on Zn

ν .
We now consider what happens when ϕ[n] is applied not to a set C ∈ Zn

ν but to
its restriction Cπ , where π is a partition of [n] = {1, ..., n}. The set Cπ is defined
according to (5.1.1), namely Cπ is the subset of points z = (z1, ..., zn) ∈ Zn such that
zi = zj if and only if i ∼π j. We shall also apply ϕ[n] to the union ∪σ≥πCσ .3

It will be convenient to express the result in terms ofC, and thus to view ϕ[n] (Cπ),
for example, not as the map ϕ[n] applied toCπ , but as a suitably restrictedmap applied
to C.

This restricted map will be denoted Stϕ,[n]
π

where “St” stands for “Stochastic”. In this way, the restriction is embodied in the map,
that is, in the measure, rather than in the set.
Thus, fix a good completely random measure ϕ, as well as an integer n ≥ 2.

Definition 5.4.1 For every π ∈ P ([n]), we define the two random measures:4

Stϕ,[n]
π (C) � ϕ[n] (Cπ) , C ∈ Zn

ν , (5.4.43)

3 From here on (for instance, in formula (5.4.44)), the expressions “σ ≥ π” and “π ≤ σ” are
used interchangeably.

4 Here, we use a slight variation of the notation introduced by Rota and Wallstrom in [132].
They write St[n]

π and ϕ
[n]
π , instead of Stϕ,[n]

π and Stϕ,[n]
≥π respectively.
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and

Stϕ,[n]
≥π (C) � ϕ[n] (∪σ≥πCσ) =

∑
σ≥π Stϕ,[n]

σ (C) , C ∈ Zn
ν , (5.4.44)

that are the restrictions of ϕ[n], respectively to the sets Zn
π and ∪σ≥πZ

n
σ , as defined

in (5.1.1).

The notation Stϕ,[n]
π (together with Stϕ,[n]

≥π (C)) will be used extensively. It lists:

(i) ϕ = the random measure on Z;
(ii) n = the dimension of the space Zn;
(iii) [n] = {1, · · · , n} = the set of indices involved;
(iv) π = the partition which describes the restriction of the map to Zn

π .

In particular, one has the following relations:

• Stϕ,[n]

≥0̂
= ϕ[n], because the subscript “≥ 0̂ ” involves no restriction. Hence, Stϕ,[n]

≥0̂

charges the whole space, and therefore coincides withϕ[n] (see also Lemma 5.1.3);
• Stϕ,[n]

0̂
does not charge diagonals (it charges the whole space minus its diagonals);

• Stϕ,[n]

1̂
charges only the full diagonal set Zn

1̂
, namely {z1 = z2 = · · · = zn};

• for every σ ∈ P ([n]) and every C ∈ Zn
ν , St

ϕ,[n]
≥σ (C) = Stϕ,[n]

≥0̂
(C ∩ Zn

σ ).

When n = 1, we write

Stϕ,[1]

1̂
(C) = Stϕ,[1]

0̂
(C) = ϕ[1] (C) = ϕ (C) , C ∈ Zν , (5.4.45)

and, more generally,

Stϕ,[1]

1̂
(f) = Stϕ,[1]

0̂
(f) = ϕ[1] (f) = ϕ (f) , f ∈ L2(ν). (5.4.46)

Observe that (5.4.45 and 5.4.46) are consistent with the trivial fact that the classP ([1])
contains uniquely the trivial partition {{1}}, so that, in this case, 1̂ = 0̂ = {{1}}.

We now define the class E (νn) of elementary functions on Zn. This is the collec-
tion of all functions of the type

f (zn) =
m∑

j=1

kj1Cj (zn) , (5.4.47)
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where kj ∈ R and every Cj ∈ Zn
ν has the form Cj = C1

j × · · · × Cn
j , C

�
j ∈ Zν

(� = 1, ..., n). For every f ∈ E (νn) as above, we set

Stϕ,[n]
π (f) =

∫
Zn

f dStϕ,[n]
π =

m∑
j=1

kjSt
ϕ,[n]
π (Cj) (5.4.48)

Stϕ,[n]
≥π (f) =

∫
Zn

f dStϕ,[n]
≥π =

m∑
j=1

kjSt
ϕ,[n]
≥π (Cj) , (5.4.49)

and we say that Stϕ,[n]
π (f) (resp. Stϕ,[n]

≥π (f)) is the stochastic integral of f with respect

to Stϕ,[n]
π (resp. Stϕ,[n]

≥π (f)). For C ∈ Zn
ν , we write interchangeably St

ϕ,[n]
π (C) and

Stϕ,[n]
π (1C) (resp. Stϕ,[n]

≥π (C) and Stϕ,[n]
≥π (1C)). Note that (5.4.44) yields the relation

Stϕ,[n]
≥π (f) =

∑
σ≥π

Stϕ,[n]
σ (f) .

We can therefore apply the Möbius formula (2.5.26) in order to deduce the inverse
relation

Stϕ,[n]
π (f) =

∑
σ≥π μ (π, σ) Stϕ,[n]

≥σ (f), (5.4.50)

(see also [132, Proposition 1]).

Remark. The random variables Stϕ,[n]
π (f) and Stϕ,[n]

≥π (f) are elements of L2 (P) for
every f ∈ E (νn). While here f is an elementary function, it is neither supposed that
f is symmetric nor that it vanishes on the diagonals.

5.5 Wiener-Itô stochastic integrals

We consider the extension of the integrals Stϕ,[n]
π (f) to non-elementary functions f

in the case π = 0̂ = {{1} , ..., {n}} . In view of (5.1.1) and (5.4.43), the random
measure Stϕ,[n]

0̂
does not charge diagonals (see Definition 5.1.1, as well as the subse-

quent examples). The fact that one does not integrate on diagonals yields an important
simplification.
We start with a heuristic presentation. While relation (5.2.14) involves a simple

integral over Z, our goal here is to define integrals over Zn with respect to Stϕ,[n]

0̂
. In

this case, instead of writing

Stϕ,[n]
π (f) =

∫
Zn

f dStϕ,[n]
π

as in (5.4.48), we often write

Iϕ
n (f) =

∫
Zn

0̂

f (z1, ..., zn)ϕ (dz1) · · · ϕ (dzn) . (5.5.51)
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Thus our goal is to define multiple integrals of functions f : Zn �→ R, of the form
(5.5.51).
Since the integration is over Zn

0̂
we are excluding diagonals, that is, we are asking

that the support of the integrator is restricted to the set of those (z1, ..., zn) such that
zi �= zj for every i �= j, 1 ≤ i, j ≤ n. To define the multiple integral, we approximate
the restriction of f to Z0̂ by special elementary functions, namely by finite linear com-
binations of indicator functions 1C1×···×Cn , where the Cj’s are pairwise disjoint sets
in Zν . This will allow us to define the extension by using isometry, that is, relations of
the type

E
[
Iϕ
n (f)2

]
= n!

∫
Zn

f (z1, ..., zn)2
ν (dx1) · · · ν (dxn)

= n!
∫

Zn
0̂

f (z1, ..., zn)2
ν (dx1) · · · ν (dxn) . (5.5.52)

Note that the equality (5.5.52) is due to the fact that the control measure ν is non-
atomic, and therefore the associated deterministic product measure never charges di-
agonals. It is enough, moreover, to suppose that f is symmetric, because if

f̃ (z1, ..., zn) =
1
n!

∑
w∈Sn

f
(
zw(1), ..., zw(n)

)
(5.5.53)

is the canonical symmetrization of f (Sn is the group of the permutations of [n]), then

Iϕ
n (f) = Iϕ

n (f̃). (5.5.54)

This last equality is just a “stochastic equivalent” of the well-known fact that inte-
grals with respect to deterministic symmetric measures are invariant with respect to
symmetrizations of the integrands. Indeed, an intuitive explanation of (5.5.54) can be
obtained by writing

Iϕ
n (f) =

∫
Zn

0̂

fdϕ[n] =
∫

Zn

f
[
1Zn

0̂
dϕ[n]

]
and by observing that the set Z0̂ is symmetric

5, so that Iϕ
n (f) appears as an integral

with respect to the symmetric stochastic measure 1Z0̂
dϕ[n].

From now on, we will denote by Zn
s,ν = Zn

s (the dependence on ν is dropped,
whenever there is no risk of confusion) the symmetric σ-field generated by the elements
of Zn

ν of the type

C̃ =
⋃

w∈Sn

Cw(1) × Cw(2) × · · · × Cw(n), (5.5.55)

5 That is: (z1, ..., zn) ∈ Zn
0̂ implies that (zw(1), ..., zw(n)) ∈ Zn

0̂ for every w ∈ Sn.
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where {Cj : j = 1, ..., n} ⊂ Zν are pairwise disjoint and Sn is the group of the per-
mutations of [n]. The label “s” stands for “symmetric”. We stress that, by definition,
the class Zn

s,ν is a σ-field, whereas Zn
ν is not.

Remarks.

(a) We use the symbol “˜” differently for sets and functions. On sets, it corresponds
to union over all permutations, see (5.5.55), whereas, for functions it involves a
division by the number of permutations (see (5.5.53)).

(b) One can easily show that Zn
s is the σ-field generated by the symmetric functions

on Zn that are square-integrable with respect to νn, vanishing on every set Zn
π

such that π �= 0̂, that is, on all diagonals of Zn of the type {zi1 = · · · = zij},
1 ≤ i1 ≤ · · · ≤ ij ≤ n.

By specializing (5.4.43)-(5.4.49) to the case π = 0̂, where

Stϕ,[n]

0̂
(f) = Iϕ

n (f) ,

we obtain an intrinsic characterization of Wiener-Itô multiple stochastic integrals, as
well as of the concept of stochastic measure of order n ≥ 2. The key is the following
result, proved in [132, p. 1268].

Proposition 5.5.1 Let ϕ be a good completely random measure.
(A) For every f ∈ E (νn),

Stϕ,[n]

0̂
(f) = Stϕ,[n]

0̂

(
f̃
)
, (5.5.56)

where f̃ is given in (5.5.53). In other words, the measure St ϕ,[n]

0̂
is symmetric.

(B) The collection {
St ϕ,[n]

0̂
(C) : C ∈ Zn

ν

}
(5.5.57)

is the unique symmetric randommeasure onZn
ν verifying the two following properties:

(i) St ϕ,[n]

0̂
(C) = 0 for every C ∈ Zn

ν such that C ⊂ Zn
π for some π �= 0̂;

(ii) for every set C̃ as in (5.5.55), one has

St ϕ,[n]

0̂

(
C̃
)

= St ϕ,[n]

0̂

(
1C̃

)
= n!ϕ (C1)× ϕ (C2)× · · · × ϕ (Cn) .

(5.5.58)

Remark. Note that St ϕ,[n]

0̂
is defined on the class Zn

ν , which also contains non-

symmetric sets. The measure St ϕ,[n]

0̂
is “symmetric” in the sense that, for every set

C ∈ Zn
ν , the following equality holds:

St ϕ,[n]

0̂
(C) = St ϕ,[n]

0̂
(Cw) , a.s.-P,
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where w is a permutation of the set [n], and

Cw =
{
(z1, ..., zn) ∈ Zn :

(
zw(1), ..., zw(n)

) ∈ C} .
Thus, the result does not depend on which permutation one considers.

Notation. For n ≥ 2, we denote by L2
s (νn) the Hilbert space of symmetric and square

integrable functions on Zn (with respect to νn). We sometimes use the notational
convention: L2

s

(
ν1
)

= L2
(
ν1
)

= L2(ν). We write

Es,0 (νn) (5.5.59)

to indicate the subset of L2
s (νn) composed of elementary symmetric functions van-

ishing on diagonals. We also write

E0 (νn)

to indicate the subset of L2 (νn) composed of elementary functions vanishing on di-
agonals. This means that:

(i) Es,0 (νn) is the class of functions of the type f =
∑m

j=1 kj1C̃j
, where kj ∈ R

and every C̃j ⊂ Zn
0̂
has the form (5.5.55), and

(ii) E0 (νn) is the class of functions of the type f =
∑m

j=1 kj1Cj , where kj ∈ R and
everyCj is the Cartesian product of n disjoint subsets ofZ with finite ν measure.

The index 0 in Es,0 (νn) refers to the fact that it is a set of functions which equals 0 on
the diagonals. Since ν is non-atomic, and νn does not charge diagonals, one deduces
that Es,0 (νn) is dense in L2

s (νn). More precisely, we have the following:

Lemma 5.5.2 Fix n ≥ 2. Then, E0 (νn) is dense in L2 (νn), and Es,0 (νn) is dense in
L2

s (νn).

Proof. Since, for every h ∈ L2
s (ν) and every f ∈ E0 (νn), by symmetry,

〈h, f〉L2(νn) = 〈h, f̃〉L2(νn),

it is enough to prove that E0 (νn) is dense in L2 (νn). We shall only provide a detailed
proof for n = 2 (the general case is absolutely analogous, albeit it requires a more
involved notation). To prove the desired claim, it is therefore sufficient to show that
every function of the type

h (z1, z2) = 1A (z1)1B (z2) ,

with A,B ∈ Zν , is the limit in L2
(
ν2
)
of linear combinations of products of the type

1D1 (z1)1D2 (z2), with D1,D2 ∈ Zν and D1 ∩D2 = ∅. To do this, define

C1 = A\B, C2 = B\A and C3 = A ∩B,
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so that
h = 1C11C2 + 1C11C3 + 1C31C2 + 1C31C3 .

If ν (C3) = 0, there is nothing to prove. If ν (C3) > 0, since ν is non-atomic, for
every N ≥ 2 we can find disjoint sets C3 (i,N) ⊂ C3, i = 1, ..., N , such that
ν (C3 (i,N)) = ν (C3) /N and ∪N

i=1C3 (i,N) = C3. It follows that

1C3 (z1)1C3 (z2) =
∑

1≤i�=j≤N

1C3(i,N) (z1)1C3(j,N) (z2)

+
N∑

i=1

1C3(i,N) (z1)1C3(i,N) (z2)

= h1 (z1, z2) + h2 (z1, z2) .

Plainly, h1 ∈ E0 (νn), and

‖h2‖2
L2(νn) =

N∑
i=1

ν (C3 (i,N))2 =
ν (C3)

2

N
.

Since N is arbitrary, we deduce the desired conclusion.

The proof of the following result can be deduced from (5.5.58) is left to the reader.

Proposition 5.5.3 Let the above assumptions and notations prevail.

1. One has that, ∀n,m ≥ 1,

E
[
St ϕ,[m]

0̂
(f) St ϕ,[n]

0̂
(g)
]

= δn,m × n!
∫

Zn

f (zn) g (zn) νn (dzn) , (5.5.60)

∀f ∈ Es,0 (νm) and ∀g ∈ Es,0 (νn), where δn,m = 1 if n = m, and = 0 otherwise
(if, for example, n = 1, then the result holds for f ∈ L2(ν), by using definition
(5.4.46)).

2. It follows from (5.5.60) that, for every n ≥ 2, the linear operator f �→ St ϕ,[n]

0̂
(f),

from Es,0 (νn) into L2 (P), can be uniquely extended to a continuous operator (in
fact, an isometry) fromL2

s (νn) intoL2 (P). This extension enjoys the orthogonality
and isometry properties given by (5.5.60).

We can now present the crucial definition of this section.

Definition 5.5.4 (Wiener chaos) For every f ∈ L2
s (νn), the random variable

St ϕ,[n]

0̂
(f) is the multiple stochastic Wiener-Itô integral (of order n) of f with re-

spect to ϕ. We also use the classic notation

St ϕ,[n]

0̂
(f) = Iϕ

n (f) , f ∈ L2
s (νn). (5.5.61)



5.5 Wiener-Itô stochastic integrals 83

Note that ∀f ∈ L2
s (νm) and ∀g ∈ L2

s (νn),

E [Iϕ
m (f) Iϕ

n (g)] = δn,m × n!
∫

Zn

f (zn) g (zn) νn (dzn) . (5.5.62)

For n ≥ 2, the random measure{
St ϕ,[n]

0̂
(C) : C ∈ Zn

ν

}
is called the stochastic measure of order n associated with ϕ. When f ∈ L2 (νn) (not
necessarily symmetric), we set

Iϕ
n (f) = Iϕ

n (f̃), (5.5.63)

where f̃ is the symmetrization of f given by (5.5.53). For a completely randommeasure
ϕ, the Hilbert space

Cϕ
n =

{
Iϕ
n (f) : f ∈ L2

s (νn)
}
, n ≥ 1,

is called the nth Wiener chaos associated with ϕ.

We have supposed so far that ϕ (C) ∈ Lp (P), ∀p ≥ 1, for every C ∈ Zν (see
Definition 5.1.5). We shall now suppose that ϕ (C) ∈ L2 (P), C ∈ Zν . In this case,
the notion of “good measure” introduced in Definition 5.1.6 and Proposition 5.5.1 does
not apply since, in this case, ϕ[n] may not exist. Indeed, consider (5.1.9) for example
with C1 = ... = Cn ∈ Zν . Then, the quantity

E
∣∣∣ϕ[n] (C)

∣∣∣2 = E |ϕ (C1)|2n

may be infinite because we are not assuming anymore that moments higher than 2 exist
(see also [26]). It follows that, for n ≥ 2, the multiple Wiener-Itô integral cannot be
defined as a multiple integral with respect to the restriction toZn

0̂
of the “full stochastic

measure” ϕ[n]. Nonetheless, one can always proceed as follows, by focusing on sets
that are pairwise disjoint, by using isometry and considering integrals where one does
not include the diagonals.

Definition 5.5.5 Letϕ be a completely randommeasure inL2 (P) (and not necessarily
in Lp (P), p > 2), with non-atomic control measure ν. For n ≥ 2, let

Iϕ
n (f) = n!

m∑
k=1

γk ×
{
ϕ
(
C

(k)
1

)
ϕ
(
C

(k)
2

)
· · · ϕ

(
C(k)

n

)}
, (5.5.64)

for every simple function

f ∈
p∑

k=1

γk1C̃(k) ∈ Es,0 (νn) ,
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where every C̃(k) is as in (5.5.55) (in particular, the C̃(k) are pairwise disjoint). It is
easily seen that the integrals Iϕ

n (f) defined in (5.5.64) still verify the L2 (P) isometry
property (5.5.62). Since the sets of the type C̃ generate Zn

s , and ν is non-atomic, the
operator Iϕ

n (·) can be extended to a continuous linear operator from L2
s (νn) into

L2 (P), such that (5.5.62) is verified. When f ∈ L2 (νn) (not necessarily symmetric),
we set

Iϕ
n (f) = Iϕ

n (f̃), (5.5.65)

where f̃ is given by (5.5.53).

Remark. Of course, if ϕ ∈ ∩p≥1L
p (P) (for example, when ϕ is a Gaussian measure

or a compensated Poisson measure), then the definition of Iϕ
n obtained from (5.5.64)

coincides with the one given in (5.5.61).

5.6 Integral notation

We have already introduced in (5.5.51) the notation Iϕ
n which is used when integration

over the diagonals is excluded. In the general case, one can use the following integral
notation which is quite suggestive: for every n ≥ 2, every σ ∈ P ([n]) and every
elementary function f ∈ E (νn),

Stϕ,[n]
σ (f) =

∫
Zn

σ
f (z1, ..., zn)ϕ (dz1) · · · ϕ (dzn),

and

Stϕ,[n]
≥π (f) =

∫
∪σ≥πZn

σ
f (z1, ..., zn)ϕ (dz1) · · · ϕ (dzn) .

For instance:

• if n = 2, f (z1, z2) = f1 (z1) f2 (z2) and σ = 0̂ = {{1} , {2}}, then

I2 (f) = Stϕ,[2]
σ (f) =

∫
z1 �=z2

f1 (z1) f2 (z2)ϕ (dz1)ϕ (dz2) ;

• if n = 2, f (z1, z2) = f1 (z1) f2 (z2) and σ = 1̂ = {1, 2}, then

Stϕ,[2]

1̂
(f) =

∫
z1=z2

f1 (z1) f2 (z2)ϕ (dz1)ϕ (dz2) ;

• if n = 2,

Stϕ,[2]

≥0̂
(f) = Stϕ,[2]

{{1},{2}} (f) + Stϕ,[2]
{{1,2}} (f)

=
∫

z1 �=z2

f (z1, z2)ϕ (dz1)ϕ (dz2) +
∫

z1=z2

f (z1, z2)ϕ (dz1)ϕ (dz2)

=
∫

Z2

f (z1, z2)ϕ (dz1)ϕ (dz2) ;
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• if n = 3, f (z1, z2, z3) = f1 (z1, z2) f2 (z3) and σ = {{1, 2} , {3}}, then

Stϕ,[3]
σ (f) =

∫
z3 �=z1
z1=z2

f1 (z1, z2) f2 (z3)ϕ (dz1)ϕ (dz2)ϕ (dz3) ;

• if n = 3 and f (z1, z2, z3) = f1 (z1, z2) f2 (z3) and σ = 1̂ = {{1, 2, 3}}, then

Stϕ,[3]
σ (f) =

∫
z1=z2=z3

f1 (z1, z2) f2 (z3)ϕ (dz1)ϕ (dz2)ϕ (dz3) .

5.7 The role of diagonal measures

We now provide the definition of the diagonal measures associated with a good mea-
sure ϕ.

Definition 5.7.1 Let ϕ be a good random measure on the Borel space (Z,Z), with
non-atomic control measure ν. For every n ≥ 1, we define the mapping

C �→ Δϕ
n(C) � Stϕ,[n]

1̂
(C × · · · × C︸ ︷︷ ︸

n times

), C ∈ Zν , (5.7.66)

to be the nth diagonal measure associated with ϕ.

Observe thatΔϕ
n is a measure on (Z,Z) which is defined through the measure Stϕ,[n]

1̂

on (Zn,Zn). Recall also that Stϕ,[n]

1̂
“equates the diagonals”, so that, for example, if

C = [0, T ], T > 0, then

Δϕ
2 (C) � Stϕ,[2]

1̂
(C × C) =

∫
[0,T ]2

z1=z2

ϕ(dz1)ϕ(dz2).

The measure Δϕ
n may be random or not, depending on the ϕ, as we will see in the

sequel. The following statement (corresponding to Proposition 2 in [132]) is one of
the keys of the subsequent discussion. It shows that a stochastic measure associated
with a partition can be represented as the product of the diagonal measures attached to
the blocks of that partition.

Proposition 5.7.2 Let ϕ be a good completely random measure. Then, for every n ≥
2, every C1, ..., Cn ⊂ Zν , and every partition π ∈ P ([n]),

Stϕ,[n]
≥π (C1 × · · · × Cn)

=
∏

b={i1,...,i|b|}∈π

Stϕ,[|b|]
1̂

(
Ci1 × · · · × Ci|b|

)
(5.7.67)

=
∏

b={i1,...,i|b|}∈π

Stϕ,[|b|]
1̂

((∩|b|k=1Cik
)× · · · × (∩|b|k=1Cik

)︸ ︷︷ ︸)
|b| times

(5.7.68)

=
∏

b={i1,...,i|b|}∈π

Δϕ
|b|
(
∩|b|k=1Cik

)
. (5.7.69)
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Proof. Recall that St ϕ,[n]
≥π =

∑
σ≥π St ϕ,[n]

σ , by (5.4.44). To prove the first equality,
just observe that both random measures on the LHS and the RHS of (5.7.67) are the
restriction of the product measure Stϕ,[n]

≥0̂
to the union of the sets Zn

σ such that σ ≥ π.

Equality (5.7.68) is an application of (5.1.2).

The next result, which can be seen as an abstract version of a famous formula by
Kailath and Segall [50] (see also the subsequent Section 5.8), provides a neat relation
between diagonal and non-diagonal measures. It corresponds to Theorem 2 in [132].
It also relates completely non-diagonal measures Stϕ,[n]

0̂
of order n to those of lower

orders.

Theorem 5.7.3 (Abstract Kailath-Segall formula) Let ϕ be a good completely ran-
dom measure. Then, for every n ≥ 2 and every C1, ..., Cn ∈ Zν ,

Stϕ,[n]

0̂
(C1 × · · · × Cn) (5.7.70)

=
∑

(−1)|b|−1 (|b| − 1)! Δϕ
|b|
(
∩|b|k=1Cik

)
Stϕ,[n−|b|]

0̂

(
Cj1 × · · · × Cjn−|b|

)
,

where: (i) the sum runs over all subset b = {i1, ..., ik} of [n] containing 1, and (ii) we
used the convention Stϕ,[0]

0̂
≡ 1.

Proof. According to (5.4.50) in the special case π = 0̂, one has the relation

Stϕ,[n]

0̂
=

∑
σ∈P([n])

μ
(

0̂, σ
)
Stϕ,[n]
≥σ .

Combining this identity with Proposition 5.7.2 (relation (5.7.69)), yields therefore

Stϕ,[n]

0̂
(C1 × · · ·Cn) =

∑
σ∈P([n])

μ
(

0̂, σ
) ∏

a={i1,...,i|a|}∈σ

Δϕ
|a|
(
∩|a|k=1Cik

)
.

Now fix a subset b of [n] containing 1, as well as a partition σ ∈ P([n]) such that
b ∈ σ. We denote by bc = [n]\b = {j1, ..., jn−|b|} the complement of b, and by σ′
the partition of bc composed of the blocks of σ that are different from b. According to
equation (2.5.24) (writing μ′ for theMöbius function associated with the latticeP(bc))
one has that μ

(
0̂, σ

)
= (−1)|b|−1(|b|−1)!μ′(0̂, σ′) (if b = [n], one sets by convention

μ′(0̂, σ′) = 1). As a consequence, one can write

Stϕ,[n]

0̂
(C1 × · · ·Cn)

=
∑

b⊆[n]:1∈b

(−1)|b|−1(|b| − 1)!Δϕ
|b|
(
∩|b|k=1Cik

)
∑

σ′∈P(bc)

μ′(0̂, σ′)
∏

a={t1,...,t|a|}∈σ′

Δϕ
|a|
(
∩|a|l=1Ctl

)
.
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We now use once again Proposition 5.7.2 to infer that∑
σ′∈P(bc)

μ′(0̂, σ′)
∏

a={t1,...,t|a|}∈σ′

Δϕ
|a|
(
∩|a|l=1Ctl

)
= Stϕ,[n−|b|]

0̂

(
Cj1 × · · · × Cjn−|b|

)
,

thus obtaining the desired conclusion.

Corollary 5.7.4 LetC ∈ Zν , fixn ≥ 2, and, for j ≥ 2writeC⊗j for the jth Cartesian
product of C (with C⊗1 = C). Then,

Stϕ,[n]

0̂

(
C⊗n

)
=

n∑
k=1

(−1)k−1 (n− 1)!
(n− k)! Δϕ

k (C) Stϕ,[n−k]

0̂

(
C⊗(n−k)

)
, (5.7.71)

with the convention Stϕ,[0]

0̂
≡ 1.

Proof. Observe that, for every function g on N,

∑
b⊆[n]:1∈b

g(|b|) =
n∑

k=1

(
n− 1
k − 1

)
g(k).

Since (5.7.70) and (5.1.2) imply that

Stϕ,[n]

0̂

(
C⊗n

)
=

∑
b⊆[n]:1∈b

g(|b|),

with
g(|b|) = (−1)|b|−1 (|b| − 1)! Δϕ

|b| (C) Stϕ,[n−|b|]
0̂

(
C⊗(n−|b|)

)
,

the desired conclusion is deduced after elementary simplifications.

5.8 Example: completely random measures on the real line

As usual, our reference for Lévy processes is the book by Sato [136]. Consider a cen-
tered square integrable Lévy process on the positive half-line, writtenX = {Xt : t ≥
0}. We shall assume that X has finite moments of all orders, that is, E|Xt|n < ∞,
for every n ≥ 1. According to the discussion developed in the Example 5.3.6, we can
assume, without loss of generality, that

Xt = σG([0, t]) + ϕ([0, t]), (5.8.72)

where σ > 0, G is a Gaussian measure over R+ with control given by the Lebesgue
measure, and ϕ is an independent completely random measure on R+ of the type
(5.3.37). In particular, the Poisson measure N̂ on R × R+ has homogeneous control
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ρ(du)dx, and the measure ρ verifies ρ({0}) = 0 and (since X has finite moments of
all orders)

∫
R
|x|nρ(dx) <∞, for all n ≥ 1. Note that the application

t �→Wt = G ([0, t]) , t ≥ 0,

defines a standard Brownianmotion started from zero. Recall that this means thatWt is
a centered Gaussian process with covariance function given byE(WtWs) = min(s, t).
In particular, one has thatW0 = 0, and (due, for example, of a standard application of
the Kolmogorov criterion – see, for example, [128])Wt admits a continuous modifi-
cation. We write χn(X(t)), n ≥ 1, to indicate the sequence of the cumulants of Xt

(so that χ1(X(t)) = E[Xt] = 0) and introduce the notation

K2 = σ2 +
∫
R

x2ρ(dx), Kn =
∫
R

xnρ(dx), n ≥ 3. (5.8.73)

By using the relation

E [exp (iθXt)] = exp
[
−θ

2σ2

2
t+ t

∫
R

(
eiθu − 1− iθu) ρ (du)

]
, (5.8.74)

as well as the fact that ρ has finite moments of all orders, it is easy to show, by succes-
sive differentiations of the argument of the exponential, that

χn(X(t)) = Knt, n ≥ 2.

We now introduce the notation

ϕX(A) = σG(A) + ϕ(A),

for every set A ⊂ R+ of finite Lebesgue measure, and we observe that the mapping
A �→ ϕX(A) defines a completely random measure with control

α(dx) =
{
σ2 +

∫
R

u2ρ(du)
}
dx = K2dx,

that is, a multiple of Lebesgue measure. The measure ϕX is good, in the sense of
Definition 5.1.6. A complete proof of this fact can be found, for example, in [26] or
[61, Ch. 10]. Here, we merely note the following key step in showing that ϕX is good
(see, for example, [61, Lemma 10.1]), namely that for every rectangle of the type C =
C1 × · · · × Cn, n ≥ 2, and where the Ci ⊂ R have finite Lebesgue measure, one has
that

E|ϕX(C1) · · · ϕ(Cn)| ≤ αn(C).

The existence of the product measures ϕ[n]
X follows from some (quite technical) conti-

nuity argument. In what follows, for n ≥ 2, we shall provide a characterization of the
two stochastic measures StϕX ,[n]

0̂
(“completely non-diagonal”) andΔϕX

n (“diagonal”).
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To do this, introduce recursively the family of processes

P
(0)
t � 1, P (1)

t � Xt, P
(n)
t �

∫ t

0
Pu−dPu, n ≥ 2, (5.8.75)

where Pt− = limh↑0 Pt+h and the integrals have to be regarded in the usual Itô sense,
so that each P (n) is a square-integrable martingale with respect to the natural filtration
of X . Write, as usual, ΔXs = Xs − Xs−, s > 0. Classic results on Lévy processes
(see [99] or [136]) also imply that, for every n ≥ 1, the variation processes

X
(1)
t � Xt, X

(2)
t � σ2t+

∑
0<s≤t

(ΔXs)2, X
(n)
t �

∑
0<s≤t

(ΔXs)n, n ≥ 3, (5.8.76)

are square-integrable (non-centered) Lévy processes, such as the mapping

t �→ Y
(n)
t � X(n)

t −Knt

defines a square-integrable martingale (with respect to the natural filtration ofX) with
independent increments. The martingales Y (n), n ≥ 1, are known as Teugels martin-
gales , and play a fundamental role in Nualart and Schoutens’ theory of Lévy chaos
(see [99]), as well as in the Hu-Meyer formulae proved by Farré et al. in [28].
The following statement contains the announced characterization of diagonal and

non-diagonal measures using iterated integrals, defined in the Itô sense, that is, as in-
tegrals with a random integrand. The arguments used in the proof, in particular the
connection with a formula by Kailath and Segall [50], are strongly inspired by [28]
(see, in particular, the first ArXiv version of [28]).

Theorem 5.8.1 Fix n ≥ 2, and let the above notation and assumptions prevail. Then,
for every finite T > 0,

1. StϕX ,[n]

0̂
([0, T ]n) = n!P (n)

T , and

2. Δϕ
n([0, T ]) = X

(n)
T .

Proof. By construction of the Itô integral, it is immediately seen that P (n)
T can be

obtained as the L2(P) limit of linear combinations of random variables of the type

X(t1)× (X(t2)−X(t1−))× · · ·(X(tn)−X(tn−1−)),

where 0 ≤ t1 < t2 < · · · < tn ≤ T , so that the proof of the first point in the statement
is a consequence of Proposition 5.5.1 and of the fact that intervals of the type (ti, ti+1]
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generate the Borel σ-field of R+. To prove Point 2, we use a famous identity proved
by Kailath and Segall in [50], stating that

P
(n)
T =

1
n

(
P

(n−1)
T X

(1)
T − P (n−2)

T X
(2)
T + ...+ (−1)n−1P

(0)
T X

(n)
T

)
(this relation can be proved by an iterate use of Itô formula). By virtue of Point 1, this
formula can be rewritten as

StϕX ,[n]

0̂
([0, T ]n) =

n∑
k=1

(−1)k−1 (n− 1)!
(n− k)! X

(k)
T StϕX ,[n−k]

0̂

(
[0, T ](n−k)

)
,

so that the desired conclusion is obtained (for example, by recursion on n) as an ap-
plication of formula (5.7.71).

The previous results can be extended in order to deduce characterizations of more
general objects of the type

IϕX
n (f) = StϕX ,[n]

0̂
(f),

where f is symmetric on Rn
+ and square-integrable with respect to the Lebesgue mea-

sure. In particular, in this framework, one has that

IϕX
n (f) = n!

∫ ∞

0

[∫ t1−

0

∫ t2−

0
· · ·

∫ tn−1−

0
f (t1, ..., tn) dXtn · · · dXt2

]
dXt1 ,

(5.8.77)
where the RHS of (5.8.77) stands for a usual Itô-type stochastic integral, with respect
to X , of the stochastic process

t �→ v (t) = n!
∫ t−

0

∫ t2−

0
· · ·

∫ tn−1−

0
f (t1, ..., tn) dXtn · · · dXt2 , t ≥ 0.

Equality (5.8.77) can be easily proved for elementary functions that are constant on
intervals, and the general results are obtained by standard density arguments. Note in
particular that v (t) is predictable with respect to the natural filtration of X and also
that

E
[∫ ∞

0
v2 (t) dt

]
<∞.
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5.9 Chaotic representation

When ϕ is a Gaussian measure or a compensated Poisson measure, multiple stochastic
Wiener-Itô integrals play a crucial role, because of the chaotic representation property
enjoyed by ϕ. Indeed, when ϕ is Gaussian or compensated Poisson, one can show that
every functional F (ϕ) ∈ L2 (P) of ϕ, admits a unique chaotic (Wiener-Itô) decom-
position

F (ϕ) = E [F (ϕ)] +
∑
n≥1

Iϕ
n (fn) , fn ∈ L2

s (νn) , (5.9.78)

where the series converges in L2 (P) (see for instance [20], [46] or [66]), and the ker-
nels {fn} are uniquely determined up to negligible sets. For a proof of the chaotic
expansion (5.9.78), see Theorem 8.2.1 below for the case where ϕ is Gaussian, and
Corollary 10.0.5 below for the Poisson case.

Remark. The unicity of the kernels {fn} appearing in (5.9.78) is a consequence of
the isometry formula (5.5.62). Indeed, if {f ′n} is another sequence of kernels verify-
ing

F = E [F ] +
∑
n≥1

Iϕ
n (f ′n)

then one has

0 = E[(F − F )2] =
∑
n≥1

n!‖fn − f ′n‖2
L2(νn),

thus implying fn = f ′n, ν
n-almost everywhere, for every n.

Formula (5.9.78) implies that random variables of the type Iϕ
n (fn) are the

basic “building blocks” of the space of square-integrable functionals of ϕ. As
already pointed out, for a completely random measure ϕ, the space Cϕ

n ={
Iϕ
n (f) : f ∈ L2

s (νn)
}
, n ≥ 1, is the nth Wiener chaos associated with ϕ. We set

by definition

Cϕ
0 = R

(that is, Cϕ
0 is the collection of all non-random constants) so that, in (5.9.78),

E [F ] ∈ Cϕ
0 .

Observe that relation (5.9.78) can be reformulated in terms ofHilbert spaces as follows:

L2 (P, σ (ϕ)) =
∞⊕

n=0

Cϕ
n ,

where ⊕ indicates an orthogonal sum in the Hilbert space L2 (P, σ (ϕ)).
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Remarks
(i) If ϕ = G is a Gaussian measure with non-atomic control ν, for every p > 2
and every n ≥ 2, there exists a universal constant cp,n > 0, such that the following
hypercontractivity property takes place:

E
[∣∣IG

n (f)
∣∣p]1/p

≤ cn,pE
[
IG
n (f)2

]1/2
, (5.9.79)

∀ f ∈ L2
s (νn) (see [46, Ch. V and Ch. VI]). Moreover, on every finite sum of Wiener

chaoses ⊕m
j=0C

G
j and for every p ≥ 1, the topology induced by Lp (P) convergence

is equivalent to the L0-topology induced by convergence in probability, that is, con-
vergence in probability is equivalent to convergence in Lp, for every p ≥ 1 (see, for
example, [138]). We refer the reader to [20], [46] or [94, Ch. 1] for an exhaustive
analysis of the properties of multiple stochastic Wiener-Itô integrals with respect to a
Gaussian measure G.
(ii) The “chaotic representation property” is enjoyed by other processes. One of

the most well-known examples is given by the class of normal martingales, that is,
real-valued martingales on R+ having a predictable quadratic variation equal to t. See
[20] and [65] for a complete discussion of this point. See [99] for a chaotic represen-
tation, based on Teugels martingales, associated with general Lévy processes on the
real line.

5.10 Computational rules

We are now going to apply our setup to the Gaussian case (ϕ = G) and to the Poisson
case (ϕ = N̂ = N − ν). We always suppose that the control measure ν of either G or
N̂ is non-atomic. Many of the subsequent formulae can be understood intuitively, by
applying the following computational rules:

Gaussian case:

G (dx)2 = ν (dx) and G (dx)n = 0, for every n ≥ 3. (5.10.80)

Poisson case:

(N̂ (dx))n = (N (dx))n = N (dx) , for every n ≥ 2. (5.10.81)

5.11 Multiple Gaussian integrals of elementary functions

Suppose ϕ is Gaussian. The next result appears in [132, Example G, p. 1272, and
Proposition 2, 6 and 12].
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Theorem 5.11.1 Letϕ = G be a centered Gaussian completely randommeasure with
non-atomic control measure ν. For every n ≥ 2 and every A ∈ Zν (see (5.1.3)):

StG,[n]

1̂
(A× · · · ×A︸ ︷︷ ︸

n times

) � ΔG
n (A) =

{
0 n ≥ 3
ν (A) n = 2,

(5.11.82)

(as before, the measure ΔG
n (·) is called the diagonal measure of order n associated

with G). More generally, for every n ≥ 2, σ ∈ P ([n]) and A1, ..., An ∈ Zν ,

StG,[n]
≥σ (A1 × · · · ×An)

=

{
0, if ∃b ∈ σ : |b| ≥ 3∏

b={i,j}∈σ ν (Ai ∩Aj)
∏k

�=1 G (Aj�
) , otherwise,

(5.11.83)

and

StG,[n]
σ (A1 × · · · ×An)

=

{
0, if ∃b ∈ σ : |b| ≥ 3∏

b={i,j}∈σ ν (Ai ∩Aj) St G,[k]

0̂
(Aj1 × · · · ×Ajk

) , otherwise,

(5.11.84)

where j1, ..., jk are the singletons contained in σ\ {b ∈ σ : |b| = 2}.

Proof. Although relation (5.11.82) is classic (see, for example, [132, Proposition 6]),
we shall give a direct proof. First of all, thanks to a Borel isomorphism argument sim-
ilar to the one used in the proof of Proposition 5.3.2 (see also the remarks following
Definition 5.1.5), we can assume without loss of generality that Z = [0, 1], and that ν
is a non-atomic Borel measure on Z. Now fix a set A ∈ Zν (that is, ν(A) <∞) as in
(5.11.82). For every integer k ≥ 1, writeA0,k = A∩[0, 1

k

]
, andAi,k = A∩( i

k ,
i+1
k

]
,

i = 1, ..., k − 1, so that
∑k−1

i=0 ν(Ai,k) = ν(A). By construction, one has that, for a
fixed k, the random variablesϕ(Ai,k) ∼ N(0, ν(Ai,k)) are Gaussian and independent.
Now define

A(2,k) �
k−1⋃
i=0

(
Ai,k ×Ai,k

)
, k ≥ 1.

Observe that A(2,k) is a subset of Z × Z and that A1̂ = ∩k≥1A
(2,k). Since the ran-

dom measure ϕ[2] is continuous on monotone sequences (see Point (c) in the remarks
following Definition 5.1.6) one has that ΔG

2 (A) is the limit in L1(P) of the sequence

ϕ[2](A(2,k)) =
k−1∑
i=0

ϕ[2](Ai,k ×Ai,k) =
k−1∑
i=0

ϕ(Ai,k)2, k ≥ 1,
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where we have used (5.1.9), as well as the fact that the rectangles Ai,k × Ai,k are
disjoint for every fixed k. Since E[ϕ(Ai,k)4] = 3ν(Ai,k)2, we have

E
[(
ϕ[2](A(2,k))− ν(A)

)2
]

= E

⎡⎣(k−1∑
i=0

(
ϕ(Ai,k)2 − ν(Ai,k)

))2
⎤⎦

= 2
n∑

i=0

ν(Ai,k)2 ≤ 2ν(A) max
i=0,...,k−1

{ν(Ai,k)} → 0,

as k → ∞, since the mapping t �→ ν(A ∩ [0, t]) is uniformly continuous on [0, 1]
(because the measure ν is non-atomic). This proves (5.11.82) in the case n = 2. To
prove (5.11.82) in the general case, fix an integer n ≥ 3, and observe that, by an
argument similar to the one above, the quantity ΔG

n (A) is the limit in L1(P) of the
sequence

k−1∑
i=0

ϕ(Ai,k)n, n ≥ 1.

Then, (5.11.82) follows from the fact that

E

∣∣∣∣∣
k−1∑
i=0

ϕ(Ai,k)n

∣∣∣∣∣ ≤
k−1∑
i=0

E |ϕ(Ai,k)|n ≤ C
k−1∑
i=0

ν(Ai,k)
n
2

≤ C × ν(A)× [ max
i=0,...,k−1

{ν(Ai,k)}]n
2 −1 → 0,

as k →∞.
Formula (5.11.83) is obtained by combining (5.11.82) and (5.7.67). To prove

(5.11.84), suppose first that ∃b ∈ σ such that |b| ≥ 3. Then, by using Möbius inversion
(5.4.50),

StG,[n]
σ (A1 × · · · ×An) =

∑
σ≤ρ

μ (σ, ρ) StG,[n]
≥ρ (A1 × · · · ×An) = 0,

where the last equality is due to (5.11.83) and to the fact that, if ρ ≥ σ and σ contains
a block with more than two elements, then ρmust also contain a block with more than
two elements. This proves the first line of (5.11.84). Now suppose that all the blocks
of σ have at most two elements, and observe that, by Definition 5.4.1 and (5.1.9),

k∏
�=1

G (Aj�
) = StG,[k]

≥0̂
(Aj1 × · · · ×Ajk

).
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The proof is concluded by using the following relations:

StG,[n]
σ (A1 × · · · ×An)

=
∑
σ≤ρ

μ(σ, ρ)StG,[n]
≥ρ (A1 × · · · ×An)

=
∏

b={i,j}∈σ

ν(Ai ∩Aj)
∑
σ≤ρ

μ(σ, ρ)
∏

b={r,l}∈ρ\σ
ν(Ar ∩Al)×

× StG,[m]

≥0̂
(Ai1 × · · · ×Aim)1{{i1},...,{im} are the singletons of ρ},

where we write b = {r, l} ∈ ρ\σ to indicate that the block b is in ρ and not in σ
(equivalently, b is obtained by merging two singletons of σ). Indeed, by the previous
discussion, one has that the partitions ρ involved in the previous sums have uniquely
blocks of size one or two, and moreover, by Möbius inversion,∑

σ≤ρ

μ(σ, ρ)
∏

b={r,l}∈ρ\σ
ν(Ar ∩Al) ×

× StG,[m]

≥0̂
(Ai1 × · · · ×Aim)1{{i1},...,{im} are the singletons of ρ}

=
∑

σ∗≤ρ∗
μ(σ∗, ρ∗)

∏
b={r,l}∈ρ∗

ν(Ar ∩Al)×

× StG,[m]

≥0̂
(Ai1 × · · · ×Aim)1{{i1},...,{im} are the singletons of ρ∗}

=
∑

0̂≤ρ∗

μ(0̂, ρ∗)StG,[k]
≥ρ∗ (Aj1 × · · · ×Ajk

)

= StG,[k]

0̂
(Aj1 × · · · ×Ajk

),

where σ∗ and ρ∗ indicate, respectively, the restriction of σ and ρ to {j1, ..., jk}, where
{j1}, ..., {jk} are the singletons of σ (in particular, σ∗ = 0̂). Note that the fact that

μ(σ, ρ) = μ(σ∗, ρ∗) = μ(0̂, ρ∗)

is a consequence of (2.5.21) and of the fact that ρ has uniquely blocks of size one or
two.6

Example 5.11.2 (i) One has StG,[n]

≥0̂
(A1 × · · · ×An) = G (A1) · · ·G (An), which

follows from (5.11.83), since 0̂ = {{1} , ..., {n}}, but also directly since the
symbol “ ≥ 0̂ ” entails no restriction on the partition. In integral notation (f is
always supposed to be elementary)

StG,[n]

≥0̂
(f) =

∫
Zn

f (z1, ..., zn)G (dz1) · · ·G (dzn) .

6 Thanks to F. Benaych-Georges for pointing out this argument.
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On the other hand, there is no way to “simplify” an object such as
StG,[n]

0̂
(A1 × · · · ×An), which is expressed, in integral notation, as

StG,[n]

0̂
(f) = IG

n (f) =
∫

z1 �=···�=zn

f (z1, ..., zn)G (dz1) · · ·G (dzn) .

(ii) For n ≥ 3, one has

StG,[n]

≥1̂
(A1 × · · · ×An) = StG,[n]

1̂
(A1 × · · · ×An) = 0,

since the partition 1̂ contains a single block of size ≥ 2. In integral notation,

StG,[n]

1̂
(f) =

∫
z1=···=zn

f (z1, ..., zn)G (dz1) · · ·G (dzn) = 0.

When n = 1, however, one has that

StG,[1]

1̂
(f) =

∫
Z

f (z)G (dz) ∼ N

(
0,
∫

Z

f 2dν

)
.

When n = 2,

StG,[2]

1̂
(f) =

∫
Z

f (z, z) ν (dz) .

(iii) Let n = 3 and σ = {{1} , {2, 3}}, then StG,[3]

1̂
(A1 ×A2 ×An) = 0, and there-

fore

StG,[3]
≥σ (A1 ×A2 ×A3)

= StG,[3]
σ (A1 ×A2 ×A3) + StG,[n]

1̂
(A1 ×A2 ×A3)

= StG,[3]
σ (A1 ×A2 ×A3) = G (A1) ν (A2 ×A3) .

In integral notation:

StG,[3]
≥σ (f) = StG,[3]

σ (f) =
∫

Z

∫
Z

f (z, z, x) ν (dz)G (dx) .

(iv) Let n = 6, and σ = {{1, 2} , {3} , {4} , {5, 6}}. Then,
StG,[6]
≥σ (A1 × ...×A6) = ν (A1 ∩A2) ν (A5 ∩A6)G (A3)G (A4) ,

whereas

StG,[6]
σ (A1 × ...×A6) = ν (A1 ∩A2) ν (A5 ∩A6) StG,[2]

0̂
(A3 ×A4) .

These relations can be reformulated in integral notation as

StG,[6]
≥σ (f) =

∫
Z

∫
Z

{∫
Z

∫
Z

f (x, x, y, y, w, z) ν (dx) ν (dy)
}
G (dw)G (dz)

StG,[6]
σ (f) =

∫
w �=z

{∫
Z

∫
Z

f (x, x, y, y, w, z) ν (dx) ν (dy)
}
G (dw)G (dz) .
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(v) Let n = 6, and σ = {{1, 2} , {3} , {4} , {5} , {6}}. Then,

StG,[6]
≥σ (A1 × ...×A6) = ν (A1 ∩A2)G (A3)G (A4)G (A5)G(A6)

and also

StG,[6]
σ (A1 × ...×A6) = ν (A1 ∩A2) StG,[4]

0̂
(A3 ×A4 ×A5 ×A6) .

5.12 Multiple Poisson integrals of elementary functions

A result analogous to Theorem 5.11.1 holds in the Poisson case. To state this result in
a proper way, we shall introduce the following notation. Given n ≥ 2 and σ ∈ P [n],
we write

B1 (σ) = {b ∈ σ : |b| = 1} , (5.12.85)

to denote the collection of singleton blocks of σ, and

B2 (σ) = {b = {i1, ..., i�} ∈ σ : � = |b| ≥ 2} (5.12.86)

to denote the collection of the blocks of σ containing two or more elements. We shall
also let

PB2(σ) = the set of all 2-partitions of B2(σ), (5.12.87)

that is,PB2 (σ) is the collection of all ordered pairs (R1;R2) of non-empty subsets of
B2 (σ) such that R1, R2 ⊂ B2 (σ), R1 ∩ R2 = ∅, and R1 ∪ R2 = B2 (σ); whenever
B2 (σ) = ∅, one sets PB2 (σ) = ∅.
We stress thatPB2 (σ) is a partition ofB2 (σ); the fact thatB2 (σ) is also a subset

of the partition σ should not create confusion.

Example 5.12.1 (i) Let n = 7, and σ = {{1, 2} , {3, 4} , {5, 6} , {7}}. Then,

B2 (σ) = {{1, 2} , {3, 4} , {5, 6}}

and PB2 (σ) contains the six ordered pairs:

({{1, 2} , {3, 4}} ; {{5, 6}}) ; ({{5, 6}} ; {{1, 2} , {3, 4}})
({{1, 2} , {5, 6}} ; {{3, 4}}) ; ({{3, 4}} ; {{1, 2} , {5, 6}})
({{3, 4} , {5, 6}} ; {{1, 2}}) ; ({{1, 2}} ; {{3, 4} , {5, 6}}).

For instance, the first ordered pair is made up of R1 = {{1, 2} , {3, 4}} and
R2 = {{5, 6}}, whose union is B2 (σ).

(ii) If n = 5 and σ = {{1, 2, 3} , {4} , {5}}, then B1 (σ) = {{4} , {5}}, B2 (σ) =
{{1, 2, 3}} and PB2 (σ) = ∅.
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(iii) If n = 7 and σ = {{1, 2, 3} , {4, 5} , {6} , {7}}, then B1 (σ) = {{6} , {7}} and
B2 (σ) = {{1, 2, 3} , {4, 5}}. Also, the set PB2 (σ) contains the two ordered
pairs

({1, 2, 3} ; {4, 5}) and ({4, 5} , {1, 2, 3}) .
We shall now suppose that ϕ is a compensated Poisson measure.

Theorem 5.12.2 Let ϕ = N̂ be a compensated Poisson measure with non-atomic
control measure ν, and letN (·) � N̂ (·) + ν (·). For every n ≥ 2 and every A ∈ Zν ,

StN̂,[n]

1̂
(A× · · · ×A︸ ︷︷ ︸

n times

) � ΔN̂
n (A) = N (A) (5.12.88)

(ΔN̂
n (·) is the diagonal measure of order n associated with N̂ ). Moreover, for every

A1, ..., An ∈ Zν ,

StN̂,[n]

1̂
(A1 × · · · ×An) = N (A1 ∩ · · · ∩An) . (5.12.89)

More generally, for every n ≥ 2, σ ∈ P ([n]) and A1, ..., An ∈ Zν ,

StN̂,[n]
≥σ (A1 × · · · ×An) (5.12.90)

=
∏

b={i1,...,i�}∈B2(σ)

N (Ai1 ∩ · · · ∩Ai�
)

k∏
a=1

N̂ (Aja) ,

where {{j1} , ..., {jk}} = B1 (σ), and also

StN̂,[n]
σ (A1 × · · · ×An) (5.12.91)

=
∑

(R1;R2)∈PB2(σ)

∏
b={i1,...,i�}∈R1

ν (Ai1 ∩ · · · ∩Ai�
)× (5.12.92)

× St N̂,[|R2|+k]

0̂

(
X

b={e1,...,em}∈R2

(Ae1 ∩ · · · ∩Aem)×Aj1 × · · · ×Ajk

)
(5.12.93)

+ St N̂,[|B2(σ)|+k]

0̂

(
X

b={i1,...,i�}∈B2(σ)
(Ai1 ∩ · · · ∩Ai�

)×Aj1 × · · · ×Ajk

)
(5.12.94)

+
∏

b={i1,...,i�}∈B2(σ)

ν (Ai1 ∩ · · · ∩Ai�
) St N̂,[k]

0̂
(Aj1 × · · · ×Ajk

) ,

(5.12.95)

where {{j1} , ..., {jk}} = B1 (σ) and where (by convention) Σ∅ ≡ 0, Π∅ ≡ 0 and

St N̂,[0]

0̂
≡ 1. Also, |R2| and |B2 (σ)| stand, respectively, for the cardinality of R2 and

B2 (σ), and in formula (5.12.93) we used the notation

X
b={e1,...,em}∈R2

(Ae1∩···∩Aem) = X
b∈R2

(∩e∈bAe) = (∩e∈b1Ae)×···×(∩e∈b|R2|Ae),
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where b1, ...., b|R2| is some enumeration of R2 (note that, due to the symmetry of

St N̂,[|R2|+k]

0̂
, the choice of the enumeration is immaterial). The summand appearing

in formula (5.12.94) is defined via the same conventions.

Remarks. (a) When writing formula (5.12.94), we implicitly use the following con-
vention: ifB2 (σ) = ∅, then the symbol X

b={i1,...,i�}∈B2(σ)
(Ai1∩···∩Ai�

) is immaterial,

and one should read

X
b={i1,...,i�}∈B2(σ)

(Ai1∩···∩Ai�
)×Aj1×···×Ajk

= Aj1×···×Ajk
= A1×···×An,

(5.12.96)
where the last equality follows from the fact that, in this case, k = n and

{j1, ..., jk} = {1, ..., n} = [n] .

To see how the convention (5.12.96) works, suppose that B2 (σ) = ∅. Then,
PB2 (σ) = ∅ and consequently, according to the conventions stated in Theorem
5.12.2, the lines (5.12.92)–(5.12.93) and (5.12.95) are equal to zero (they correspond,
respectively, to a sum and a product over the empty set). The equality (5.12.91) reads
therefore

StN̂,[n]
σ (A1 × · · · ×An) =

St N̂,[n]

0̂

(
X

b={i1,...,i�}∈B2(σ)
(Ai1 ∩ · · · ∩Ai�

)×Aj1 × · · · ×Ajk

)
. (5.12.97)

By using (5.12.96) one obtains

St N̂,[n]

0̂

(
X

b={i1,...,i�}∈B2(σ)
(Ai1 ∩ · · · ∩Ai�

)×Aj1 × · · · ×Ajk

)
= St N̂,[n]

0̂
(Aj1 × · · · ×Ajk

) = StN̂,[n]
σ (A1 × · · · ×An) ,

entailing that, in this case, relation (5.12.91) is equivalent to the identity St N̂,[n]

0̂
=

St N̂,[n]

0̂
.

(b) If k = 0 (that is, if B1 (σ) equals the empty set), then, according to the con-
ventions stated in Theorem 5.12.2, one has

St N̂,[k]

0̂
= St N̂,[0]

0̂
= 1.

This yields that, in this case, one should read line (5.12.95) as follows:∏
b={i1,...,i�} ∈B2(σ)

ν (Ai1 ∩ · · · ∩Ai�
) St N̂,[k]

0̂
(Aj1 × · · · ×Ajk

)

=
∏

b={i1,...,i�} ∈B2(σ)

ν (Ai1 ∩ · · · ∩Ai�
) .
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(c) If k = 0, one should also read line (5.12.93) as

StN̂,[|R2|+k]

0̂

(
X

b={e1,...,em}∈R2

(Ae1 ∩ · · · ∩Aem)×Aj1 × · · · ×Ajk

)
= StN̂,[|R2|]

0̂

(
X

b={e1,...,em}∈R2

(Ae1 ∩ · · · ∩Aem)
)
,

and line (5.12.94) as

StN̂,[|B2(σ)|+k]

0̂

(
X

b={i1,...,i�}∈B2(σ)
(Ai1 ∩ · · · ∩Ai�

)×Aj1 × · · · ×Ajk

)
= StN̂,[|B2(σ)|]

0̂

(
X

b={i1,...,i�}∈B2(σ)
(Ai1 ∩ · · · ∩Ai�

)
)
.

Proof of Theorem 5.12.2. To see that (5.12.89) must necessarily hold, use the fact
that ν is non-atomic by assumption. Therefore,

StN̂,[n]

1̂
(A1 × · · · ×An) = StN̂,[1]

0̂
(A1 ∩ · · · ∩An) + ν(A1 ∩ · · · ∩An)

= N̂(A1 ∩ · · · ∩An) + ν(A1 ∩ · · · ∩An) = N(A1 ∩ · · · ∩An).

Observe also that (5.12.89) implies (5.12.88). Equation (5.12.90) is an immediate con-
sequence of (5.7.67), (5.12.88) and (5.12.89). To prove (5.12.91), use (5.12.90) and the
relation

N = N̂ + ν,

to write

StN̂,[n]
≥σ (A1 × · · · ×An)

=
n∏

�=2

∏
b={i1,...,i�}∈σ

[
N̂ (Ai1 ∩ · · · ∩Ai�

) + ν (Ai1 ∩ · · · ∩Ai�
)
] k∏

a=1

N̂ (Aja) ,

and the last expression equals∑
(R1;R2)∈PB2(σ)

∏
b={i1,...,i�} ∈R1

ν (Ai1 ∩ · · · ∩Ai�
)×

× St N̂,[|R2|+k]

≥0̂

(
X

b={e1,...,em}∈R2

(Ae1 ∩ · · · ∩Aem)×Aj1 × · · · ×Ajk

)
+ St N̂,[|B2(σ)|+k]

≥0̂

(
X

b={i1,...,i�}∈B2(σ)
(Ai1 ∩ · · · ∩Ai�

)×Aj1 × · · · ×Ajk

)
+

∏
b={i1,...,i�} ∈B2(σ)

ν (Ai1 ∩ · · · ∩Ai�
) St N̂,[k]

≥0̂
(Aj1 × · · · ×Ajk

) ,

since
St N̂,[n]

≥0̂
(A1 × · · · ×An) = N̂ (A1) · · · N̂ (An) .
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The term before last in the displayed equation corresponds to R1 = ∅, R2 = B2 (σ),
and the last term to R1 = B2 (σ) and R2 = ∅. By definition, these two cases are not
involved in PB2 (σ). The last displayed equation yields

StN̂,[n]
σ (A1 × · · · ×An) = StN̂,[n]

≥σ

(
(A1 × · · · ×An)1Zn

σ

)
=

∑
(R1;R2)∈PB2(σ)

∏
b={i1,...,i�} ∈R1

ν (Ai1 ∩ · · · ∩Ai�
)×

× St N̂,[|R2|+k]

≥0̂([
X

b={e1,...,em}∈R2

(Ae1 ∩ · · · ∩Aem)×Aj1 × · · · ×Ajk

]
1

Z
|R2|+k

0̂

)
+ St N̂,[|B2(σ)|+k]

≥0̂([
X

b={i1,...,i�}∈B2(σ)
(Ai1 ∩ · · · ∩Ai�

)×Aj1 × · · · ×Ajk

]
1

Z
|B2(σ)|+k

0̂

)
+

∏
b={i1,...,i�} ∈B2(σ)

ν (Ai1 ∩ · · · ∩Ai�
) St N̂,[k]

≥0̂

(
[Aj1 × · · · ×Ajk

]1Zk
0̂

)
.

Since, by definition,

St N̂,[|R2|+k]

≥0̂

([
X

b={e1,...,em}∈R2

(Ae1 ∩ · · · ∩Aem)×Aj1 × · · · ×Ajk

]
1

Z
|R2|+k

0̂

)
= St N̂,[|R2|+k]

0̂

(
X

b={e1,...,em}∈R2

(Ae1 ∩ · · · ∩Aem)×Aj1 × · · · ×Ajk

)
,

and

St N̂,[|B2(σ)|+k]

≥0̂ ([
X

b={i1,...,i�}∈B2(σ)
(Ai1 ∩ · · · ∩Ai�

)×Aj1 × · · · ×Ajk

]
1

Z
|B2(σ)|+k

0̂

)
= St N̂,[|B2(σ)|+k]

0̂

(
X

b={i1,...,i�}∈B2(σ)
(Ai1 ∩ · · · ∩Ai�

)×Aj1 × · · · ×Ajk

)
,

and

St N̂,[k]

≥0̂

(
[Aj1 × · · · ×Ajk

]1Zk
0̂

)
= St N̂,[k]

0̂
(Aj1 × · · · ×Ajk

) ,

one obtains immediately the desired conclusion.
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Remark on the integral notation. It is instructive to express the results of Theorem
5.12.2 in integral notation. With f (z1, ..., zn) = g (z1) · · · g (zn), formula (5.12.90)
becomes ∫

∪π≥σZn
π

g (z1) · · · g (zn) N̂ (dz1) · · · N̂ (dzn)

=

⎛⎝ ∏
b∈σ,|b|≥2

∫
Z

g (z)|b|N (dz)

⎞⎠× (∫
Z

g (z) N̂ (dz)
)k

,

where k = |B1 (σ)| . Again with f (z1, .., zn) = g (z1) · · · g (zn), (5.12.91)–(5.12.95)
become∫

Zn
σ

g (z1) · · · g (zn) N̂ (dz1) · · · N̂ (dzn)

=
∑

(R1;R2)∈PB2(σ)

∏
b∈R1

∫
Z

g (z)|b| ν (dz)× 1{
R2=

{
b1,...,b|R2|

}}×

×
∫

z1 �=···�=z|R2|+k

g (z1)
|b1| · · · g (z|R2|

)∣∣∣b|R2|
∣∣∣
g
(
z|R2|+1

) · · · g (z|R2|+k

)
N̂ (dz1) · · · N̂

(
dz|R2|+k

)
+ 1{

B2(σ)=
{

b1,...,b|B2(σ)|
}}×

×
∫

z1 �=···�=z|B2(σ)|+k

g (z1)
|b1| · · · g (z|B2(σ)|

)∣∣∣b|B2(σ)|
∣∣∣
g
(
z|B2(σ)|+1

) · · ·
g
(
z|B2(σ)|+k

)
N̂ (dz1) · · · N̂

(
dz|R2|+k

)
+

∏
b∈B2(σ)

∫
Z

g (z)|b| ν (dz)×
∫

z1 �=···�=zk

g (z1) · · · g (zk) N̂ (dz1) · · · N̂ (dzk) ,

where k = |B1 (σ)|.

Example 5.12.3 The examples below apply to a compensated Poisson measure N̂ ,
and should be compared with those discussed after Theorem 5.11.1. We suppose
throughout that n ≥ 2.

(i) When σ = 0̂ = {{1} , ..., {n}} one has, as in the Gaussian case,

StN̂,[n]

≥0̂
(A1 × · · · ×An) = N̂ (A1) · · · N̂ (An)

because the symbol “ ≥ 0̂ ” entails no restriction on the considered partitions. In
integral notation, this becomes

StN̂,[n]

≥0̂
(f) =

∫
Zn

f (z1, ..., zn) N̂ (dz1) · · · N̂ (dzn) .
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The case of equality (5.12.91) has already been discussed: indeed, since σ = 0̂,
and according to the conventions stated therein, one has that

B2 (σ) = PB2 (σ) = ∅,

and therefore (5.12.91) becomes an identity given by (5.12.95), namely

StN̂,[n]

0̂
(·) = StN̂,[n]

0̂
(·). Observe that, in integral notation, StN̂,[n]

0̂
(·) is ex-

pressed as

StN̂,[n]

0̂
(f) =

∫
z1 �=···�=zn

f (z1, ..., zn) N̂ (dz1) · · · N̂ (dzn) .

(ii) Suppose now σ = 1̂ = {{1, ..., n}}. Then, (5.12.91) reduces to (5.12.89). To see
this, note that k = 0 and that B2

(
1̂
)
contains only the block {1, ..., n}, so that

PB2 (σ) = ∅. Hence the sum appearing in (5.12.92) vanishes and one has

StN̂,[n]

1̂
(A1 × · · · ×An) = St N̂,[1]

0̂
(A1 ∩ · · · ∩An) + ν (A1 ∩ · · · ∩An)

= N̂ (A1 ∩ · · · ∩An) + ν (A1 ∩ · · · ∩An) = N (A1 ∩ · · · ∩An) .

In integral notation,

StN̂,[n]

1̂
(f) =

∫
z1=···=zn

f (z1, ..., zn) N̂ (dz1) · · · N̂ (dzn)

=
∫

Z

f (z, ..., z)N (dz) .

This last relation makes sense heuristically, in view of the computational rule(
N̂ (dx)

)2
= (N (dx))2 − 2N (dx) ν (dx) + (ν (dx))2 = N (dx) ,

since (N (dx))2 = N (dx) and ν is non-atomic.
(iii) Let n = 3 and σ = {{1} , {2, 3}}, so thatB2 (σ) = {{2, 3}} andPB2 (σ) = ∅.

According to (5.12.90),

StN̂,[3]
≥σ (A1 ×A2 ×A3) = N̂ (A1)N (A2 ∩A3) . (5.12.98)

On the other hand, (5.12.91) yields

StN̂,[3]
σ (A1 ×A2 ×A3) = StN̂,[2]

0̂
(A1 × (A2 ∩A3)) + N̂ (A1) ν (A2 ∩A3) .

(5.12.99)
In integral form, relation (5.12.98) becomes

StN̂,[3]
≥σ (f) =

∫
Z

∫
Z

f (z1, z2, z2) N̂ (dz1)N (dz2) ,
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and (5.12.99) becomes

StN̂,[3]
σ (f) =

∫
z1 �=z2, z2=z3

f (z1, z2, z3) N̂ (dz1) N̂ (dz2) N̂ (dz3)

=
∫

z1 �=z2

f (z1, z2, z2) N̂ (dz1) N̂ (dz2)

+
∫

Z2

f (z1, z2, z2) N̂ (dz1) ν (dz2) .

This last relation makes sense heuristically, by noting that

N̂ (dz1) N̂ (dz2) N̂ (dz2) = N̂ (dz1)N (dz2)

= N̂ (dz1) N̂ (dz2) + N̂ (dz1) ν (dz2) .

We also stress that StN̂,[3]
σ (f) can be also be expressed as

StN̂,[3]
σ (f) = IN̂

2 (g1) + IN̂
1 (g2) , (5.12.100)

where
g1 (x, y) = f (x, y, y)

and

g2 (x) =
∫

Z

f (x, y, y) ν (dy) .

The form (5.12.100) will be needed later. Since, by (5.12.89),

StN̂,[3]

1̂
(A1 ×A2 ×A3) = N (A1 ∩A2 ∩A3) and since, for our σ, one

has StN̂,[3]
≥σ = StN̂,[3]

σ + StN̂,[3]

1̂
, one also deduces the relation

N̂ (A1)N (A2 ∩A3) =

StN̂,[2]

0̂
(A1 × (A2 ∩A3)) +N (A1 ∩A2 ∩A3) + N̂ (A1) ν (A2 ∩A3) ,

or, equivalently, since N̂ = N + ν,

N̂ (A1) N̂ (A2 ∩A3) =

StN̂,[2]

0̂
(A1 × (A2 ∩A3)) + ν (A1 ∩A2 ∩A3) + N̂ (A1 ∩A2 ∩A3) .

(5.12.101)

We will see that (5.12.101) is consistent with the multiplication formulae of next
chapter.

(iv) Let n = 6, and σ = {{1, 2} , {3} , {4} , {5, 6}}, so that

B2 (σ) = {{1, 2} , {5, 6}}
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and the class PB2 (σ) contains the two pairs

({1, 2} ; {5, 6}) and ({5, 6} ; {1, 2}) .
First, (5.12.90) gives

StN̂,[6]
≥σ (A1 × ...×A6) = N (A1 ∩A2)N (A5 ∩A6) N̂ (A3) N̂ (A4) .

Moreover, we deduce from (5.12.91) that

StN̂,[6]
σ (A1 × ...×A6) = ν (A1 ∩A2) StN̂,[3]

0̂
((A5 ∩A6)×A3 ×A4)

+ν (A5 ∩A6) StN̂,[3]

0̂
((A1 ∩A2)×A3 ×A4)

+StN̂,[4]

0̂
((A1 ∩A2)× (A5 ∩A6)×A3 ×A4)

+ν (A1 ∩A2) ν (A5 ∩A6) StN̂,[2]

0̂
(A3 ×A4) .

The last displayed equation becomes in integral form

StN̂,[6]
σ (f)

=
∫

z1=z2, z5=z6, z3 �=z4
z3 �=z1, z4 �=z1
z3 �=z5, z4 �=z5

f (z1, ..., z6) N̂ (dz1) · · · N̂ (dz6)

=
∫

w,x �=y �=z

f (w,w, x, y, z, z) ν (dw) N̂ (dx) N̂ (dy) N̂ (dz)

+
∫

w �=x �=y,z

f (w,w, x, y, z, z) N̂ (dw) N̂ (dx) N̂ (dy) ν (dz)

+
∫

w �=x �=y �=z

f (w,w, x, y, z, z) N̂ (dw) N̂ (dx) N̂ (dy) N̂ (dz)

+
∫

w,x �=y,z

f (w,w, x, y, z, z) ν (dw) N̂ (dx) N̂ (dy) ν (dz) .

Indeed, let us denote the RHS of the last expression as (I)+(II)+(III)+(IV ).
For (I) and (II), we use (5.12.92)–(5.12.93) with R1 = {{1, 2}} and R2 =
{{5, 6}} and k = 2, which corresponds to the number of singletons {3} , {4}.
For (III), we use (5.12.94), with k + |B2 (σ)| = 2 + 2 = 4, and B2 (σ) =
{{1, 2} , {5, 6}} . For (5.12.95) we use k = 2 and our B2 (σ).

(v) Let n = 6, and σ = {{1, 2} , {3} , {4} , {5} , {6}}. Here,B2 (σ) = {{1, 2}} and
the class PB2 (σ) is empty. Then,

StN̂,[6]
≥σ (A1 × ...×A6) = N (A1 ∩A2) N̂ (A3) N̂ (A4) N̂ (A5) N̂ (A6) ,

and also

StN̂,[6]
σ (A1 × ...×A6) = ν (A1 ∩A2) StN̂,[4]

0̂
(A3 ×A4 ×A5 ×A6)

+StN̂,[4]

0̂
((A1 ∩A2)×A3 ×A4 ×A5 ×A6) .
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In integral form,

StN̂,[6]
σ (f)

=
∫

z1=z2,
z1 �=zj , j=3,...,6
zi �=zj , 3≤i�=j≤6

f (z1, z2, z3, z4, z5, z6)
6∏

j=1

N̂ (dzj)

=
∫

z1 �=zj , j=3,...,6
zi �=zj , 3≤i�=j≤6

f (z1, z1, z3, z4, z5, z6) ν (dz1)
6∏

j=3

N̂ (dzj)

+
∫

z1 �=zj , j=3,...,6
zi �=zj , 3≤i�=j≤6

f (z1, z1, z3, z4, z5, z6) N̂ (dz1)
6∏

j=3

N̂ (dzj) .

Corollary 5.12.4 Suppose that the Assumptions of Theorem 5.12.2 hold. Fix σ ∈
P ([n]) and assume that |b| ≥ 2, for every b ∈ σ. Then,

E
[
StN̂,[n]

σ (A1 × · · · ×An)
]

=
n∏

m=2

∏
b∈{j1,...,jm}∈σ

ν (Aj1 ∩ · · · ∩Ajm) .

(5.12.102)

Proof. Use (5.12.91)–(5.12.95) and note that, by assumption, k = 0 (the partition σ
does not contain any singleton {j}). It follows that the sum in (5.12.92) vanishes, and
one is left with

E
[
StN̂,[n]

σ (A1 × · · · ×An)
]

= E
[
St N̂,[k+|B2(σ)|]

0̂

(
X

b={i1,...,i�}∈B2(σ)
(Ai1 ∩ · · · ∩Ai�

)×Aj1 × · · · ×Ajk

)]
+

∏
b={i1,...,i�}∈B2(σ)

ν (Ai1 ∩ · · · ∩Ai�
)

=
∏

b={i1,...,i�}∈B2(σ)

ν (Ai1 ∩ · · · ∩Ai�
) ,

which is equal to the RHS of (5.12.102).

5.13 A stochastic Fubini theorem

A stochastic Fubini theorem allows one to interchange deterministic and stochastic
integrals. The following result is taken from [117].

Theorem 5.13.1 Let ϕ be a completely random measure on (Z,Z) with non-atomic
control ν, let (S, μ) be a measure space and f(s, x1, . . . , xk) be a deterministic func-
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tion such that∫
S

‖f(s, ·)‖L2(Rk) μ(ds) =∫
S

(∫
Rk

f(s, x1, . . . , xk)2ν(dx1) . . . ν(dxk)
) 1

2

μ(ds) <∞. (5.13.103)

Then,

Iϕ
k

(∫
S

f(s, ·)μ(ds)
)

=
∫ ′

Rk

{∫
S

f(s, x1, . . . , xk)μ(ds)
}
ϕ(dx1) . . . ϕ(dxk)

(5.13.104)

=
∫

S

{∫ ′

Rk

f(s, x1, . . . , xk)ϕ(dx1) . . . ϕ(dxk)
}
μ(ds)

=
∫

S

Iϕ
k (f(s, ·))μ(ds), a.s.-P. (5.13.105)

Remark. The sense in which the right-hand side of (5.13.105) is defined, is explained
in the proof below. If μ(S) <∞, note also that the condition (5.13.103) is implied by∫

S

∫
Rk

f(s, x1, . . . , xk)2ν(dx1) . . . ν(dxk)μ(ds) <∞. (5.13.106)

For convenience, we include a “prime” in (5.13.104) and (5.13.105) to indicate that
one does not integrate on hyperdiagonals xi = x� for i �= �.

Proof. Under (5.13.103), the right-hand side
∫

S
Iϕ
k (f(s, ·))μ(ds) of (5.13.105) can

be defined in a natural sense through approximating elementary functions. One can
choose a sequence of elementary functions

fn(s, x1, . . . , xk) =
kn∑

m,n1,...,nk=1

an
m,n1,...,nk

1Bn×An
n1
×...×An

nk
(s, x1, . . . , xk),

where an
m,n1,...,nk

= 0 if any two indices ni and nj are equal, such that∫
S

‖fn(s, ·)‖L2(Rk)μ(ds) <∞

and ∫
S

‖f(s, ·)− fn(s, ·)‖L2(Rk)μ(ds)→ 0.

Indeed, to show that such a sequence exists, it is enough to construct it for a function

1B×A(s, x1, . . . , xn) = 1B(s)1A(x1, . . . , xn).
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This is the same as constructing elementary functions

gn(x1, . . . , xk) =
kn∑

n1,...,nk=1

an
n1,...,nk

1An
n1
×...×An

nk
(x1, . . . , xk),

where an
n1,...,nk

= 0 if any two indices ni and nj are equal, such that ‖gn‖L2(Rk) <

∞ and ‖1A − gn‖L2(Rk) → ∞. How this can be done is explained, for example, in
Nualart [94, p. 10]. The integral

∫
S
Iϕ
k (f(s, ·))μ(ds) is now defined as the limit of∫

S
Iϕ
k (fn(s, ·))μ(ds) in the L1(P)-sense. The limit exists since

E

∣∣∣∣∫
S

Iϕ
k (fm(s, ·))μ(ds)−

∫
S

Iϕ
k (fn(s, ·))μ(ds)

∣∣∣∣
≤
∫

S

E|Iϕ
k (fm(s, ·)− fn(s, ·))|μ(ds)

≤
∫

S

(
E|Iϕ

k (fm(s, ·)− fn(s, ·))|2
)1/2

μ(ds)

≤ (k!)1/2
∫

S

‖fm(s, ·)− fn(s, ·))‖L2(Rk)μ(ds)→ 0,

asm,n→ 0, and it does not depend on the approximating sequence.
With the above definition of

∫
S
Iϕ
k (f(s, ·))μ(ds), the proof of (5.13.105) is now el-

ementary. The relation (5.13.105) clearly holds for the elementary functions fn above.
As n → ∞, its right-hand side converges to ∫

S
Iϕ
k (f(s, ·))μ(ds) by the definition

above. For the left-hand side, observe that∥∥∥∥∫
S

f(s, ·)μ(ds)−
∫

S

fn(s, ·)μ(ds)
∥∥∥∥

L2(Rk)

=
∥∥∥∥∫

S

(f(s, ·)− fn(s, ·))μ(ds)
∥∥∥∥

L2(Rk)

≤
∫

S

‖(f(s, ·)− fn(s, ·))‖L2(Rk)μ(ds)→ 0,

where we have used the generalized Minkowski’s inequality. Therefore, as n → ∞,
the left-hand side converges to Iϕ

k (
∫

S
f(s, ·)μ(ds)) in the L2(P)-sense.

See Section 11.5 for an example involving an explicit use of stochastic Fubini
theorems.
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Multiplication formulae

6.1 The general case

The forthcoming Theorem 6.1.1 applies to every good completely random measure
ϕ. It gives a universal combinatorial rule, according to which every product of mul-
tiple stochastic integrals can be represented as a sum over diagonal measures that are
indexed by non-flat diagrams (as defined in Section 4.1). We will see that product for-
mulae are crucial in order to deduce explicit expressions for the cumulants and the
moments of multiple integrals. As discussed later in this chapter, Theorem 6.1.1 con-
tains (as special cases) two celebrated product formulae for integrals with respect to
Gaussian and Poisson random measures. We provide two proofs of Theorem 6.1.1:
the first one is new and it is based on a decomposition of partially diagonal sets; the
second consists in a slight variation of the combinatorial arguments displayed in the
proofs of [132, Th. 3 and Th. 4], and is included for the sake of completeness. The the-
orem is formulated for simple kernels to ensure that the integrals are always defined,
in particular the quantity Stϕ,[n]

σ , which appears on the RHS of (6.1.2).

Theorem 6.1.1 (Rota and Wallstrom) Let ϕ be a good completely random measure
with non-atomic control ν. For n1, n2, ..., nk ≥ 1, we write

n = n1 + · · ·+ nk,

and we denote by π∗ the partition of [n] given by

π∗ = {{1, ..., n1} , {n1 + 1, ..., n1 + n2} , ..., {n1 + ...+ nk−1 + 1, ..., n}} .
(6.1.1)

Then, if the kernels f1, ..., fk are such that fj ∈ Es,0 (νnj ) (j = 1, ..., k), one has that

k∏
j=1

Iϕnj
(fj)=

k∏
j=1

Stϕ,[nj ]

0̂
(fj)=

∑
σ∈P([n]):σ∧π∗=0̂

Stϕ,[n]
σ (f1 ⊗0 f2 ⊗0 · · · ⊗0 fk),

(6.1.2)

G. Peccati, M.S. Taqqu: Wiener Chaos: Moments, Cumulants and Diagrams –
A survey with computer implementation.
© Springer-Verlag Italia 2011
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where, by definition, the function in n variables f1 ⊗0 f2 ⊗0 · · · ⊗0 fk ∈ E (νn)
(sometimes called the tensor product of f1, ..., fk is defined as

f1 ⊗0 f2 ⊗0 · · · ⊗0 fk (x1, x2, ..., xn) =
k∏

j=1

fj

(
xn1+...+nj−1+1, ..., xn1+...+nj

)
,

(n0 = 0). (6.1.3)

First proof. From the discussion of the previous chapter, one deduces that

k∏
j=1

Stϕ,[nj ]

0̂
(fj) = Stϕ,[n]

≥0̂
[(f1 ⊗0 · · · ⊗0 fk)1A∗ ] ,

where
A∗ = {(z1, ..., zn) ∈ Zn : zi �= zj , ∀i �= j such that i ∼π∗ j} ,

that is, A∗ is obtained by excluding all diagonals within each block of π∗. We shall
prove that

A∗ =
⋃

σ∈P([n]):σ∧π∗=0̂

Zn
σ . (6.1.4)

Suppose first σ is such that σ ∧ π∗ = 0̂, that is, the meet of σ and π∗ is given by
the singletons. For every (z1, ..., zn) ∈ Zn

σ the following implication holds: if i �= j

and i ∼π∗ j, then i and j are in two different blocks of σ, and therefore zi �= zj .
This implies that Zn

σ ⊂ A∗. For the converse, take (z1, ..., zn) ∈ A∗, and construct a
partition σ ∈ P ([n]) by the following rule: i ∼σ j if and only if zi = zj . For every pair
i �= j such that i ∼π∗ j, one has (by definition ofA∗) zi �= zj , so that σ∧π∗ = 0̂, and

hence (6.1.4). To conclude the proof of the theorem, just use the additivity of Stϕ,[n]

≥0̂
to write

Stϕ,[n]

≥0̂
[(f1 ⊗0 · · · ⊗0 fk)1A∗ ] =

∑
σ∧π∗=0̂

Stϕ,[n]

≥0̂

[
(f1 ⊗0 · · · ⊗0 fk)1Zn

σ

]
=

∑
σ∧π∗=0̂

Stϕ,[n]
σ (f1 ⊗0 · · · ⊗0 fk) ,

by using the relation
Stϕ,[n]

≥0̂

[
(·)1Zn

σ

]
= Stϕ,[n]

σ [·] .

Second proof (see [132]). This proof uses Proposition 2.6.5 and Proposition 2.6.6. To
simplify the discussion (and without loss of generality) we can assume that n1 ≥ n2 ≥
· · · ≥ nk. For j = 1, ..., k we have that

Stϕ,[nj ]

0̂
(fj) =

∑
σ∈P([nj ])

μ
(

0̂, σ
)

Stϕ,[nj ]
≥σ (fj) ,
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where we have used (5.4.50) with π = 0̂. From this relation one obtains

k∏
j=1

Stϕ,[nj ]

0̂
(fj) =

∑
σ1∈P([n1])

· · ·
∑

σk∈P([nk])

k∏
j=1

μ
(

0̂, σj

)
Stϕ,[nj ]
≥σj

(fj)

=
∑

ρ∈P([n]):ρ≤π∗
μ
(

0̂, ρ
)

Stϕ,[n]
≥ρ (f1 ⊗0 · · · ⊗0 fk) , (6.1.5)

where π∗ is defined in (6.1.1). To prove equality (6.1.5), recall the definition of “class”
in Section 2.3, as well as Example 2.3.3-(v). Observe that the segment

[
0̂, π∗

]
has class

(n1, ..., nk), thus yielding (thanks to Proposition 2.6.6) that
[
0̂, π∗

]
is isomorphic to

the lattice product of the P ([nj ])’s. This implies that each vector

(σ1, ..., σk) ∈ P ([n1])× · · · × P ([nk])

has indeed the form
(σ1, ..., σk) = ψ−1 (ρ)

for a unique ρ ∈
[
0̂, π∗

]
, where ψ is a bijection defined as in (2.6.37). Now use, in

order, Part 2 and Part 1 of Proposition 2.6.5 to deduce that

k∏
j=1

μ
(

0̂, σj

)
= μ

(
0̂, (σ1, ..., σk)

)
= μ

(
0̂, ψ−1 (ρ)

)
= μ

(
0̂, ρ

)
. (6.1.6)

Observe that
0̂ = {{1} , ..., {nj}} in μ

(
0̂, σj

)
,

whereas
0̂ = {{1} , ..., {n}} in μ(0̂, ρ).

Also, one has the relation

k∏
j=1

Stϕ,[nj ]
≥σj

(fj) = Stϕ,[n]
≥ρ (f1 ⊗0 · · · ⊗0 fk) , (6.1.7)

by the definition of Stϕ,[n]
≥ρ as the measure charging all the diagonals associated,

through the map ψ, with the blocks of all the partitions σj (j = 1, ..., k). Then, (6.1.6)
and (6.1.7) yield immediately (6.1.5). To conclude the proof, write∑

ρ∈P([n]):ρ≤π∗
μ
(

0̂, ρ
)

Stϕ,[n]
≥ρ (f1 ⊗0 · · · ⊗0 fk)

=
∑

ρ∈P([n]):ρ≤π∗
μ
(

0̂, ρ
)∑

γ≥ρ

Stϕ,[n]
γ (f1 ⊗0 · · · ⊗0 fk)

=
∑

γ∈P([n])

Stϕ,[n]
γ (f1 ⊗0 · · · ⊗0 fk)

∑
0̂≤ρ≤π∗∧γ

μ
(

0̂, ρ
)
.
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Since, by (2.6.33),

∑
0̂≤ρ≤π∗∧γ

μ
(

0̂, ρ
)

=
{

0 if π∗ ∧ γ �= 0̂
1 if π∗ ∧ γ = 0̂.

,

relation (6.1.2) is obtained. �

Remark. The RHS of (6.1.2) can also be reformulated in terms of diagrams and in
terms of graphs, as follows:∑

σ∈P([n]):Γ (π∗,σ) is non-flat

Stϕ,[n]
σ (f1 ⊗0 f2 ⊗0 · · · ⊗0 fk) ,

whereΓ (π∗, σ) is the diagram of (π∗, σ), as defined in Section 4.1, or, whenever every
Γ (π∗, σ) involved in the previous sum is Gaussian,∑

σ∈P([n]):Γ̂ (π∗,σ) has no loops

Stϕ,[n]
σ (f1 ⊗0 f2 ⊗0 · · · ⊗0 fk) ,

where Γ̂ (π∗, σ) is the graph of (π∗, σ) defined in Section 4.3. This is because, thanks
to Proposition 4.3.2, the relation π∗ ∧ σ = 0̂ indicates that Γ (π∗, σ) is non-flat or,
equivalently in the case of Gaussian diagrams, that Γ̂ (π∗, σ) has no loops.

Example 6.1.2 (i) Set k = 2 and n1 = n2 = 1 in Theorem 6.1.1. Then, n = 2,

P ([2]) =
{

0̂, 1̂
}
and π∗ = {{1} , {2}} = 0̂. Since 0̂ ∧ 0̂ = 0̂ and 1̂ ∧ 0̂ = 0̂,

(6.1.2) gives immediately that, for every pair of elementary functions f1, f2,

Iϕ
1 (f1)× Iϕ

1 (f2) = Stϕ,[2]

0̂
(f1 ⊗0 f2) + Stϕ,[2]

1̂
(f1 ⊗0 f2)

= Iϕ
2 (f1 ⊗0 f2) + Stϕ,[2]

1̂
(f1 ⊗0 f2) . (6.1.8)

Note that, if ϕ = G is Gaussian, then relation (5.11.82) yields that

StG,[2]

1̂
(f1 ⊗0 f2) =

∫
Z

f1 (z) f2 (z) ν (dz) ,

so that, in integral notation,

IG
1 (f1)× IG

1 (f2) =∫ ∫
z1 �=z2

f1 (z1) f2 (z2)G (dz1)G (dz2) +
∫

Z

f1 (z) f2 (z) ν (dz) .

On the other hand, if ϕ is compensated Poisson, then

Stϕ,[2]

1̂
(f1 ⊗0 f2) =

∫
Z

f1 (z) f2 (z)N (dz) ,
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so that, by using the relation N = N̂ + ν, (6.1.8) reads

IN̂
1 (f1)× IN̂

1 (f2)

= IN̂
2 (f1 ⊗0 f2) +

∫
z

f1 (z) f2 (z) N̂ (dz) +
∫

z

f1 (z) f2 (z) ν (dz)

=
∫ ∫

z1 �=z2

f1 (z1) f2 (z2) N̂ (dz1) N̂ (dz2)

+
∫

z

f1 (z) f2 (z) N̂ (dz) +
∫

z

f1 (z) f2 (z) ν (dz)

= IN̂
2 (f1 ⊗0 f2) + IN̂

1 (f1f2) +
∫

z

f1 (z) f2 (z) ν (dz) .

(ii) Consider the case k = 2, n1 = 2 and n2 = 1. Then, n = 3, and π∗ =
{{1, 2} , {3}}. There are three elements σ1, σ2, σ3 ∈ P ([3]) such that σi ∧π∗ =
0̂, namely σ1 = 0̂, σ2 = {{1, 3} , {2}} and σ3 = {{1} , {2, 3}} . Then, (6.1.2)
gives that, for every pair f1 ∈ Es,0

(
ν2
)
, f2 ∈ E (ν),

Iϕ
2 (f1) × Iϕ

1 (f2) = St
ϕ,[3]

0̂
(f1 ⊗0 f2) + Stϕ,[3]

σ2
(f1 ⊗0 f2) + Stϕ,[3]

σ3
(f1 ⊗0 f2) .

= St
ϕ,[3]

0̂
(f1 ⊗0 f2) + 2Stϕ,[3]

σ2
(f1 ⊗0 f2) ,

where we have used the fact that, by the symmetry of f1, Stϕ,[3]
σ2 (f1 ⊗0 f2) =

Stϕ,[3]
σ3 (f1 ⊗0 f2).

When ϕ = G is a Gaussian measure, one can use (5.11.84) applied to σ2 to
deduce that

StG,[3]
σ2

(f1 ⊗0 f2) = IG
1

[∫
Z

f1 (·, z) f2 (z) ν (dz)
]
,

or, more informally,

StG,[3]
σ2

(f1 ⊗0 f2) =
∫

Z

∫
Z

f1 (z′, z) f2 (z′) ν (dz)G (dz′) ,

so that one gets

IG
2 (f1)× IG

1 (f2)

= StG,[3]

0̂
(f1 ⊗0 f2) + 2IG

1

[∫
Z

f1 (·, z) f2 (z) ν (dz)
]

=
∫ ∫ ∫

z1 �=z2 �=z3

f1 (z1, z2) f2 (z3)G (dz1)G (dz2)G (dz3)

+ 2
∫

Z

∫
Z

f1 (z′, z) f2 (z) ν (dz)G (dz′) .
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When ϕ = N̂ is compensated Poisson, as shown in (5.12.100), formula
(5.12.91), applied to σ2, yields

StN̂,[3]
σ2

(f1 ⊗0 f2) = IN̂
1

[∫
Z

f1 (·, z) f2 (z) ν (dz)
]

+ IN̂
2

[
f1 ⊗0

1 f2

]
,

where f1 ⊗0
1 f2 (z′, z) = f1 (z′, z) f2 (z).

(iii) Consider the case k = 3, n1 = n2 = n3 = 1. Then, n = 3, and π∗ =
{{1} , {2} , {3}} = 0̂. For every σ ∈ P ([3]) one has that σ ∧ π∗ = 0̂. Note
also that

P ([3]) =
{

0̂, ρ1, ρ2, ρ3, 1̂
}
,

where

ρ1 = {{1, 2} , {3}} , ρ2 = {{1, 3} , {2}} , ρ3 = {{1} , {2, 3}} ,

so that (6.1.2) gives that, for every f1, f2, f3 ∈ E (ν),

Iϕ
1 (f1) I

ϕ
1 (f2) I

ϕ
1 (f3) = Stϕ,[3]

0̂
(f1 ⊗0 f2 ⊗0 f3) + Stϕ,[3]

ρ1
(f1 ⊗0 f2 ⊗0 f3)

+Stϕ,[3]
ρ2

(f1 ⊗0 f2 ⊗0 f3) + Stϕ,[3]
ρ3

(f1 ⊗0 f2 ⊗0 f3)

+Stϕ,[3]

1̂
(f1 ⊗0 f2 ⊗0 f3) .

In particular, by taking f1 = f2 = f3 = f and by symmetry,

Iϕ
1 (f)3 =

Stϕ,[3]

0̂
(f ⊗0 f ⊗0 f) + Stϕ,[3]

1̂
(f ⊗0 f ⊗0 f) + 3Stϕ,[3]

ρ1
(f ⊗0 f ⊗0 f) .

(6.1.9)

When ϕ = G is Gaussian, then StG,[3]

1̂
= 0 by (5.11.82) and

Stϕ,[3]
ρ1 (f ⊗0 f ⊗0 f) = ‖f‖2

IG
1 (f), so that (6.1.9) becomes

IG
1 (f)3 = IG

3 (f ⊗0 f ⊗0 f) + 3 ‖f‖2 IG
1 (f)

=
∫ ∫ ∫

z1 �=z2 �=z3

f (z1) f (z2) f (z3)G (dz1)G (dz2)G (dz3)

+3
∫

Z

f (z)2
ν (dz)×

∫
Z

f (z)G (dz) .

When ϕ = N̂ is compensated Poisson, from (5.12.88), then

StN̂,[3]

1̂
(f ⊗0 f ⊗0 f) =

∫
f (z)3

N (dz) = IN̂
1

(
f 3
)

+
∫

Z

f 3 (z) ν (dz)

by (5.12.100), and also

StN̂,[3]
ρ1

(f ⊗0 f ⊗0 f) = ‖f‖2
IN̂

1 (f) + IN̂
2

(
f 2 ⊗0 f

)
,
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where

f 2 ⊗0 f (z, z′) = f 2 (z) f (z′) ,

so that (6.1.9) becomes

IN̂
1 (f)3 = IN̂

3 (f ⊗0 f ⊗0 f) + IN̂
1

(
f 3
)

+
∫

Z

f 3 (z) ν (dz)

+3 ‖f‖2
IN̂

1 (f) + IN̂
2

(
f 2 ⊗0 f

)
=
∫ ∫ ∫

z1 �=z2 �=z3

f (z1) f (z2) f (z3) N̂ (dz1) N̂ (dz2) N̂ (dz3)

+
∫

Z

f (z)3
(
N̂ + ν

)
(dz) + 3

∫
Z

f (z)2
ν (dz)×

∫
Z

f (z) N̂ (dz)

+
∫ ∫

z1 �=z2

f 2 (z1) f (z2) N̂ (dz1) N̂ (dz2) .

General applications to the Gaussian and Poisson cases are discussed, respectively,
in Section 6.4 and Section 6.5.

6.2 Contractions

As anticipated, the statement of Theorem 6.1.1 contains two well-known multiplica-
tion formulae, associated with the Gaussian and Poisson cases. In order to state these
results, we shall start with a standard definition of the contraction kernels associated
with two symmetric functions f and g.
Roughly speaking, given f ∈ L2

s (νp) and g ∈ L2
s (νq), the contraction of f and g

on Zp+q−r−l (r = 0, ..., q ∧ p and l = 1, ..., r), denoted

f �l
r g

is obtained by reducing the number of variables in the tensor product
f (x1, ..., xp) g (xp+1, ..., xp+q) as follows:

r variables are identified, and of these, l are integrated out with respect to ν.

The formal definition of f �l
r g is given below.

Definition 6.2.1 Let ν be a σ-finite measure on (Z,Z). For every q, p ≥ 1, f ∈
L2 (νp), g ∈ L2 (νq) (not necessarily symmetric), r = 0, ..., q ∧ p and l = 1, ..., r, the
contraction (of index (r, l)) of f and g onZp+q−r−l, is the function f �l

rg of p+q−r−l
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variables defined as follows:

f �l
r g(γ1, . . . , γr−l, t1, . . . , tp−r, s1, . . . , sq−r)

=
∫

Zl

f(z1, . . . , zl, γ1, . . . , γr−l, t1, . . . , tp−r)× (6.2.10)

× g(z1, . . . , zl, γ1, . . . , γr−l, s1, . . . , sq−r)νl (dz1...dzl)

and, for l = 0,

f �0
r g(γ1, . . . , γr, t1, . . . , tp−r, s1, . . . , sq−r) (6.2.11)

= f(γ1, . . . , γr, t1, . . . , tp−r)g(γ1, . . . , γr, s1, . . . , sq−r),

so that
f �0

0 g(t1, . . . , tp, s1, . . . , sq) = f(t1, . . . , tp)g(s1, . . . , sq).

For instance, if p = q = 2, one gets

f �0
1 g (γ, t, s) = f (γ, t) g (γ, s) , f �1

1 g (t, s)

=
∫

Z

f (z, t) g (z, s) ν (dz) (6.2.12)

f �1
2 g (γ) =

∫
Z

f (z, γ) g (z, γ) ν (dz) , (6.2.13)

f �2
2 g =

∫
Z

∫
Z

f (z1, z2) g (z1, z2) ν (dz1) ν (dz2) . (6.2.14)

One also has

f �r
r g (x1, ..., xp+q−2r) (6.2.15)

=

∫
Zr

f (z1, ..., zr, x1, ..., xp−r) g (z1, ..., zr, xp−r+1, ..., xp+q−2r) ν (dz1) · · · ν (dzr) ,

but, in analogy with (6.1.3), we set

�r
r = ⊗r,

and consequently write

f �r
r g (x1, ..., xp+q−2r) = f ⊗r g (x1, ..., xp+q−2r) , (6.2.16)

so that, in particular,
f �0

0 g = f ⊗0 g.

The following elementary result is proved by using the Cauchy-Schwarz inequal-
ity. It ensures that the contractions of the type (6.2.16) are still square-integrable ker-
nels.
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Lemma 6.2.2 Let f ∈ L2 (νp) and g ∈ L2 (νq). Then, for every r = 0, ..., p ∧ q, one
has that f ⊗r g ∈ L2

(
νp+q−2r

)
.

Proof. Just write∫
Zp+q−2r

(f ⊗r g)
2
dνp+q−2r

=
∫

Zp+q−2r

(∫
Zr

f (a1, ..., ar, z1, ..., zp−r)

g (a1, ..., ar, zp−r+1, ..., zp+q−r) νr (da1, ...dar)
)2
νp+q−2r(dz1, ..., dzp+q−r)

≤ ‖f‖2
L2(νp) × ‖g‖2

L2(νq) .

6.3 Symmetrization of contractions

Suppose that f ∈ L2 (νp) and g ∈ L2
s (νq), and let “ ˜ ” denote symmetrization. Then

f = f̃ and g = g̃. However, in general, the fact that f and g are symmetric does not
imply that the contraction f ⊗r g is symmetric. For instance, if p = q = 1,

f̃ ⊗0 g (s, t) =
1
2

[f (s) g (t) + g (s) f (t)] ;

if p = q = 2

f̃ ⊗1 g (s, t) =
1
2

∫
Z

[f (x, s) g (x, t) + g (x, s) f (x, t)] ν (dx) .

In general, due to the symmetry of f and g, for every p, q ≥ 1 and every r = 0, ..., p∧q
one has the relation

f̃ ⊗r g (t1, ..., tp+q−2r) =
1(

p+q−2r
p−r

) ×
×

∑
1≤i1<···<ip−r≤p+q−2r

∫
Zr

f
(
t(i1,...,ip−r),ar

)
g
(
t(i1,...,ip−r)c ,ar

)
νr (dar) ,

where we used the shorthand notation

t(i1,...,ip−r) =
(
ti1 , ..., tip−r

)
t(i1,...,ip−r)c = (t1, ..., tp+q−2r) \

(
ti1 , ..., tip−r

)
ar = (a1, ..., ar)

νr (dar) = νr (da1, ..., dar) .
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Using the definition (6.2.10), one has also that f̃ �l
r g indicates the symmetrization

of f �l
r g, where l < r. For instance, if p = 3, q = 2, r = 2 and l = 1, one has that

f �l
r g (s, t) = f �1

2 g (s, t) =
∫

Z

f (z, s, t) g (z, s) ν (dz) ,

and consequently, since f is symmetric,

f̃ �l
r g (s, t) = f̃ �1

2 g (s, t) =
1
2

∫
Z

[f (z, s, t) g (z, s) + f (z, s, t) g (z, t)] ν (dz) .

6.4 The product of two integrals in the Gaussian case

The main result of this section is the following general formula for products of Gaus-
sian multiple integrals.

Proposition 6.4.1 Let ϕ = G be a centered Gaussian measure with σ-finite and non-
atomic control measure ν. Then, for every q, p ≥ 1, f ∈ L2

s (νp) and g ∈ L2
s (νq),

IG
p (f) IG

q (g) =
p∧q∑
r=0

r!
(
p

r

)(
q

r

)
IG
p+q−2r (f ⊗r g) , (6.4.17)

where the contraction f ⊗r g is defined in (6.2.16), and for p = q = r, we write

IG
0 (f ⊗p g)

= f ⊗p g =
∫

Zp

f (z1, ..., zp) g (z1, ..., zp) ν (dz1) · · · ν (dzp)

= (f, g)L2(νp).

Remark. In formula (6.4.17), f and g are assumed symmetric, while the contraction
f ⊗r g is in general not symmetric. Since, however, that IG

n (h) = IG
n (h̃) (see formula

(5.5.63)) this does not matter. One could, in fact, replace f ⊗r g with f̃⊗rg. As usual,
the symbol “ ˜ ” indicates a symmetrization.
Proof of Proposition 6.4.1. We start by assuming that f ∈ Es,0 (νp) and g ∈
Es,0 (νq), and we denote by π∗ the partition of the set

[p+ q] = {1, ..., p+ q}
given by

π∗ = {{1, ..., p} , {p+ 1, ..., p+ q}} .
According to formula (6.1.2)

IG
p (f) IG

q (g) =
∑

σ∈P([p+q]):σ∧π∗=0̂

StG,[n]
σ (f ⊗0 g) .
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Every partition σ ∈ P ([p+ q]) such that σ ∧ π∗ = 0̂ is necessarily composed of r
(0 ≤ r ≤ p ∧ q) two-elements blocks of the type {i, j} where i ∈ {1, ..., p} and
j ∈ {p+ 1, ..., p+ q}, and p + q − 2r singletons. Moreover, for every fixed r ∈
{0, ..., p ∧ q}, there are exactly r!

(
p

r

)(
q

r

)
partitions of this type. To see this, observe

that, to build such a partition, one should first select one of the

(
p

r

)
subsets of size r

of {1, ..., p}, say Ar, and a one of the

(
q

r

)
subset of size r of {p+ 1, ..., p+ q}, say

Br, and then choose one of the r! bijections between Ar and Br. When r = 0, and
therefore σ = 0̂, one obtains immediately

StG,[p+q]
σ (f ⊗0 g) = IG

p+q (f ⊗0 g) .

On the other hand, we claim that every partition σ ∈ P ([p+ q]) such that σ ∧ π∗ = 0̂
and σ contains r ≥ 1 two-elements blocks of the type b = {i, j} (with i ∈ {1, ..., p}
and j ∈ {p+ 1, ..., p+ q}) and p+ q − 2r singletons, satisfies also

StG,[p+q]
σ (f ⊗0 g) = StG,[p+q−2r]

0̂
(f ⊗r g) = IG

p+q−2r (f ⊗r g) . (6.4.18)

We give a proof of (6.4.18). Consider first the (not necessarily symmetric) functions

f◦ = 1A1×···×Ap and g◦ = 1Ap+1×···×Ap+q ,

where Al ∈ Zν , l = 1, ..., p+ q. Then, one may use (5.11.84), in order to obtain

StG,[p+q]
σ (f◦ ⊗0 g

◦) =
∏

b={i,j}∈σ

ν (Ai ∩Aj) St G,[p+q−2r]

0̂

(
Aj1 × · · · ×Ajp+q−2r

)

= St G,[p+q−2r]

0̂

⎛⎝ ∏
b={i,j}∈σ

ν (Ai ∩Aj)1Aj1×···×Ajp+q−2r

⎞⎠ ,

where {{j1} , ..., {jp+q−2r}} are the singletons of σ (by the symmetry of StG,[p+q−2r]

0̂
we can always suppose, here and in the following, that the singletons {j1} , ..., {jp−r}
are contained in {1, ..., p} and that the singletons {jp−r+1} , ..., {jp+q−2r} are in
{p+ 1, ..., p+ q}).
We now need to consider elementary symmetric functions, that is, functions in Es,0

(as defined in (5.5.59)). For every pair of permutations w ∈ S[p] = Sp (the group of
permutations of [p] = {1, ..., p}) and w′ ∈ S[p+1,p+q] (the group of permutations of
the set [p+ 1, p+ q] = {p+ 1, ..., p+ q}), we define

f◦,w = 1Aw
1 ×···×Aw

p

and
g◦,w′ = 1Aw′

p+1×···×Aw′
p+q

,
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where
Aw

j = Aw(j), j = 1, ..., p,

(and analogously for w′). Observe that f◦,w and g◦,w
′
are not in Es,0, but

f =
∑

w∈G[p]

f◦,w and g =
∑

w∈G[p+1,p+q]

g◦,w,

are. To express StG,[p+q]
σ (f ⊗0 g), note that

StG,[p+q]
σ

(
f◦,w ⊗0 g

◦,w′
)

(6.4.19)

= St G,[p+q−2r]

0̂

⎛⎝ ∏
b={i,j}∈σ

ν
(
Aw

i ∩Aw′
j

)
1Aw

j1
×···×Aw

jp−r
×Aw′

jp−r+1
×···×Aw′

jp+q−2r

⎞⎠
= St G,[p+q−2r]

0̂

⎛⎝ ∏
b={i,j}∈σ

ν
(
Aw

i ∩Aw′
j

)
1̃Aw

j1
×···×Aw

jp−r
×Aw′

jp−r+1
×···×Aw′

jp+q−2r

⎞⎠,
by (5.5.56), and where 1̃U stands for the symmetrization of the indicator function of a
set U . Observe that (by using (6.2.16))∑

w∈G[p]

∑
w′∈G[p+1,p+q]

∏
b={i,j}∈σ

ν
(
Aw

i ∩Aw′
j

)
1̃Aw

j1
×···×Aw

jp−r
×Aw′

jp−r+1
×···×Aw′

jp+q−2r

= f̃ ⊗r g.

Since (6.4.19) gives

StG,[p+q]
σ (f ⊗0 g)

= St G,[p+q−2r]

0̂

( ∑
w∈S[p]

∑
w′∈S[p+1,p+q]

∏
b={i,j}∈σ

ν
(
Aw

i ∩Aw′
j

)
1̃Aw

j1
×···×Aw

jp−r
×Aw′

jp−r+1
×···×Aw′

jp+q−2r

)
= St G,[p+q−2r]

0̂

(
f̃ ⊗r g

)
= IG

p+q−2r

(
f̃ ⊗r g

)
= IG

p+q−2r (f ⊗r g) ,

we obtain (6.4.18), so that, in particular, (6.4.17) is proved for symmetric simple func-
tions vanishing on diagonals.
The general result is obtained by using the fact that the linear spaces Es,0 (νp)

and Es,0 (νq) are dense, respectively, in L2
s (νp) and L2

s (νq). Indeed, to conclude the
proof it is sufficient to observe that, if {fk} ⊂ Es,0 (νp) and {gk} ⊂ Es,0 (νq) are
such that fk → f in L2

s (νp) and gk → g in L2
s (νq), then, for instance by Cauchy-

Schwarz, IG
p (fk) IG

q (gk) → IG
p (f) IG

q (g) in any norm Ls (P), s ≥ 1 (use, for ex-
ample, (5.9.79)), and also

˜fk ⊗r gk → f̃ ⊗r g
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in L2
s

(
νp+q−2r

)
, so that

IG
p+q−2r

(
˜fk ⊗r gk

)
→ IG

p+q−2r

(
f̃ ⊗r g

)
in L2 (P). Observe finally that

IG
p+q−2r

(
f̃ ⊗r g

)
= IG

p+q−2r (f ⊗r g) ,

by virtue of formula (5.5.63).

Other proofs of Proposition 6.4.1 can be found, for example, in [66], [20] or [94,
Proposition 1.1.3].

Example 6.4.2 (i) When p = q = 1, one obtains

IG
1 (f) IG

1 (g) = IG
2 (f ⊗0 g) + IG

0 (f ⊗1 g) = IG
2 (f ⊗0 g) + 〈f, g〉L2(ν) ,

which is consistent with (6.1.8).
(ii) When p = q = 2, one obtains

IG
2 (f) IG

2 (g) = IG
4 (f ⊗0 g) + 4IG

2 (f ⊗1 g) + 〈f, g〉L2(ν) .

(iii) When p = 3 and q = 2, one obtains

IG
3 (f) IG

2 (g) = IG
5 (f ⊗0 g) + 6IG

3 (f ⊗1 g) + 6IG
1 (f ⊗2 g) ,

where f ⊗2 g (z) =
∫

Z2 f (z, x, y) g (x, y) ν (dx) ν (dy).

Example 6.4.3 Let’s compute E
[
IG
p (f)

]4
for f ∈ L2

s(ν
p). By (6.4.17) and (5.5.65),

we have (
IG
p (f)

)2
=

p∑
r=0

r!
(
p

r

)2

IG
2p−2r

(
f̃ ⊗r f

)
,

and therefore

E
[
IG
p (f)

]4
=

p∑
r=0

p∑
r′=0

r!
(
p

r

)2

r′!
(
p

r′

)2

EIG
2p−2r

(
f̃ ⊗r f

)
IG

2(p−r′)

(
f̃ ⊗r′ f

)

=
p∑

r=0

[
r!
(
p

r

)2
]2

(2p− 2r)!
∥∥∥f̃ ⊗r f

∥∥∥2

L2(ν2p−2r)

by the orthogonality relation (5.5.62). The term r = 0 equals (2p!)
∥∥∥f̃ ⊗0 f

∥∥∥2

L2(ν2p)

and the term with r = p equals

(p!)2
∥∥∥f̃ ⊗p f

∥∥∥2

L2(ν0)

= (p!)2

[∫
Zp

f 2(z1, · · · , zp)ν(dz1) · · · ν(dzp)
]2

= (p!)2 ‖f‖4
L2(νp) ,
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since f̃ ⊗p f = f ⊗p f is a scalar. Hence,

E
[
IG
p (f)

]4
= (p!)2 ‖f‖4

L2(νp) + (2p!)
∥∥∥f̃ ⊗0 f

∥∥∥2

L2(ν2p)

+
p−1∑
r=1

[
r!
(
p

r

)2
]2

(2p− 2r)!
∥∥∥f̃ ⊗r f

∥∥∥2

L2(ν2p−2r)
. (6.4.20)

Note that while f is symmetric, the function

f ⊗0 f(x1, · · · , xp, y1, · · · , yp) = f(x1, · · · , xp)f(y1, · · · , yp)

is not necessarily symmetric. For example, if f(x1, x2) = x1 + x2, then f ⊗0

f(x1, x2, y1, y2) = (x1 + x2)(y1 + y2) is not symmetric in the four variables.

6.5 The product of two integrals in the Poisson case

We now focus on the product of two Poisson integrals.

Proposition 6.5.1 Let ϕ = N̂ be a compensated Poisson measure, with σ-finite and
non-atomic control measure ν. Then, for every q, p ≥ 1, f ∈ Es,0 (νp) and g ∈
Es,0 (νq),

IN̂
p (f)IN̂

q (g) =
p∧q∑
r=0

r!
(
p

r

)(
q

r

) r∑
l=0

(
r

l

)
IN̂
p+q−r−l(f �

l
r g). (6.5.21)

Formula (6.5.21) continues to hold for functions f ∈ L2
s (νp) and g ∈ L2

s (νq)
such that

f �l
r g ∈ L2

(
νq+p−r−l

)
, ∀r = 0, ..., p ∧ q, ∀l = 0, ..., r.

Sketch of the proof. We shall only prove formula (6.5.21) in the simple case where
p = q = 2. The generalization to general indices p, q ≥ 1 (left to the reader) does
not present any particular additional difficulty, except for the need of a rather heavy
notation. We shall therefore prove that

IN̂
2 (f)IN̂

2 (g) =
2∑

r=0

r!
(

2
r

)(
2
r

) r∑
l=0

(
r

l

)
IN̂

4−r−l(f �
l
r g) (6.5.22)

= IN̂
4 (f �0

0 g) (6.5.23)

+ 4
[
IN̂

3 (f �0
1 g) + IN̂

2 (f �1
1 g)

]
(6.5.24)

+ 2
[
IN̂

2 (f �0
2 g) + 2IN̂

1 (f �1
2 g) + 〈f, g〉L2(ν2)

]
. (6.5.25)
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Moreover, by linearity, we can also assume that

f = 1A1×A2 + 1A2×A1 and g = 1B1×B2 + 1B2×B1 ,

where A1 ∩ A2 = B1 ∩B2 = ∅. Denote by π∗ the partition of [4] = {1, ..., 4} given
by

π∗ = {{1, 2} , {3, 4}} ,
and apply the general result (6.1.2) to deduce that

IN̂
2 (f)IN̂

2 (g) =
∑

σ∈P([4]):σ∧π∗=0̂

StN̂,[n]
σ (f ⊗0 g) .

We shall prove that∑
σ∈P([4]):σ∧π∗=0̂

StN̂,[n]
σ (f ⊗0 g) = (6.5.23) + (6.5.24) + (6.5.25).

To see this, observe that the class{
σ ∈ P ([4]) : σ ∧ π∗ = 0̂

}
contains exactly 7 elements, that is:

(i) the trivial partition 0̂, containing only singletons;
(ii) four partitions σ1, ..., σ4 containing one block of two elements and two singletons,

namely

σ1 = {{1, 3} , {2} , {4}} , σ2 = {{1, 4} , {2} , {3}}
σ3 = {{1} , {2, 3} , {4}} and σ4 = {{1} , {2, 4} , {3}} ;

(iii) two partitions σ5, σ6 composed of two blocks of two elements, namely

σ5 = {{1, 3} , {2, 4}} and σ6 = {{1, 4} , {2, 3}} .
By definition, one has that

StN̂,[n]

0̂
(f ⊗0 g) = IN̂

4 (f̃ �0
0 g) = IN̂

4 (f �0
0 g),

giving (6.5.23). Now consider the partition σ1, as defined in Point (II) above. By
using the notation (5.12.86), one has that B2 (σ1) = {{1, 3}}, |B2 (σ1)| = 1 and
PB2 (σ1) = ∅. It follows from formula (5.12.91) that

StN̂,[4]
σ1

(f ⊗0 g) = StN̂,[4]
σ1

((1A1×A2 + 1A2×A1)⊗0 (1B1×B2 + 1B2×B1))

= St N̂,[3]

0̂

(
1(A1∩B1)×A2×B2

+ 1(A1∩B2)×A2×B1
+ 1(A2∩B1)×A1×B2

+ 1(A2∩B2)×A1×B1

)
+ ν (A1 ∩B1) St N̂,[2]

0̂
(1A2×B2)

+ ν (A1 ∩B2) St N̂,[2]

0̂
(1A2×B1) + ν (A2 ∩B1) St N̂,[2]

0̂
(1A1×B2)

+ ν (A2 ∩B2) St N̂,[2]

0̂
(1A1×B1) .
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Observe that

St N̂,[3]

0̂

(
1(A1∩B1)×A2×B2

+ 1(A1∩B2)×A2×B1
+ 1(A2∩B1)×A1×B2

+ 1(A2∩B2)×A1×B1

)
= IN̂

3 (f �0
1 g),

and moreover,

ν (A1 ∩B1) St N̂,[2]

0̂
(1A2×B2) + ν (A1 ∩B2) St N̂,[2]

0̂
(1A2×B1) +

ν (A2 ∩B1) St N̂,[2]

0̂
(1A1×B2) + ν (A2 ∩B2) St N̂,[2]

0̂
(1A1×B1)

= IN̂
2 (f �1

1 g) = IN̂
2 (f �1

1 g).

By repeating exactly same argument, one sees immediately that

StN̂,[4]
σ1

(f ⊗0 g) = StN̂,[4]
σi

(f ⊗0 g) ,

for every for i = 2, 3, 4 (the partitions σi being defined as in Point (II) above) so that
the quantity ∑

i=1,...,4

StN̂,[n]
σi

(f ⊗0 g)

equals necessarily the expression appearing in (6.5.24).Now we focus on the partition
σ5 appearing in Point (III). Plainly (by using once again the notation introduced in
(5.12.86)),

B2 (σ5) = {{1, 3} , {2, 4}} ,
|B2 (σ5)| = 2, and the set PB2 (σ5) contains two elements, namely

({{1, 3}} ; {{2, 4}}) and ({{2, 4}} ; {{1, 3}})
(note that we write {{1, 3}} (with two accolades), since the elements ofPB2 (σ5) are
pairs of collections of blocks of σ2, so that {{1, 3}} is indeed the singleton whose only
element is {1, 3}). We can now apply formula (5.12.91) to deduce that

StN̂,[4]
σ5

(f ⊗0 g) (6.5.26)

= StN̂,[4]
σ5

((1A1×A2 + 1A2×A1)⊗0 (1B1×B2 + 1B2×B1))

= 2
[
ν (A1 ∩B1) St N̂,[1]

0̂
(1A2∩B2) + ν (A1 ∩B2) St N̂,[1]

0̂
(1A2∩B1)

+ν (A2 ∩B1) St N̂,[1]

0̂
(1A1∩B2) + ν (A2 ∩B2) St N̂,[1]

0̂
(1A1∩B1)

]
+ St N̂,[2]

0̂

(
1(A1∩B1)×(A2∩B2) + 1(A1∩B2)×(A2∩B1) + 1(A2∩B1)×(A1∩B2)

+ 1(A2∩B2)×(A1∩B1)

)
+ ν (A1 ∩B1) ν (A2 ∩B2) + ν (A1 ∩B2) ν (A2 ∩B1)

+ ν (A2 ∩B1) ν (A1 ∩B2) + ν (A2 ∩B2) ν (A1 ∩B1) .
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One easily verifies that

2
[
ν (A1 ∩B1) St N̂,[1]

0̂
(1A2∩B2) + ν (A1 ∩B2) St N̂,[1]

0̂
(1A2∩B1)

+ ν (A2 ∩B1) St N̂,[1]

0̂
(1A1∩B2) + ν (A2 ∩B2) St N̂,[1]

0̂
(1A1∩B1)

]
= 2IN̂

1 (f �1
2 g) = 2IN̂

1 (f̃ �1
2 g), (6.5.27)

and moreover

1(A1∩B1)×(A2∩B2) + 1(A1∩B2)×(A2∩B1) + 1(A2∩B1)×(A1∩B2) + 1(A2∩B2)×(A1∩B1)

= f �0
2 g = f̃ �0

2 g, (6.5.28)

since f and g are symmetric, and

〈f, g〉L2(ν2) = ν (A1 ∩B1) ν (A2 ∩B2) + ν (A1 ∩B2) ν (A2 ∩B1) (6.5.29)

+ν (A2 ∩B1) ν (A1 ∩B2) + ν (A2 ∩B2) ν (A1 ∩B1) .

Since, trivially, StN̂,[4]
σ5 (f ⊗0 g) = StN̂,[4]

σ6 (f ⊗0 g), we deduce immediately from

(6.5.26)–(6.5.29) that the sum StN̂,[4]
σ5 (f ⊗0 g)+StN̂,[4]

σ6 (f ⊗0 g) equals the expression
appearing in (6.5.25). This proves the first part of the Proposition. The last assertion
in the statement can be proved by a density argument, similar to the one used in order
to conclude the proof of Proposition 6.4.1.

Other proofs of Proposition 6.5.1 can be found for instance in [49, 150, 158].

Example 6.5.2 (i) When p = q = 1, one obtains

IN̂
1 (f) IN̂

1 (g) = IN̂
2 (f ⊗0 g) + IN̂

1

(
f �0

1 g
)

+ 〈f, g〉L2(ν) .

(ii) When p = 2, and q = 1, one has

IN̂
2 (f) IN̂

1 (g) = IN̂
3 (f ⊗0 g) + 2IN̂

2

(
f �0

1 g
)

+ 2IN̂
1

(
f �1

1 g
)

=
∫ ∫ ∫

z1 �=z2 �=z3

f (z1, z2) g (z3) N̂ (dz1) N̂ (dz2) N̂ (dz3)

+ 2
∫ ∫

z1 �=z2

f (z1, z2) g (z1) N̂ (dz1) N̂ (dz2)

+ 2
∫ (∫

f (z1, x) g (z1) ν (dx)
)
N̂ (dz1) .
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Diagram formulae

We now want to derive a general formula for computing cumulants and expectations
of products of multiple integrals, that is, formulae for objects of the type

E
[
Iϕ
n1

(f1)× · · · × Iϕ
nk

(fk)
]
and χ

(
Iϕ
n1

(f1) , ..., Iϕ
nk

(fk)
)
.

7.1 Formulae for moments and cumulants

As in the previous sections, we shall focus on completely random measures ϕ that are
also good (in the sense of Definition 5.1.6), so that moments and cumulants of stochas-
tic measures over Cartesian products are well-defined. As usual, we shall assume that
the control measure ν is non-atomic. This last assumption is not enough, however, be-
cause while the measure ν (A) = Eϕ (A)2 may be non-atomic, for some n ≥ 2 the
mean measure (concentrated on the “full diagonal”)

〈Δϕ
n (A)〉 � E

[
Stϕ,[n]

1̂
(A)

]
= E

[
ϕ⊗n {(z1, ..., zn) ∈ A : z1 = · · · = zn}

]
may be atomic. We shall therefore assume that ϕ is “multiplicative”, that is, that this
phenomenon does not take place for any n ≥ 2.
Proceeding formally, let ϕ be a good random measure on Z, and fix n ≥ 2. Recall

that Zn
ν denotes the collection of all setsB in Z⊗n such that ν⊗n (B) = νn (B) <∞

(see (5.1.3)). As before, for every partition π ∈ P ([n]), the class Zn
π is the collection

of all π-diagonal elements ofZn (see (5.1.1)). Recall also that Stϕ,[n]
π is the restriction

of the measure ϕ⊗n = ϕ[n] on Zn
π (see (5.4.43)). Now let〈

Stϕ,[n]
π

〉
(C) = E

[
Stϕ,[n]

π (C)
]
, C ∈ Zn

ν , (7.1.1)

Δϕ
1 (A) = ϕ (A) , (7.1.2)

Δϕ
n (A) = Stϕ,[n]

1̂
(A× · · · ×A︸ ︷︷ ︸)

n times

, A ∈ Zν , (7.1.3)

〈Δϕ
n〉 (A) = E [Δϕ

n (A)] , A ∈ Zν . (7.1.4)

G. Peccati, M.S. Taqqu: Wiener Chaos: Moments, Cumulants and Diagrams –
A survey with computer implementation.
© Springer-Verlag Italia 2011
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Thus,Δϕ
n (A) denotes the random measure concentrated on the full diagonal z1 =

· · · = zn of the ntuple product A× · · · ×A, and 〈·〉 denotes expectation.

Definition 7.1.1 We say that the good completely random measure ϕ is multiplicative
if the deterministic measure A �→ 〈Δϕ

n〉 (A) is non-atomic for every n ≥ 2. We show
in the examples below that a Gaussian or compensated Poisson measure, with non-
atomic control measure ν, is always multiplicative.

The term “multiplicative” (which we take from [132]) originates from the fact that
ϕ is multiplicative (in the sense of the previous definition) if and only if for every

partition π the non-random measure
〈
Stϕ,[n]

π

〉
(·) can be written as a product mea-

sure. In particular (see Proposition 8 in [132]), the completely random measure ϕ is
multiplicative if and only if for every π ∈ P ([n]) and every A1, ..., An ∈ Zν ,〈

Stϕ,[n]
π

〉
(A1 × · · · ×An) =

∏
b∈π

〈
Stϕ,[|b|]

1̂

〉(
X

j∈b
Aj

)
, (7.1.5)

where, for every b = {j1, ..., jk} ∈ π, we used once again the notation X
j∈b
Aj � Aj1×

· · · ×Ajk
. Note that the RHS of (7.1.5) involves products over blocks of the partition

π, in which there is concentration over the diagonals associated with the blocks. Thus,
in view of (5.1.2) and (7.1.3), one has that〈

Stϕ,[n]
π

〉
(A1 × · · · ×An) =

∏
b∈π

〈
Δϕ
|b|
〉

(∩j∈bAj) , (7.1.6)

that is, we can express the LHS of (7.1.5) as a product of measures involving sets in
Zν . Observe that one can rewrite relation (7.1.5) in the following (compact) way:〈

Stϕ,[n]
π

〉
=
⊗
b∈π

〈
Stϕ,[|b|]

1̂

〉
. (7.1.7)

Example 7.1.2 (i) Whenϕ is Gaussian with non-atomic control measure ν, relation

(7.1.5) implies that
〈
Stϕ,[n]

π

〉
is 0 if π contains at least one block b such that

|b| �= 2. If, on the other hand, every block of π contains exactly two elements,
we deduce from (5.11.82) and (5.11.84) that〈

Stϕ,[n]
π

〉
(A1 × · · · ×An) =

∏
b={i,j}∈π

ν (Ai ∩Aj) , (7.1.8)

which is not atomic. We conclude that ϕ is multiplicative.
(ii) If ϕ is a compensated Poisson measure with non-atomic control measure ν, then〈

Stϕ,[n]
π

〉
is 0 whenever π contains at least one block b such that |b| = 1 (indeed,
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that block would havemeasure 0, sinceϕ is centered). If, on the other hand, every
block of π has more than two elements, then, by Corollary 5.12.4

〈
Stϕ,[n]

π

〉
(A1 × · · · ×An) =

n∏
k=2

∏
b={j1,...,jk}∈π

ν (Aj1 ∩ · · · ∩Ajk
) , (7.1.9)

which is non-atomic. Hence, ϕ is multiplicative. See [132] for (quite pathologi-
cal) examples of non-multiplicative measures.

Notation. In what follows, the notation∫
Zn

f (z1, ..., zn)
⊗
b∈π

〈
Stϕ,[|b|]

1̂

〉
(dz1, ..., dzn) �

⊗
b∈π

〈
Stϕ,[|b|]

1̂

〉
(f) (7.1.10)

will be used for every function f ∈ E (νn) . 1

The next result gives a new universal combinatorial formula for the computation
of the cumulants and the moments associated with the multiple Wiener-Itô integrals
with respect to a completely random multiplicative measure.

Theorem 7.1.3 (Diagram formulae) Let ϕ be a good completely random measure,
with non-atomic control measure ν, and suppose that ϕ is also multiplicative in the
sense of Definition 7.1.1. For every n1, ..., nk ≥ 1, we write n = n1 + · · · + nk,
and we denote by π∗ the partition of [n] = {1, ..., n} given by (6.1.1). Then, for every
collection of kernels f1, ..., fk such that fj ∈ Es,0 (νnj ), one has that

E
[
Iϕ
n1

(f1) · · · Iϕ
nk

(fk)
]

=
∑

{σ∈P([n]):σ∧π∗=0̂}

⊗
b∈σ

〈
St ϕ,[|b|]

1̂

〉
(f1 ⊗0 f2 ⊗0 · · · ⊗0 fk) ,

(7.1.11)
and

χ
(
Iϕ
n1

(f1) , · · ·, Iϕ
nk

(fk)
)

=
∑

σ∧π∗=0̂
σ∨π∗=1̂

⊗
b∈σ

〈
St ϕ,[|b|]

1̂

〉
(f1 ⊗0 f2 ⊗0 · · · ⊗0 fk) ,

(7.1.12)

1 The integral
∫

Zn f{d ⊗
b∈π

〈
Stϕ,[|b|]

1̂

〉
} in (7.1.10) is well defined, since the set function⊗

b∈π

〈
Stϕ,[|b|]

1̂

〉
(·) is a σ-additive signed measure (thanks to (5.1.10)) on the algebra gen-

erated by the products of the type A1 × · · · × An, where each Aj is in Zν .
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Proof. Formula (7.1.11) is a consequence of Theorem 6.1.1 and (7.1.5). In order to
prove (7.1.12), we shall first show that the following two equalities hold

χ
(
Iϕ
n1

(f1) , · · ·, Iϕ
nk

(fk)
)

=
∑

π∗≤ρ=(r1,...,rl)∈P([n])

μ
(
ρ, 1̂

) l∏
j=1

E

⎡⎣ ∏
a:{n1+···+na−1+1,...,n1+···+na}⊆rj

Iϕ
na

(fa)

⎤⎦
(7.1.13)

=
∑

π∗≤ρ=(r1,...,rl)∈P([n])

μ
(
ρ, 1̂

) ∑
γ≤ρ

γ∧π∗=0̂

⊗
b∈γ

〈
Stϕ,[|b|]

1̂

〉
(f1 ⊗0 · · · ⊗0 fk) ,

(7.1.14)

where n1 + n0 = 0 by convention.
The proof of (7.1.13) uses arguments analogous to those in the proof ofMalyshev’s

formula (4.1.1). Indeed, one can use relation (3.2.7) to deduce that

χ
(
Iϕ
n1

(f1) , · · ·, Iϕ
nk

(fk)
)

=
∑

σ={x1,...,xl}∈P([k])

(−1)l−1 (l − 1)!
l∏

j=1

E

⎡⎣∏
a∈xj

Iϕ
na

(fa)

⎤⎦ .
(7.1.15)

Now observe that there exists a bijection

P ([k])→
[
π∗, 1̂

]
: σ �→ ρ(σ),

between P ([k]) and the segment
[
π∗, 1̂

]
, which is defined as the set of those ρ ∈

P ([n]) such that π∗ ≤ ρ, where π∗ is given by (6.1.1). Such a bijection is realized as
follows: for every σ = {x1, ..., xl} ∈ P ([k]), define ρ(σ) ∈

[
π∗, 1̂

]
by merging two

blocks

{n1 + · · ·+ na−1 + 1, ..., n1 + · · ·+ na} and

{n1 + · · ·+ nb−1 + 1, ..., n1 + · · ·+ nb}
of π∗ (1 ≤ a �= b ≤ k) if and only if a ∼σ b. Note that this construction implies that
|σ| = ∣∣ρ(σ)

∣∣ = l, so that (2.5.23) yields

(−1)l−1 (l − 1)! = μ
(
σ, 1̂

)
= μ

(
ρ(σ), 1̂

)
(7.1.16)

(observe that the two Möbius functions appearing in (7.1.16) refer to two different

lattices of partitions). Now use the notation ρ(σ) =
{
r
(σ)
1 , ..., r

(σ)
l

}
to indicate the

blocks of ρ(σ): since, by construction,

l∏
j=1

E

⎡⎣∏
a∈xj

Iϕ
na

(fa)

⎤⎦ =
l∏

j=1

E

⎡⎢⎣ ∏
a:{n1+···+na−1+1,...,n1+···+na}⊆r

(σ)
j

Iϕ
na

(fa)

⎤⎥⎦ ,
(7.1.17)

we immediately obtain (7.1.13) by plugging (7.1.16) and (7.1.17) into (7.1.15).
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To prove (7.1.14), fix ρ = {r1, ..., rl} such that π∗ ≤ ρ. For j = 1, ..., l, we write
π∗ (j) to indicate the partition of the block rj whose blocks are the sets {n1 + · · · +
na−1 + 1, ..., n1 + · · ·+ na} such that

{n1 + · · ·+ na−1 + 1, ..., n1 + · · ·+ na} ⊆ rj . (7.1.18)

According to (7.1.11),

E

⎡⎣ ∏
a:{n1+···+na−1+1,...,n1+···+na}⊆rj

Iϕ
na

(fa)

⎤⎦
=

∑
{σ∈P(rj):σ∧π∗(j)=0̂}

⊗
b∈σ

〈
St ϕ,[|b|]

1̂

〉 ({⊗rj ,0f
})
,

where the function
{⊗rj ,0f

}
is obtained by juxtaposing the |π∗ (j)| functions fa such

that the index a verifies (7.1.18). Now observe that γ ∈ P ([n]) satisfies

γ ≤ ρ and γ ∧ π∗ = 0̂,

if and only if γ admits a (unique) representation as a union of the type

γ =
l⋃

j=1

σ (j) ,

where each σ (j) is an element of P (rj) such that σ (j) ∧ π∗ (j) = 0̂. This yields

l∏
j=1

∑
{σ∈P(rj):σ∧π∗(j)=0̂}

⊗
b∈σ

〈
St ϕ,[|b|]

1̂

〉 ({⊗rj ,0f
})

=
∑
γ≤ρ

γ∧π∗=0̂

⊗
b∈γ

〈
Stϕ,[|b|]

1̂

〉
(f1 ⊗0 · · · ⊗0 fk) .

This relation, together with (7.1.16) and (7.1.17), shows that (7.1.13) implies (7.1.14).
To conclude the proof, just observe that, by inverting the order of summation in
(7.1.14), one obtains that

χ
(
Iϕ
n1

(f1) , · · ·, Iϕ
nk

(fk)
)

=
∑

γ∧π∗=0̂

⊗
b∈γ

〈
Stϕ,[|b|]

1̂

〉
(f1 ⊗0 · · · ⊗0 fk)

∑
π∗∨γ≤ρ≤1̂

μ
(
ρ, 1̂

)
=
∑

γ∧π∗=0̂
π∗∨γ=1̂

⊗
b∈γ

〈
Stϕ,[|b|]

1̂

〉
(f1 ⊗0 · · · ⊗0 fk) ,

where the last equality is a consequence of the relation∑
π∗∨γ≤ρ≤1̂

μ
(
ρ, 1̂

)
=
{

1 if π∗ ∨ γ = 1̂
0 otherwise,

which is in turn a special case of (2.6.33).
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Remark. Observe that the only difference between the moment formula (7.1.11) and
the cumulant formula (7.1.12) is that in the first case the sum is over all σ such that
σ ∧ π∗ = 0̂ = {{1} , ..., {n}}, and that in the second case σ must satisfy in addition
that σ ∨ π∗ = 1̂ = {[n]}.
Moreover, the relations (7.1.11) and (7.1.12) can be restated in terms of diagrams

by rewriting the sums as∑
{σ∈P([n]):σ∧π∗=0̂}

=
∑

σ∈P([n]):Γ (π∗,σ) is non-flat

;
∑

σ∧π∗=0̂
σ∨π∗=1̂

=
∑

σ∈P([n]):Γ (π∗,σ) is non-flat
and connected

,

where Γ (π∗, σ) is the diagram of (π∗, σ), as defined in Section 4.1.

7.2 MSets and MZeroSets

We shall now provide a version of Theorem 7.1.3 in the case where ϕ is, respectively,
Gaussian and Poisson. For convenience, using the same notation as that in (6.1.1), let
n1, ..., nk ≥ 1 be such that n1 + · · ·+ nk = n and

π∗ = {{1, ..., n1} , {n1 + 1, ..., n1 + n2} , ..., {n1 + ...+ nk−1 + 1, ..., n}} ∈ P([n]).

Now define

M ([n] , π∗) �
{
σ ∈ P ([n]) : σ ∨ π∗ = 1̂ and σ ∧ π∗ = 0̂

}
(7.2.19)

M0 ([n] , π∗) �
{
σ ∈ P ([n]) : σ ∧ π∗ = 0̂

}
(7.2.20)

and

M2 ([n] , π∗) � {σ ∈M ([n] , π∗) : |b| = 2, ∀b ∈ σ} (7.2.21)

M0
2 ([n] , π∗) �

{
σ ∈M0 ([n] , π∗) : |b| = 2, ∀b ∈ σ} (7.2.22)

M≥2 ([n] , π∗) � {σ ∈M ([n] , π∗) : |b| ≥ 2, ∀b ∈ σ} (7.2.23)

M0
≥2 ([n] , π∗) �

{
σ ∈M0 ([n] , π∗) : |b| ≥ 2, ∀b ∈ σ} . (7.2.24)

Note that these definitions do not involve the specific form of π∗ ∈ P ([n]). By using
the formalism of diagrams Γ and multigraphs Γ̂ introduced in Chapter 4, one has that

M ([n] , π∗) = {σ ∈ P ([n]) : Γ (π∗, σ) is connected and non-flat} (7.2.25)

M0 ([n] , π∗) = {σ ∈ P ([n]) : Γ (π∗, σ) is connected} (7.2.26)

M2 ([n] , π∗) = {σ ∈ P ([n]) : Γ (π∗, σ) is connected, non-flat and Gaussian}
(7.2.27)

=
{
σ ∈ P ([n]) : Γ̂ (π∗, σ) is connected and has no loops

}
M0

2 ([n] , π∗) = {σ ∈ P ([n]) : Γ (π∗, σ) is non-flat and Gaussian} (7.2.28)

=
{
σ ∈ P ([n]) : Γ̂ (π∗, σ) has no loops

}
.
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Clearly,

M2 ([n] , π∗) ⊂ M0
2 ([n] , π∗) ,

M2 ([n] , π∗) ⊂ M≥2 ([n] , π∗) ,

M0
2 ([n] , π∗) ⊂ M0

≥2 ([n] , π∗) .

The setsM2 ([n] , π∗) andM0
2 ([n] , π∗) appear in diagram formulae when ϕ is Gaus-

sian (Section 7.3). The setsM≥2 ([n] , π∗) andM0
≥2 ([n] , π∗) appear when ϕ is the

compensated Poisson measure N̂ (Section 7.4).

7.3 The Gaussian case

The following corollary to Theorem 7.1.3 provides the diagram formulae in the case
where ϕ is a Gaussian measure.

Corollary 7.3.1 (Gaussian measures) Suppose ϕ = G is a centered Gaussian mea-
sure with non-atomic control measure ν, fix integers n1, ..., nk ≥ 1 and let n =
n1 + · · · + nk. Write π∗ for the partition of [n] appearing in (6.1.1). Then, for any
vector of functions (f1, ..., fk) such that fj ∈ L2

s (νnj ), j = 1, ..., k, the following
relations hold:

1. ifM2 ([n] , π∗) = ∅ (in particular, if n is odd), then χ
(
IG
n1

(f1) , · · ·, IG
nk

(fk)
)

=
0;

2. ifM2 ([n] , π∗) �= ∅, then

χ
(
IG
n1

(f1) , · · ·, IG
nk

(fk)
)

=
∑

σ∈M2([n],π∗)

∫
Zn/2

fσ,kdν
n/2, (7.3.29)

where, for every σ ∈M2 ([n] , π∗), the function fσ,k, of n/2 variables, is obtained
by identifying the variables xi and xj in the argument of f1 ⊗0 · · · ⊗0 fk (as given
in (6.1.3)) if and only if i ∼σ j;

3. ifM0
2 ([n] , π∗) = ∅ (in particular, if n is odd), thenE

(
IG
n1

(f1) · · · IG
nk

(fk)
)

= 0;
4. ifM0

2 ([n] , π∗) �= ∅,

E
(
IG
n1

(f1) · · · IG
nk

(fk)
)

=
∑

σ∈M0
2([n],π∗)

∫
Zn/2

fσ,kdν
n/2. (7.3.30)

Remark. As noted in (6.1.3), one has that

f1 ⊗0 · · · ⊗0 fk(x1, ..., xn)

= f1(x1, ..., xn1)× f2(xn1+1, ..., xn1+n2)× · · · × fk(xn1+···+nk−1+1, ..., xn).
(7.3.31)

One obtains the function fσ,k, of n/2 variables, by identifying in (7.3.31) the variables
xi and xj if and only if i ∼σ j.
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Example 7.3.2 Consider the function of n = 6 variables given by

f1 ⊗0 f2 ⊗0 f3(x1, x2, x3, x4, x5, x6) = f1(x1, x2, x3)f2(x4)f3(x5, x6)

for which π∗ = {{1, 2, 3}, {4}, {5, 6}} is the π in Fig. 4.7. If σ =
{{1, 4}, {2, 5}, {3, 6}} as in Fig. 4.7, then

fσ,3 = f1(x1, x2, x3)f2(x1)f3(x2, x3).

Proof of Corollary 7.3.1. First observe that, since ϕ = G is Gaussian, then〈
St G,[|b|]

1̂

〉
≡ 0 whenever |b| �= 2. Assume for the moment that fj ∈ Es,0 (νnj ),

j = 1, ..., k. In this case, we can apply formula (7.1.12) and obtain that

χ
(
IG
n1

(f1) , · · ·, IG
nk

(fk)
)

=
∑

{σ:σ∧π∗=0̂ ;
σ∨π∗=1̂ ; |b|=2 ∀b∈σ}

⊗
b∈σ

〈
St G,[|b|]

1̂

〉
(f1 ⊗0 f2 ⊗0 · · · ⊗0 fk)

=
∑

σ∈M2([n],π∗)

⊗
b∈σ

〈
St G,[|b|]

1̂

〉
(f1 ⊗0 f2 ⊗0 · · · ⊗0 fk) ,

where we have used (7.2.21). The last relation trivially implies Point 1 in the statement.
Moreover, since, for every B,C ∈ Zν ,〈

St G,[2]

1̂

〉
(B × C) =

〈
St G,[2]

1̂

〉
((B ∩ C)× (B ∩ C)) =

〈
ΔG

2

〉
(B ∩ C) ,

(7.3.32)

one deduces immediately that the support of the deterministic measure
⊗
b∈σ

〈
St G,[|b|]

1̂

〉
is contained in the set

Zn
≥σ = {(z1, ..., zn) : zi = zj for every i, j such that i ∼σ j} .

Since, by (5.11.82) and (7.3.32),〈
St G,[|b|]

1̂

〉
(B × C) = ν (B ∩ C) , (7.3.33)

for every B,C ∈ Zν , we infer that⊗
b∈σ

〈
St G,[|b|]

1̂

〉
(f1 ⊗0 f2 ⊗0 · · · ⊗0 fk) =

⊗
b∈σ

〈
St G,[|b|]

1̂

〉
(fσ) =

∫
Zn/2

fσ,kdν
n/2.

(7.3.34)
where the function fσ,k is defined in the statement. To obtain the last equality in
(7.3.34), one should start with functions fj of type

fj

(
z1, ..., znj

)
= 1

C
(j)
1 ×···×C

(j)
nj

(
z1, ..., znj

)
,
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where the C(j)
� ∈ Zν are disjoint, and then apply formula (7.1.8), so that the extension

to general functions fj ∈ Es,0 (νnj ) is obtained by the multilinearity of the application

(f1, ..., fk) �→
∫

Zn/2

fσ,kdν
n/2.

To obtain (7.3.29) for general functions f1, ..., fk such that fj ∈ L2
s (νnj ), start by

observing that Es,0 (νnj ) is dense in L2
s (νnj ), and then use the fact that, if a sequence

f
(r)
1 , ..., f

(r)
k , r ≥ 1, is such that f (r)

j ∈ Es,0 (νnj ) and f (r)
j → fj in L2

s (νnj ) (j =
1, ..., k), then

χ
(
IG
n1

(
f

(r)
1

)
, · · ·, IG

nk

(
f

(r)
k

))
→ χ

(
IG
n1

(f1) , · · ·, IG
nk

(fk)
)
,

by (5.9.79), and moreover∫
Zn/2

f
(r)
σ,kdν

n/2 →
∫

Zn/2

fσ,kdν
n/2,

where f (r)
σ,k is constructed from f

(r)
1 , ..., f

(r)
k , as specified in the statement (a similar

argument was needed in the proof of Proposition 6.4.1). Points 3 and 4 in the statement
are obtained analogously, by using (7.1.11) and thus

E
(
IG
n1

(f1) · · · IG
nk

(fk)
)

=
∑

{σ:σ∧π∗=0̂ ;
|b|=2 ∀b∈σ}

⊗
b∈σ

〈
St G,[|b|]

1̂

〉
(f1 ⊗0 f2 ⊗0 · · · ⊗0 fk)

=
∑

σ∈M0
2([n],π∗)

⊗
b∈σ

〈
St G,[|b|]

1̂

〉
(f1 ⊗0 f2 ⊗0 · · · ⊗0 fk) ,

and then by applying the same line of reasoning as above.

Example 7.3.3 (i) We want to use Corollary 7.3.1 to compute the cumulant of the
two integrals

IG
n1

(f1) =
∫

Z
n1
0̂

f1 (z1, ..., zn1)G (dz1) · · ·G (dzn1)

IG
n2

(f2) =
∫

Z
n2
0̂

f2 (z1, ..., zn2)G (dz1) · · ·G (dzn2) ,

that is, the quantity

χ
(
IG
n1

(f1) , IG
n2

(f2)
)

= E
(
IG
n1

(f1) IG
n2

(f2)
)
.

Here, π∗ ∈ P ([n1 + n2]) is given by

π∗ = {{1, ..., n1} , {n1 + 1, ..., n1 + n2}} .
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It is easily seen that

M2 ([n1 + n2] , π∗) �= ∅ if and only if n1 = n2.

Indeed, each partitionM2 ([n1 + n2] , π∗) is of the form

σ = {{i1, i2} : i1 ∈ {1, ..., n1} , i2 ∈ {n1 + 1, ..., n1 + n2}} (7.3.35)

(this is the case because σ must have blocks of size |b| = 2 only, and no blocks
can be constructed using only the indices {1, ..., n1} or {n1 + 1, ..., n1 + n2},
since the corresponding diagram must be non-flat). In the case where n1 = n2,
there are exactly n1! partitions as in (7.3.35), since to each element in {1, ..., n1}
one attaches one element of {n1 + 1, ..., n1 + n2}. Moreover, for any such σ one
has that ∫

Zn/2

fσ,2 dν
n/2 =

∫
Zn1

f1f2 dν
n1 , (7.3.36)

where n = n1 + n2 and we have used the symmetry of f1 and f2 to obtain that

fσ,2

(
z1, ..., zn

2

)
= fσ,2 (z1, ..., zn1) = f1 (z1, ..., zn1) f2 (z1, ..., zn1) .

From (7.3.30) and (7.3.36), we deduce that

E
(
IG
n1

(f1) IG
n2

(f2)
)

= 1n1=n2 × n1!
∫

Zn1

f1f2dν
n1 ,

as expected (see (5.5.62)). Note also that, since every diagram associated with
π∗ has two rows, one also has

M2 ([n1 + n2] , π∗) =M0
2 ([n1 + n2] , π∗) ,

that is, every non-flat diagram is also connected, thus yielding (thanks to (7.3.29)
and (7.3.30))

χ
(
IG
n1

(f1) , IG
n2

(f2)
)

= E
(
IG
n1

(f1) IG
n2

(f2)
)
.

(ii) We fix an integer k ≥ 3 and set n1 = ... = nk = 1, that is, we focus on functions
fj , j = 1, ..., k, of one variable, so that the integral IG

1 (fj) is Gaussian for every
j, and we consider χ

(
IG

1 (f1) , ..., IG
1 (fk)

)
and E

[
IG

1 (f1) ...IG
1 (fk)

]
. In this

case, n1 + · · ·+ nk = k, and π∗ = {{1} , ..., {k}} = 0̂. For instance, for k = 6,
π∗ is represented in Fig. 7.1.
In that caseM2 ([k] , π∗) = ∅, because all diagrams will be disconnected. One
of such diagrams is represented in Fig. 7.2.
(Exercise: give an algebraic proof of the fact thatM2 ([k] , π∗) = ∅). It follows
from Point 1 of Corollary 7.3.1 that

χ
(
IG

1 (f1) , ..., IG
1 (fk)

)
= 0
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�
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Fig. 7.1. A representation of the partition 0̂

�

�

�

�

�

�

Fig. 7.2. A disconnected Gaussian diagram

(this is consistent with the properties of cumulants of Gaussian vectors noted in
Chapter 3).
Now focus onM0

2 ([k] , π∗). Recall that, according to (7.2.28), a partition σ ∈
P([k]) is an element ofM0

2 ([k] , π∗) if and only if the diagram Γ (π∗, σ) (see
Section 4.1) is Gaussian and non-flat. If k is odd the classM0

2 ([k] , π∗) is empty,
and, for k even,M0

2 ([k] , π∗) coincides with the collection of all partitions

σ =
{
{i1, j1} , ...,

{
i k

2
, j k

2

}}
∈ P ([k]) (7.3.37)

whose blocks have size two (that is,M0
2 ([k] , π∗) is the class of all perfect match-

ings of the first k integers). For σ as in (7.3.37), we have

fσ,k

(
z1, ..., z k

2

)
=

∏
{il,jl}∈σ
l=1,...,k/2

fil
(zl) fjl

(zl) .

Points 3 and 4 of Corollary 7.3.1 yield therefore

E
(
IG

1 (f1) · · · IG
1 (fk)

)
=

{∑
σ={{i1,j1},...,{ik/2,jk/2}}∈P([k])

∫
Z

fi1fj1dν · · · ∫
Z

fik/2fjk/2dν, k even

0, k odd.
,
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� �

�

�

Fig. 7.3. A three-block partition

� �

�

�

� �

�

�

Fig. 7.4. The two elements ofM2([4], π∗)

which is just a special case of (3.2.21), since E
(
IG

1 (fi) IG
1 (fj)

)
=
∫

Z
fi1fj1dν.

For instance, if k = 4, one has that

E
(
IG

1 (f1) · · · IG
1 (f4)

)
=
∫

Z

f1f2dν ×
∫

Z

f3f4dν +
∫

Z

f1f3dν ×
∫

Z

f2f4dν∫
Z

f1f4dν ×
∫

Z

f2f3dν.

(iii) Consider the case k = 3, n1 = 2, n2 = n3 = 1. Here, n = n1 + n2 + n3 = 4,
and

π∗ = {{1, 2} , {3} , {4}} .

The partition π∗ is represented in Fig. 7.3.
The classM2 ([4] , π∗) contains only two elements, namely

σ1 = {{1, 3} , {2, 4}} and σ2 = {{1, 4} , {2, 3}} ,

whose diagrams are given in Fig. 7.4.
Since the rows of these diagrams cannot be divided into two subsets (see Sec-
tion 4.1), they are connected, and one hasM2 ([4] , π∗) =M0

2 ([4] , π∗), that is,
cumulants equal moments by (7.3.29) and (7.3.30). Moreover,

fσ1,3 (z1, z2) = f1 (z1, z2) f2 (z1) f3 (z2)

fσ2,3 (z1, z2) = f1 (z1, z2) f2 (z2) f3 (z1) .
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�

Fig. 7.5. A four-block partition

It follows that

χ
(
IG

2 (f1) , IG
1 (f2) , IG

1 (f3)
)

= E
(
IG

2 (f1) IG
1 (f2) IG

1 (f3)
)

=
∫

Z2

{fσ1,3 (z1, z2) + fσ2,3 (z1, z2)}ν2 (dz1, dz2)

= 2
∫

Z2

f1 (z1, z2) f2 (z1) f3 (z2) ν2 (dz1, dz2) ,

where in the last equality we have used the symmetry of f1.
(iv) We want to use Point 1 and 2 of Corollary 7.3.1 to compute the kth cumulant

χk

(
IG

2 (f)
)

= χ(IG
2 (f) , ..., IG

2 (f)︸ ︷︷ ︸)
k times.

,

for every k ≥ 3, that is, cumulants of multiple integrals of order 2. This can be
done by specializing formula (7.3.29) to the case: k ≥ 3 and n1 = n2 = ... =
nk = 2. Here, n = 2k and

π∗ = {{1, 2} , {3, 4} , ..., {2k − 1, 2k}} ;

for instance, for k = 4 the partition π∗ can be represented as in Fig. 7.5.
Now consider the setM2 ([2k] , π∗). Recall that the blocks of its partitions have
only two elements. It contains for example the partition

σ∗ = {{1, 2k} , {2, 3} , {4, 5} , ..., {2k − 2, 2k − 1}} ∈ P ([2k]) .

For k = 4, one has

σ∗ = {{1, 8} , {2, 3} , {4, 5} , {6, 7}} ,

whose diagram appears in Fig. 7.6.
Note that such a diagram is circular, and that the corresponding multigraph looks
like the one in Fig. 4.17. Therefore,

fσ∗,k (z1, ..., zk) = f (z1, z2) f (z2, z3) · · · f (zk−1, zk) f (zk, z1) . (7.3.38)
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�
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�

Fig. 7.6. A circular diagram with four rows

It is not difficult to see thatM2 ([2k] , π∗) contains exactly 2k−1 (k − 1)! ele-
ments and that the diagram Γ (π∗, σ) associated to each σ ∈ M2 ([2k] , π∗) is
equivalent (up to a permutation, or equivalently to a renumbering of the rows) to
a circular diagram (see Section 4.1). It follows that, for every σ ∈M2 ([2k] , π∗),
one has that

fσ,k (z1, ..., zk) = fσ∗,k (z1, ..., zk) ,

where fσ∗,2k is given in (7.3.38). This yields the classic formula (see, for exam-
ple, [31]):

χk

(
IG

2 (f)
)

(7.3.39)

= 2k−1 (k − 1)!
∫

Zk

f (z1, z2) f (z2, z3) · · ·

· · · f (zk−1, zk) f (zk, z1) ν (dz1) · · · ν (dzk) .

7.4 The Poisson case

The following result provides diagram formulae for Wiener-Itô integrals with respect
to compensated Poisson measures. It is stated only for elementary functions, so as not
to have to deal with convergence issues. The proof is similar to the one of Corollary
7.3.1, and it is only sketched. We letM≥2 ([n] , π∗) andM0

≥2 ([n] , π∗) be defined as
in Section 7.3.

Corollary 7.4.1 (Poisson measures) Suppose ϕ = N̂ is a centered Poisson measure
with non-atomic control measure ν, fix integersn1, ..., nk ≥ 1 and letn = n1+···+nk.
Write π∗ for the partition of [n] appearing in (6.1.1). Then, for any vector of functions
(f1, ..., fk) such that fj ∈ Es,0 (νnj ), j = 1, ..., k, the following relations hold:

1. ifM≥2 ([n] , π∗) = ∅, then χ
(
IN̂
n1

(f1) , · · ·, IN̂
nk

(fk)
)

= 0;
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2. ifM≥2 ([n] , π∗) �= ∅, then

χ
(
IN̂
n1

(f1) , · · ·, IN̂
nk

(fk)
)

=
∑

σ∈M≥2([n],π∗)

∫
Z|σ|

fσ,kdν
|σ|, (7.4.40)

where, for every σ ∈M≥2 ([n] , π∗), the function fσ,k, in |σ| variables, is obtained
by identifying the variables xi and xj in the argument of f1⊗0 · · ·⊗0fk (as defined
in (6.1.3)) if and only if i ∼σ j;

3. ifM0
≥2 ([n] , π∗) = ∅, then E

(
IN̂
n1

(f1) · · · IN̂
nk

(fk)
)

= 0;

4. ifM0
≥2 ([n] , π∗) �= ∅,

E
(
IN̂
n1

(f1) · · · IN̂
nk

(fk)
)

=
∑

σ∈M0
≥2([n],π∗)

∫
Z|σ|

fσ,kdν
|σ|. (7.4.41)

Sketch of the Proof. The proof follows closely that of Corollary 7.3.1. The only
difference is in evaluating (7.1.6). Instead of having (7.1.8) which requires considering
M2 andM0

2, one has (7.1.9), which implies that one must useM≥2 andM0
≥2.

Remark. Corollaries 7.3.1 and 7.4.1 are quite similar. In the Poisson case, however,
fσ,k depends on |σ| variables, whereas in the Gaussian case it depends on n/2 vari-
ables.

All kernels appearing in the following examples are symmetric, elementary and
vanishing on diagonals. This ensures that multiple integrals have moments of all or-
ders, because they are sums of products of independent Poisson random variables (for
infinitely divisible random measures, however, one needs additional moment condi-
tions on the Lévy-Khintchine measure, as noted below).

Example 7.4.2 We apply Corollary 7.4.1 in order to compute the cumulant

χ
(
IN̂
n1

(f1) , IN̂
n2

(f2)
)

= E
(
IN̂
n1

(f1) IN̂
n2

(f2)
)
,

where n1, n2 ≥ 1 are arbitrary. In this case, π∗ ∈ P ([n1 + n2]) is given by

π∗ = {{1, ..., n1} , {n1 + 1, ..., n1 + n2}} .

Moreover,

M0
2 ([n1 + n2] , π∗) = M2 ([n1 + n2] , π∗)

= M≥2 ([n1 + n2] , π∗) =M0
≥2 ([n1 + n2] , π∗)

(indeed, since any diagram of π∗ is composed of two rows, every non-flat di-
agram must be necessarily connected and Gaussian). This gives, in particular,
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Fig. 7.7. A three-row partition
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Fig. 7.8. The four elements ofM≥2([5], π∗)

M≥2 ([n1 + n2] , π∗) �= ∅ if and only if n1 = n2. The computations performed in
the Gaussian case thus apply and therefore yield

χ
(
IN̂
n1

(f1) , IN̂
n2

(f2)
)

= E
(
IN̂
n1

(f1) IN̂
n2

(f2)
)

= 1n1=n2 × n1!
∫

Zn1

f1f2dν
n1 ,

which is once again consistent with (5.5.62).

Example 7.4.3 Consider the case k = 3, n1 = n2 = 2, n3 = 1. Here, n = n1 + n2 +
n3 = 5, and π∗ = {{1, 2} , {3, 4} , {5}}. The partition π∗ can be represented as in
Fig. 7.7.
The classM0

≥2 ([5] , π∗), of σ’s such that σ ∧ π∗ = 0̂, contains four elements, that is,

σ1 = {{1, 3, 5} , {2, 4}} , σ2 = {{1, 4} , {2, 3, 5}}
σ3 = {{1, 3} , {2, 4, 5}} and σ4 = {{1, 4, 5} , {2, 3}} ,

whose diagrams are given in Fig. 7.8.
Since all these diagrams are connected, the classM≥2 ([5] , π∗) coincides with

M0
≥2 ([5] , π∗). Note also that, since the above diagrams have an odd number of ver-

tices,M≥2 ([5] , π∗) does not contain partitions σ whose diagram is Gaussian. Thus,

fσ1,3 (z1, z2) = f1 (z1, z2) f2 (z1, z2) f3 (z1)

fσ2,3 (z1, z2) = f1 (z1, z2) f2 (z2, z1) f3 (z2)

fσ3,3 (z1, z2) = f1 (z1, z2) f2 (z1, z2) f3 (z2)

fσ4,3 (z1, z2) = f1 (z1, z2) f2 (z2, z1) f3 (z1) .

For instance, fσ1,3 (z1, z2) has been obtained by identifying the variables of
f1 (x1, x2) f2 (x3, x4) f3 (x5) as x1 = x3 = x5 = z1 and x2 = x4 = z2. By exploiting
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Fig. 7.9. The elements ofM0
≥2([5], π∗)

the symmetry of f1 and f2, one deduces that the four quantities∫
Z2

fσi,3 (z1, z2) ν2 (dz1, dz2) , i = 1, ..., 4,

are equal. It follows from (7.4.40) and (7.4.41) that

χ
(
IN̂

2 (f1) , IN̂
2 (f2) , IN̂

1 (f3)
)

= E
(
IN̂

2 (f1) IN̂
2 (f2) IN̂

1 (f3)
)

= 4
∫

Z2

{f1 (z1, z2) f2 (z1, z2) f3 (z1)} ν2 (dz1, dz2) .

Example 7.4.4 Consider the case k = 4 and ni = 1, i = 1, ..., 4. Here, π∗ = 0̂ =
{{1} , {2} , {3} , {4}}, and consequently π∗ can be represented as a single column
of four vertices. The classM≥2 ([4] , π∗) contains only the maximal partition 1̂ =
{{1, 2, 3, 4}}, whereasM0

≥2 ([5] , π∗) contains 1̂ and the three elements

σ1 = {{1, 2} , {3, 4}} , σ2 = {{1, 3} , {2, 4}} , and
σ3 = {{1, 4} , {2, 3}} .

The diagrams associated with the classM0
≥2 ([5] , π∗) =

{
1̂, σ1, σ2, σ3

}
are repre-

sented in Fig. 7.9.
Now take fi = f for i = 1, ..., 4, where f is an elementary kernel. One has that

f1̂,4 (z) = f (z)4

fσj ,4 (z1, z2) = f (z1)
2
f (z2)

2 , j = 1, 2, 3.

It follows from (7.4.40) and (7.4.41) that

χ
(
IN̂

1 (f) , IN̂
1 (f) , IN̂

1 (f) , IN̂
1 (f)

)
= χ4

(
IN̂

1 (f)
)

=
∫

Z

f (z)4
ν (dz)

E
(
IN̂

1 (f)4
)

=
∫

Z

f (z)4
ν (dz)

+3
∫

Z2

f (z1)
2
f (z2)

2
ν2 (dz1, dz2) .
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Example 7.4.5 Let Y be a centered random variable with finite moments of all orders,
and suppose that Y is infinitely divisible and such that

E [exp (iθY )] = exp
[∫

R

(
eiθu − 1− iθu) ρ (du)

]
, (7.4.42)

where the measure ρ is such that ρ ({0}) = 0 and
∫
R
|u|kρ (du) <∞ for every k ≥ 1

(see Lemma 5.3.4). Then, combining (7.4.42) and (3.1.2), one deduces that

χk (Y ) =
∫
R

ukρ (du) , k ≥ 2, (7.4.43)

(note that χ1 (Y ) = E (Y ) = 0). We shall prove that (7.4.43) is consistent with
(7.4.40). Indeed, according to the discussion contained in Section 5.3, one has that

Y
law=

∫
R

∫ 1

0
uN̂ (du, dx) = IN̂

1 (f) ,

where f (u, x) = u1[0,1] (x), and N̂ is a centered Poisson measure on [0, 1]×R, with
control ρ (du) dx. It follows that

χk (Y ) = χk(IN̂
1 (f)) = χ(IN̂

1 (f) , ..., IN̂
1 (f)︸ ︷︷ ︸

k times

). (7.4.44)

The RHS of (7.4.44) can be computed by means of Corollary 7.4.1 in the special case
where nj = 1 (∀j = 1, ..., k), n = Σjnj = k, and π∗ = 0̂ = {{1} , ..., {k}}. One has
clearly that 1̂ is the only partition such that the diagram Γ

(
0̂, 1̂

)
is connected, so that

M≥2 ([k] , π∗) =
{

1̂
}

= {{1, ..., k}} .
Since

f1̂,k (u, x) = uk1[0,1] (x) ,

we can now use (7.4.40) to deduce that

χk(IN̂
1 (f)) =

∫
R

∫ 1

0
f1̂,k (u, x) ρ (du) dx =

∫ 1

0
dx

∫
R

ukρ (du) =
∫
R

ukρ (du) .

Example 7.4.6 As an explicit example of (7.4.43), consider the case where Y is a
centered Gamma random variable with shape parameter a > 0 and unitary scale pa-
rameter, that is,

E [exp (iθY )] =
e−iθa

(1− iθ)a = exp
[
a

∫ ∞

0

(
eiθu − 1− iθu) e−u du

u

]
.

Thus, ρ(du) = a1{u>0}u−1e−udu. It follows that, χ1 (Y ) = E (Y ) = 0 and, for
k ≥ 2,

χk (Y ) = a

∫
R

uke−u du

u
= aΓ (k) = a (k − 1)!.
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From Gaussian measures to isonormal
Gaussian processes

We now return to the Gaussian framework and start this chapter by relating multiple
stochastic integrals to Hermite polynomials and prove a corresponding chaotic decom-
position. We then generalize our setup, by replacing Gaussian measures by isonormal
Gaussian processes.

8.1 Multiple stochastic integrals as Hermite polynomials

In this section, ϕ = G is a completely random Gaussian measure over the Polish space
(Z,Z). We denote by ν the σ-finite control measure ofG, and, for n ≥ 1, IG

n indicates
the multiple stochastic integral of order n with respect to G (see (5.5.61)).

Definition 8.1.1 The sequence of Hermite polynomials {Hq : q ≥ 0} onR, is defined
via the following relations: H0 ≡ 1 and, for q ≥ 1,

Hq (x) = (−1)q
e

x2

2
dq

dxq
e−

x2

2 , x ∈ R.

For instance, H1 (x) = 1, H2 (x) = x2 − 1 and H3 (x) = x3 − 3x.

Remark. Di Nunno, Øksendal and Proske [21], Karatzas and Shreve [52] and Kuo
[57] define the Hermite polynomials as we do. Nualart [94] defines them differently,
by dividing each of ourHq by q!.

Exercise. Prove that, for q ≥ 1, the qth Hermite polynomial verifies the equation

Hq(x) = (δq1)(x), x ∈ R, (8.1.1)

where 1 stands for the function which is constantly equal to one, and δq is the qth
iteration of the operator δ, acting on smooth functions f as δf(x) = xf(x) − f ′(x).
The operator δ, sometimes called the divergence operator, plays a crucial role in the

G. Peccati, M.S. Taqqu: Wiener Chaos: Moments, Cumulants and Diagrams –
A survey with computer implementation.
© Springer-Verlag Italia 2011
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so-called “Stein’s method” for normal approximations. See, for example, the role of
the operator δ in Stein’s Lemma 3.2.4.

Recall that the sequence {(q!)−1/2
Hq : q ≥ 0} is an orthonormal basis of

L2(R, (2π)−1/2
e−x2/2dx). Several relevant properties of Hermite polynomials can

be deduced from the following formula, valid for every θ, x ∈ R,

exp
(
θx− θ2

2

)
=

∞∑
n=0

θn

n!
Hn (x) . (8.1.2)

For instance, one deduces immediately from the previous expression that

d

dx
Hn (x) = nHn−1 (x) , n ≥ 1, (8.1.3)

Hn+1 (x) = xHn (x)− nHn−1 (x) , n ≥ 1. (8.1.4)

One has also

Hn(x) =
�n/2�∑
k=0

(
n

2k

)
(2k − 1)!!(−1)kxn−2k, n ≥ 0,

where we use the double factorial symbol as before, i.e. (2k−1)!! = 1·3·5···(2k−1).

Remark. It is sometimes convenient to use a more general type of Hermite polynomi-
als, denoted byHn(x, ρ), n ≥ 0, involving a parameter ρ > 0. These polynomials are
orthogonal with respect to the Gaussian density function with mean zero and variance
ρ, namely

∫ ∞

−∞
Hn(x, ρ)Hm(x, ρ)

e−
x2

2ρ√
2πρ

dx = n!ρnδnm, n,m ≥ 0, (8.1.5)

where δnm is the Kronecker delta. Their generating function is

exp
(
θx− 1

2
ρθ2

)
=

∞∑
n=0

Hn(x, ρ)
n!

θn. (8.1.6)

The generalized Hermite polynomials also satisfy

Hn(x, ρ) = (−ρ)ne
x2

2ρ
dn

dxn
e−

x2

2ρ , n ≥ 0,

with d0

dx0 equal to the identity operator, and are expressed as

Hn(x, ρ) =
�n/2�∑
k=0

(
n

2k

)
(2k − 1)!!(−ρ)kxn−2k, n ≥ 0.
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The first few are

H0(x, ρ) = 1,

H1(x, ρ) = x

H2(x, ρ) = x2 − ρ,
H3(x, ρ) = x3 − 3xρ.

Observe that

a−nHn(ax, a2) = Hn(x). (8.1.7)

Formore information, see Kuo [58]. Here, we shall workwith the Hermite polynomials
Hn(x) that are obtained from Hn(x, ρ) by setting ρ = 1.

The next result uses (6.4.17) and (8.1.4) in order to establish an explicit relation
between multiple stochastic integrals and Hermite polynomials.

Proposition 8.1.2 Let h ∈ L2 (ν) be such that ‖h‖L2(ν) = 1, and, for n ≥ 1, define

h⊗n (z1, .., zn) = h (z1)× · · · × h (zn) , (z1, ..., zn) ∈ Zn.

Then,

IG
n

(
h⊗n

)
= Hn

(
IG

1 (h)
)

= Hn (G (h)) . (8.1.8)

Proof. Of course, H1

(
IG

1 (h)
)

= IG
1 (h) = G(h), so the statement holds for n = 1.

By the multiplication formula (6.4.17), one has therefore that, for n ≥ 2,

IG
n

(
h⊗n

)
IG

1 (h) = IG
n+1

(
h⊗n+1

)
+ nIG

n−1

(
h⊗n−1

)
,

and the conclusion is obtained from (8.1.4), and by recursion on n.

In the following corollary we do not suppose that the random variableX = IG
1 (h)

has unit variance.

Corollary 8.1.3 For every n ≥ 1 and every h ∈ L2(ν), one has that

Hn

(
IG

1 (h), ‖h‖2
L2(ν)

)
= IG

n (h⊗n). (8.1.9)

Proof. Let X = IG
1 (h). Then, by (8.1.7) and Proposition 8.1.2,

Hn

(
X, ‖h‖2

L2(ν)

)
= ‖h‖n

L2(ν)Hn

(
X

‖h‖n
L2(ν)

)

= ‖h‖n
L2(ν) I

G
n

(
h⊗n

‖h‖n
L2(ν)

)
= IG

n

(
h⊗n

)
.
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Corollary 8.1.4 For every jointly Gaussian random variables (U, V ) with zero mean
and unitary variance,

E [Hn (U)Hm (V )] =
{

0 if m �= n

n!E [UV ]n if m = n.

Proof. By using the relation (5.5.62), we have E
[
IG
n (h⊗n) IG

n (g⊗n)
]

=
n! 〈h⊗n, g⊗n〉L2(νn) = n! 〈h, g〉nL2(ν), and hence the result follows from (8.1.8).

Remark. Consider a discrete-time stationary Gaussian stochastic process {Xj : j ≥
0} with mean zero, unit variance and covariance r(k) = EXj+kXk, decreasing to 0
as k → ∞. Then the covariance of the process {Yj : j ≥ 0}, defined for some fixed
n ≥ 2 as Yj = Hn(Xj), is

Rn(k) = EHn(Xj+k)Hn(Xj) = n!rn(k),

which decreases much faster as k → ∞. Suppose, for example, that {Xj : j ≥ 0}
has covariance r(k) ∼ k−D as k → ∞, with D < 1 so that

∑∞
j=−∞ r(k) = ∞.

Such a sequence is said to have long-range dependence or long memory (see [154]).
Then the covariance of {Yj : j ≥ 0} is such that Rn(k) ∼ n!k−nD as k → ∞, and
hence

∑∞
j=−∞Rn(k) = ∞ only if D < 1/n, for example, D < 1/2 when n = 2.

The original sequence {Xj : j ≥ 0} must have had particularly strong dependence to
ensure that {Yj : j ≥ 0} remains long-range dependent.

8.2 Chaotic decompositions

By combining (8.1.2) and (8.1.8), one obtains the following fundamental decomposi-
tion of the square-integrable functionals of G.

Theorem 8.2.1 (Chaotic decomposition) For every F ∈ L2 (P, σ (G)) (that is,
E(F 2) < ∞), there exists a unique sequence {fn : n ≥ 1}, with fn ∈ L2

s (νn), such
that

F = E [F ] +
∞∑

n=1

IG
n (fn) , (8.2.10)

where the series converges in L2 (P).

Proof. Fix h ∈ L2 (ν) such that ‖h‖L2(ν) = 1, as well as θ ∈ R. Then, G(h) is
Gaussian with mean zero and variance 1. By using (8.1.2) and (8.1.8), one obtains that

exp
(
θG (h)− θ2

2

)
=

∞∑
n=0

θn

n!
Hn (G (h)) = 1 +

∞∑
n=1

θn

n!
IG
n

(
h⊗n

)
. (8.2.11)
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Since

E
[
exp

(
θG (h)− θ2

2

)]
= 1,

one deduces that (8.2.10) holds for every random variable of the form F =
exp

(
θG (h)− θ2

2

)
, with fn = θn

n! h
⊗n. The conclusion is obtained by observing that

the linear combinations of random variables of this type are dense in L2 (P, σ (G)),
as well as using the fact that random variables admitting the chaotic decomposition
8.2.10 are an Hilbert space (just use the orthogonality and isometric properties of mul-
tiple integrals).

Remarks. (1) By inspection of the proof of Theorem 8.2.1, we deduce that the linear
combinations of random variables of the type IG

n (h⊗n), with n ≥ 1 and ‖h‖L2(ν) =
1, are dense in L2 (P, σ (G)). This implies in particular that the random variables
IG
n (h⊗n) generate the nth Wiener chaos Cn (G).
(2) The first proof of (8.2.10) dates back to Wiener [162]. See also Nualart and

Schoutens [99] and Stroock [149]. See, for example, [20, 46, 61] for further references
and results on chaotic decompositions.

8.3 Isonormal Gaussian processes

We shall now generalize some of the previous results to the case of an isonormal Gaus-
sian process. These objects have been introduced by R.M. Dudley in [24], and are a
natural generalization of the Gaussian measures introduced in Section 5.1. In partic-
ular, the concept of isonormal Gaussian process can be very useful in the study of
fractional fields. See, for example, Pipiras and Taqqu [115, 116, 118], or the second
edition of Nualart’s book [94]. For a general approach to Gaussian analysis by means
of Hilbert space techniques, and for further details on the subjects discussed in this
section, the reader is referred to Janson [46].
Let H be a real separable Hilbert space with inner product (·, ·)H. In what follows,

we will denote by

X = X (H) = {X (h) : h ∈ H}
an isonormal Gaussian process over H. This means that X is a centered real-valued
Gaussian family, indexed by the elements of H and such that

E [X (h)X (h′)] = (h, h′)H , ∀h, h′ ∈ H. (8.3.12)

In other words, relation (8.3.12) means that X is a centered Gaussian Hilbert space
(with respect to the inner product canonically induced by the covariance) isomorphic
to H.
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Example 8.3.1 (Euclidean spaces) Fix an integer d ≥ 1, set H = Rd and let
(e1, ..., ed) be an orthonormal basis of Rd (with respect to the usual Euclidean inner
product). Let (Z1, ..., Zd) be a Gaussian vector whose components are i.i.d. N (0, 1).
For every h =

∑d
j=1 cjej (where the cj are real and uniquely defined), set

X (h) =
d∑

j=1

cjZj ;

and define
X =

{
X (h) : h ∈ Rd

}
.

Then, X is an isonormal Gaussian process over Rd. Observe, in particular, that
EX(h)2 =

∑d
j=1 c

2
j = 〈h, h〉H.

Example 8.3.2 (Gaussian measures) Let (Z,Z, ν) be a measure space, where ν is
positive, σ-finite and non atomic. Consider a completely random Gaussian measure
G = {G (A) : A ∈ Zν} (as defined in Section 5.1), where the class Zν is given by
(5.1.3). Set

H = L2 (Z,Z, ν) ;

and thus, for every h, h′ ∈ H,

(h, h′)H =
∫

Z

h(z)h′(z)ν(dz).

Also, for every h ∈ H, define
X (h) = IG

1 (h)

to be the Wiener-Itô integral of h with respect to G, as defined in (5.2.14). Recall that
X (h) is a centered Gaussian random variable with variance given by ‖h‖2

H. Then,
relation (5.2.15) implies that the collection

X =
{
X (h) : h ∈ L2 (Z,Z, ν)}

is an isonormal Gaussian process over L2 (Z,Z, ν).

Example 8.3.3 (Isonormal spaces built from covariances) Let Y = {Yt : t ≥ 0}
be a real-valued centered Gaussian process indexed by the positive axis, and set

R (s, t) = E [YsYt]

to be the covariance function of Y . This process is not isonormal. However, one can
embed Y into some isonormal Gaussian process as follows:

(i) define E as the collection of all finite linear combinations of indicator functions
of the type 1[0,t], t ≥ 0;
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(ii) define H = HR to be the Hilbert space given by the closure of E with respect to
the inner product

(f, h)R :=
∑
i,j

aicjR (si, tj) ,

where f =
∑

i ai1[0,si] and h =
∑

j cj1[0,tj ] are two generic elements of E ;
(iii) for h =

∑
j cj1[0,tj ] ∈ E , set X (h) =

∑
j cjYtj ;

(iv) for h ∈ HR, setX (h) to be the L2 (P) limit of any sequence of the typeX (hn),
where {hn} ⊂ E converges to h in HR. Note that such a sequence {hn} neces-
sarily exists and may not be unique (however, the definition of X (h) does not
depend on the choice of the sequence {hn}).

Then, by construction, the Gaussian space

{X (h) : h ∈ H}
is an isonormal Gaussian process over HR. See Janson [46, Ch. 1] or Nualart [94] for
more details on this construction.

Example 8.3.4 (Fractional Brownian motion) As a particular case of the previous
example, consider the fractional Brownian motion {BH(t) : t ≥ 0}, where 0 < H <

1, and whose covariance is

R(s, t) = E(BH(s)BH(t)) =
σ2

2
{s2H + t2H − |s− t|2H}, (8.3.13)

with σ > 0. It is a Brownian motion if H = 1/2. Define the Hilbert space H and
the process {X(h) : h ∈ H} as in the previous example. Then, {X(h) : h ∈ H} is
isonormal. One customarily denotes it as {BH(h) : h ∈ H}.

Example 8.3.5 (Even functions and symmetric control measures)Other classic ex-
amples of isonormal Gaussian processes (see, for example„ [12, 34, 66, 151]) are given
by objects of the type

Xβ = {Xβ (ψ) : ψ ∈ HE ,β} ,
where β is a real non-atomic symmetric measure on R (that is, β (dx) = β (−dx)),
and

HE,β = L2
E (R, dβ) (8.3.14)

stands for the collection of real linear combinations of complex-valued even functions
that are square-integrable with respect to β (recall that a function ψ is “even” or “Her-
mitian” if ψ (x) = ψ (−x)). The class HE ,β (the “E” stands for even) is indeed a real
Hilbert space, endowed with the inner product

(ψ1, ψ2)β =
∫
R

ψ1 (x)ψ2 (−x)β (dx) ∈ R. (8.3.15)
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This type of construction is used in the spectral theory of time series (see Chapter 9
for more details).

Example 8.3.6 (Gaussian Free Fields) Let d ≥ 2 and let D be a domain in Rd.
Denote byHs(D) the space of real-valued continuous and continuously differentiable
functions onRd that are supported on a compact subset ofD (note that this implies that
the first derivatives of the elements ofHs(D) are square-integrable with respect to the
Lebesgue measure). Write H(D) in order to indicate the real Hilbert space obtained
as the closure ofHs(D) with respect to the inner product

(f, g) =
∫
Rd

∇f(x) · ∇g(x)dx,

where ∇ indicates the gradient. An isonormal Gaussian process of the type X =
{X(h) : h ∈ H(D)} is called a Gaussian Free Field (GFF). The reader is referred
to the survey by Sheffield [139] for a discussion of the emergence of GFFs in sev-
eral areas of modern probability. See Rider and Virág [129] for a connection with the
“circular law” for Gaussian non-Hermitian random matrices.

Example 8.3.7 (Obtaining a Gaussian process on R+ from a an isonormal Gaus-
sian process) LetX = {X(h) : h ∈ H} be isonormal. For each t ≥ 0 select a function
ht ∈ H. Then, the process Xt = X(ht) is Gaussian with covariance

E(XtXs) = 〈ht, hs〉H.

For instance, consider the case H = L2(R, dx) and define, forH ∈ (0, 1),

hH
t (x) = (t− x)H−1/2

+ − (−x)H−1/2
+ , x ∈ R,

forH �= 1/2, as well as h1/2
t (x) = 1[0,t](x) forH = 1/2. Then, for everyH ∈ (0, 1),

the centered Gaussian process X(hH
t ), t ≥ 0, has a covariance which is a multiple of

the RHS of (8.3.13) (that is, X(hH
t ) is a multiple of a fractional Brownian motion of

Hurst index H). Check this as an exercise!

8.4 Wiener chaos

We shall now show how to extend the notion of Wiener chaos (as appearing in Sec-
tion 5.9 Section 8.2) to the case of an isonormal Gaussian process. The reader is re-
ferred to [94, Sect. 1.1] for a complete discussion of this subject. We need some further
(standard) definitions.

Definition 8.4.1 From now on, the symbol A∞ will denote the class of those se-
quences α = {αi : i ≥ 1} such that: (i) each αi is a nonnegative integer, (ii) αi is
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different from zero only for a finite number of indices i. A sequence of this type is
called a multiindex. For α ∈ A∞, we use the notation |α| = ∑

i αi. For q ≥ 1, we
also write

A∞,q = {α ∈ A∞ : |α| = q} .
Notation. Fix q ≥ 2. Given a real separable Hilbert space H, we denote by

H⊗q the qth tensor power of H

and by
H�q the qth symmetric tensor power of H

(see, for example, [46]). We conventionally set H⊗1 = H�1 = H.

We recall four classic facts concerning tensors powers of Hilbert spaces (see, for
example, [46]).

(i) The spaces H⊗q and H�q are real separable Hilbert spaces, such that H�q ⊂
H⊗q .

(ii) Let {ej : j ≥ 1} be an orthonormal basis of H; then, an orthonormal basis of
H⊗q is given by the collection of all tensors of the type

ej1 ⊗ · · · ⊗ ejq , j1, ..., jd ≥ 1.

(iii) Let {ej : j ≥ 1} be an orthonormal basis of H and endow H�q with the inner
product (·, ·)H⊗q ; then, an orthogonal (and, in general, not orthonormal) basis
of H�q is given by all elements of the type

e (j1, ..., jq) = sym
{
ej1 ⊗ · · · ⊗ ejq

}
, 1 ≤ j1 ≤ ... ≤ jq <∞, (8.4.16)

where sym {·} stands for a canonical symmetrization. Exercise: find an or-
thonormal basis of H�q .

The following identification is often used (see, for example, [46, Appendix E] for a
discussion of this point).

Lemma 8.4.2 If H = L2 (Z,Z, ν), where ν is σ-finite and non-atomic, then H⊗q

is isomorphic (as a Hilbert space) to L2 (Zq,Zq, νq) and H�q is isomorphic to
L2

s (Zq,Zq, νq), where L2
s (Zq,Zq, νq) is the subspace of L2 (Zq,Zq, νq) composed

of symmetric functions.

Now observe that, once an orthonormal basis of H is fixed and due to the sym-
metrization, each element e (j1, ..., jq) in (8.4.16) can be completely described in terms
of a unique multiindex α ∈ A∞,q , as follows: (i) set αi = 0 if i �= jr for every
r = 1, ..., q, (ii) set αj = k for every j ∈ {j1, ..., jq} such that j is repeated exactly k
times in the vector (j1, ..., jq) (k ≥ 1).
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Example 8.4.3 (i) The multiindex (1, 0, 0, ....) is associated with the element of H
given by e1.

(ii) Consider the element e (1, 7, 7). In (1, 7, 7) the number 1 is not repeated and 7 is
repeated twice, hence e (1, 7, 7) is associated with the multiindex α ∈ A∞,3

such that α1 = 1, α7 = 2 and αj = 0 for every j �= 1, 7, that is, α =
(1, 0, 0, 0, 0, 0, 2, 0, 0, ...).

(iii) The multindex α = (1, 2, 2, 0, 5, 0, 0, 0, ...) is associated with the element of
H�10 given by e (1, 2, 2, 3, 3, 5, 5, 5, 5, 5).

In what follows, given α ∈ A∞,q (q ≥ 1), we shall write e (α) in order to indicate
the element of H�q uniquely associated with α.

Definition 8.4.4 For every h ∈ H, we set IX
1 (h) = X (h). Now fix an orthonormal

basis {ej : j ≥ 1} of H: for every q ≥ 2 and every h ∈ H�q such that

h =
∑

α∈A∞,q

cαe (α)

(with convergence in H�q , endowed with the inner product (·, ·)H⊗q ), we set

IX
q (h) =

∑
α∈A∞,q

cα
∏
j

Hαj (X (ej)) , (8.4.17)

where the products only involve the non-zero terms of each multiindex α, andHm in-
dicates themth Hermite polynomial. For q ≥ 1, the collection of all random variables
of the type IX

q (h), h ∈ H�q , is called the qth Wiener chaos associated with X and is
denoted by Cq (X).. One sets conventionally C0 (X) = R.

Example 8.4.5 (i) If h = e (α), where α = (1, 1, 0, 0, 0, ...) ∈ A∞,2, then

IX
2 (h) = H1 (X (e1))H1 (X (e2)) = X (e1)X (e2) .

(ii) If α = (1, 0, 1, 2, 0, ...) ∈ A∞,4, then

IX
4 (h) = H1 (X (e1))H1 (X (e3))H2 (X (e4))

= X (e1)X (e3)
(
X (e4)

2 − 1
)

= X (e1)X (e3)X (e4)
2 −X (e1)X (e3) .

(iii) If α = (3, 1, 1, 0, 0, ...) ∈ A∞,5, then

IX
5 (h) = H3 (X (e1))H1 (X (e2))H1 (X (e3))

=
(
X (e1)

3 − 3X (e1)
)
X (e2)X (e3)

= X (e1)
3
X (e2)X (e3)− 3X (e1)X (e2)X (e3) .
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The following result collects some well-known facts concerningWiener chaos and
isonormal Gaussian processes. In particular: the first point characterizes the operators
IX
q as isomorphisms; the second point is an equivalent of the chaotic representation
property for Gaussian measures, as stated in formula (5.9.78); the third point estab-
lishes a formal relation between random variables of the type IX

q (h) and the multiple
Wiener-Itô integrals introduced in Section 5.5 (see [94, Ch. 1] for proofs and further
discussions of all these facts). Compare with Section 5.9.

Proposition 8.4.6 1. For every q ≥ 1, the qth Wiener chaos Cq (X) is a Hilbert
subspace of L2 (P), and the application

h �→ IX
q (h) , h ∈ H�q,

defines a Hilbert space isomorphism betweenH�q , endowed with the inner product
q!(·, ·)H⊗q , and Cq (X).

2. For every q, q′ ≥ 0 such that q �= q′, the spacesCq (X) andCq′ (X) are orthogonal
in L2 (P) .

3. Let F be a functional of the isonormal Gaussian processX satisfying E[F (X)2] <
∞: then, there exists a unique sequence {fq : q ≥ 1} such that fq ∈ H�q , and

F = E (F ) +
∞∑

q=1

IX
q (fq) ,

where the series converges in L2 (P).
4. Suppose that H = L2 (Z,Z, ν), where ν is σ-finite and non-atomic. Then, for q ≥

2, the symmetric power H�q can be identified with L2
s (Zq,Zq, νq) and, for every

f ∈ H�q, the random variable IX
q (f) coincides with the Wiener-Itô integral (see

Definition 5.5.4) of f with respect to the Gaussian measure given by A→ X (1A),
A ∈ Zν .

Remark. The combination of Point 1. and Point 2. in the statement of Proposition 8.4.6
implies that, for every q, q′ ≥ 1,

E
[
IX
q (f) IX

q′ (f ′)
]

= 1q=q′q! (f, f ′)H⊗q

(compare with (5.5.62)). One can also prove (see, for example, Janson [46, Ch. VI])
that the hypercontractivity property (5.9.79) extends to the framework of isonormal
Gaussina processes. This means that, for every p > 2 and every n ≥ 2, there exists a
universal constant cp,n > 0, such that

E
[∣∣IX

n (f)
∣∣p]1/p

≤ cn,pE
[
IX
n (f)2

]1/2
, (8.4.18)

for every f ∈ H�n.
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8.5 Contractions, products and some explicit formulae

We start by introducing the notion of contraction in the context of powers of Hilbert
spaces.

Definition 8.5.1 Consider a real separable Hilbert space H, and let {ei : i ≥ 1} be
an orthonormal basis of H. For every n,m ≥ 1, every r = 0, ..., n ∧ m and every
f ∈ H�n and g ∈ H�m, we define the contraction of order r, of f and g, as the
element of H⊗n+m−2r given by

f ⊗r g =
∞∑

i1,...,ir=1

(f, ei1 ⊗ · · · ⊗ eir)H⊗r ⊗ (g, ei1 ⊗ · · · ⊗ eir)H⊗r , (8.5.19)

and we denote by f̃ ⊗r g its symmetrization. This definition does not depend on the
chosen orthonormal basis {ei : i ≥ 1}. Observe that

(f, ei1 ⊗ · · · ⊗ eir)H⊗r ∈ H�(n−r) and (g, ei1 ⊗ · · · ⊗ eir)H⊗r ∈ H�(m−r).

Remark. One can prove (Exercise!) the following result: if H = L2 (Z,Z, ν), f ∈
H�n = L2

s (Zn,Zn, νn) and g ∈ H�m = L2
s (Zm,Zm, νm), then the definition of

the contraction f ⊗r g given in (8.5.19) and the one given in (6.2.16) coincide.

Example 8.5.2 Let H be a real separable Hilbert space, and let {ei : i ≥ 1} be an
orthonormal basis of H. Suppose that f, g are two elements of H�2 given by

f =
∞∑

i1,i2=1

a(i1, i2) (ei1 ⊗ ei2) g =
∞∑

i1,i2=1

b(i1, i2) (ei1 ⊗ ei2)

where the applications (i1, i2) �→ a(i1, i2), b(i1, i2) are symmetric. We want to com-
pute f ⊗1 g according to Definition 8.5. First of all, one has that, for every i ≥ 1

(f, ei)H =
∞∑

j=1

a(i, j)ej ∈ H and (g, ei)H =
∞∑

j=1

b(i, j)ej ∈ H,

from which one infers that

f ⊗1 g =
∞∑

j1=1

∞∑
j2=1

(f, ei)H ⊗ (g, ej)H =
∞∑

j1=1

∞∑
j2=1

[ ∞∑
i=1

a(i, j1)b(i, j2)

]
(ej1 ⊗ ej2).

The following result extends the product formula (6.4.17) to the case of isonormal
Gaussian processes. The proof (which is left to the reader) can be obtained from Propo-
sition 6.4.1, by using the fact that every real separable Hilbert space is isomorphic to a
space of the type L2 (Z,Z, ν), where ν is σ-finite and non-atomic (see Lemma 8.4.2).
An alternative proof (by induction) can be found in [94, Ch. 1].
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Proposition 8.5.3 LetX be an isonormal Gaussian process over some real separable
Hilbert space H. Then, for every n,m ≥ 1, f ∈ H�n and g ∈ H�m,

IX
n (f) IX

m (g) =
m∧n∑
r=0

r!
(
m

r

)(
n

r

)
IX
n+m−2r (f ⊗r g) , (8.5.20)

where the contraction f ⊗r g is defined according to (8.5.19), and form = n = r, we
write

IX
0 (f ⊗n g) = (f, g)H⊗n .

We stress that one can obtain a generalization of the cumulant formulae (7.3.29) in
the framework of isonormal Gaussian processes. To do this, one should represent each
integral of the type

∫
Zn/2 fσdν

n/2, appearing in (7.3.29), as the inner product between
two iterated contractions of the kernels

{
fnj

}
, and then use the canonical isomorphism

between H and a space of the form L2 (Z,Z, ν). However, the formalism associated
with this extension is rather heavy (and not really useful for the discussion to follow),
and is left to the reader.

Example 8.5.4 We focus once again on isonormal Gaussian processes of the type
Xβ = {Xβ (ψ) : ψ ∈ HE ,β}, where the Hilbert space HE ,β is given in (8.3.14). In
this case, for d ≥ 2, the symmetric power H�d

E ,β can be identified with the real Hilbert
space of those functions ψd that are symmetric on Rd, square integrable with respect
to βd, and such that ψd (x1, ..., xd) = ψd (−x1, ...,−xd) . The bar indicates complex
conjugation. For every n1, ..., nk ≥ 1, one can write explicitly a diagram formula as
follows:

χ
(
I

Xβ
n1 (ψ1) , · · ·, IXβ

nk (ψk)
)

=
∑

σ∈M2([n],π∗)

∫
Rn/2

ψσdβ
n/2,

whereM2 ([n] , π∗) is defined in (7.2.21) and ψσ is the function in (n1 + · · ·+ nk) /2
variables obtained by setting xi = −xj in ψ1 ⊗0 · · · ⊗0 ψd if and only if i ∼σ j. The
field Xβ is often defined in terms of a complex Gaussian measure (see [12, 34, 66]).
This example is further expanded and discussed in the forthcoming Chapter 9.





9

Hermitian random measures
and spectral representations

The aim of this chapter is to analyze more deeply the class of random variables en-
countered in Example 8.5.4. In particular, we shall consider complex-valued functions
ψ, to which we associate real-valued (multiple) stochastic integrals. This type of con-
struction is used in the spectral theory of time series and, in particular, in the context
of self-similar processes (see e.g., [12, 23, 34, 66, 151, 153]).
Wewill proceed in two different ways. The first, already outlined in Example 8.5.4,

involves isonormal processes and does not require the construction of a Gaussian mea-
sure (for the convenience of the reader, we will rewrite the content of Example 8.5.4
in more detail). The second involves building the integrals in the usual way, starting
with elementary functions and a complex Gaussian measure.

9.1 The isonormal approach

Consider first the “isonormal” approach. As before, we shall define the isonormal
Gaussian process as

Xβ = {Xβ (ψ) : ψ ∈ HE ,β} ,
where β is a real non-atomic symmetric measure on R, where the symmetry consists
in the property that

β (dx) = β (−dx) , (9.1.1)

and where

HE ,β = L2
E(R, dβ) (9.1.2)

stands for the collection of linear combinations with real-valued coefficients of
complex-valued and Hermitian functions that are square-integrable with respect to β.
Recall that a function ψ is Hermitian, or (equivalently) even, if

ψ (x) = ψ (−x) ,
G. Peccati, M.S. Taqqu: Wiener Chaos: Moments, Cumulants and Diagrams –
A survey with computer implementation.
© Springer-Verlag Italia 2011
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where the “bar” indicates complex conjugation. The fact that we consider a class of
Hermitian functions ensures that HE ,β is a real Hilbert space, endowed with the scalar
product

(ψ1, ψ2)β =
∫
R

ψ1 (x)ψ2 (x)β (dx) =
∫
R

ψ1 (x)ψ2 (−x)β (dx) . (9.1.3)

This scalar product is real-valued because (ψ1, ψ2)β = (ψ1, ψ2)β . It follows from
Example 8.5.4 that the Gaussian integral I1(ψ) is well-defined and is also real-valued
since HE ,β is a real Hilbert space. We shall denote it here

Î1(ψ)

to indicate that its argument ψ belongs to HE ,β = L2
E(R, dβ). In addition the chaos of

any order q is defined as well, via Hermite polynomials, as in (8.4.17), as well as the
full chaotic expansion as in Theorem 8.4.6. Now consider a chaos of order q ≥ 2. By
adapting the last point in the statement of Proposition 8.4.6, one sees that the symmetric
power H�q

E ,β can be identified with the real Hilbert space of those functions ψq that are
symmetric on Rq , square integrable with respect to βq but here, in addition, such that

ψq (x1, ..., xq) = ψq (−x1, ...,−xq) .

For every n1, ..., nk ≥ 1, one can write explicitly diagram formulae as follows:

χ
(
În1 (ψ1) , · · ·, Înk

(ψk)
)

=
∑

σ∈M2([n],π∗)

∫
Rn/2

ψσdβ
n/2, (9.1.4)

and

E
(
În1 (ψ1) · · · Înk

(ψk)
)

=
∑

σ∈M0
2([n],π∗)

∫
Rn/2

ψσdβ
n/2, (9.1.5)

whereM2 ([n] , π∗) andM0
2 ([n] , π∗) are defined in (7.2.21) and (7.2.21) respectively,

and ψσ is the function in n/2 variables, where

n = n1 + · · ·+ nk,

obtained by setting xi = −xj in

(ψ1 ⊗0 · · · ⊗0 ψk) (x1, ..., xn)

= ψ1(x1, ..., xn1)× ψ2(xn1+1, ..., xn1+n2)× · · · × ψk(xn1+···+nk−1+1, ..., xn)
(9.1.6)

if and only if i ∼σ j. Compare these diagrams formulae with those in Corollary 7.3.1
and equation (9.1.6) with (7.3.31).
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One can also define contractions as in Relation 6.2.10. Let’s focus for example
on the operator ⊗r, which we denote ⊗r in this context. If f ∈ L2

E(Rp, dpβ) and
g ∈ L2

E(R�, dqβ), then

f⊗rg (x1, ..., xp+q−2r) (9.1.7)

=
(
f(·, x1, ..., xp−r) , g(·, xp−r+1, ..., xp+q−2r

)
β

=
∫
Rr

f (z1, ..., zr, x1, ..., xp−r) g (−z1, ...,−zr, xp−r+1, ..., xp+q−2r)

β (dz1) · · · β (dzr) .

We can now state the formula for the product of two integrals corresponding to
the one in Proposition 6.4.1. Let q, p ≥ 1, f ∈ L2

E(Rp, dpβ) and g ∈ L2
E(Rq, dqβ).

Then

Îp (f) Îq (g) =
p∧q∑
r=0

r!
(
p

r

)(
q

r

)
Îp+q−2r (f⊗rg) , (9.1.8)

where the contraction f⊗rg is defined in (9.1.7), and for p = q = r, we write

Î0 (f⊗rg) = (f, g)L2
E (Rr,βr)

= f⊗rg

=
∫
Rr

f (z1, ..., zr) g (−z1, ...,−zr)β (dz1) · · · β (dzr) .

There is nothing to prove. One just has to adapt to the scalar product of the Hilbert
space.

9.2 The Gaussian measure approach

The fieldXβ appearing in the previous paragraph is often defined in terms of a complex
Gaussian measure. In what follows, we shall briefly sketch this construction; the reader
is referred to [66, Ch. 3] for an exhaustive discussion (see also the classic references
[12, 34]). We start with a definition.

Definition 9.2.1 Let β be a Borel non-atomic symmetric measure (see (9.1.1)) on the
real line. A Hermitian (complex) Gaussian measure with control measure β is a col-
lection of complex-valued random variables {Ŵ (A) : β(A) < ∞} defined on some
probability space (Ω,F ,P), and such that:

(i) The random variables Ŵ (A) = Ŵ1(A) + iŴ2(A), β(A) < ∞, are jointly
complex Gaussian.

(ii) E(Ŵ (A)) = 0.
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(iii) The following identity takes place for every A,B of finite measure β:

EŴ (A)Ŵ (B) = β(A ∩B), (9.2.9)

(iv) The following symmetry property is satisfied:

Ŵ (dx) = Ŵ (−dx), (9.2.10)

or, equivalently, Ŵ (A) = Ŵ (−A) for every set A of finite measure β, where
the set −A is defined by the relation: for every real x, one has that −x ∈ −A if
and only if x ∈ A.

Remark.

(a) To explicitly build a Hermitian complex Gaussian measure Ŵ with symmetric
control β, one can proceed as follows. Consider first two independent, real-valued,
centered completely random Gaussian measures (say W 0

1 and W
0
2 ) on R+, each

one with control measure given by the restriction of β/2 on R+. Then, for A ⊆ R
such that β(A) < +∞, define Ŵ1(A) = W 0

1 (A ∩ R+) +W 0
1 ((−A) ∩ R+), and

Ŵ2(A) = W 0
2 (A ∩ R+) −W 0

2 ((−A) ∩ R+). It is immediate to verify that the
complex-valued random measure Ŵ = Ŵ1 + iŴ2 satisfies properties (i)-(iv) of
Definition 9.2.1.

(b) Reasoning as in formula (5.1.7), one also deduces from Point (iii) of Definition
9.2.1 that Ŵ is σ-additive. Further useful properties of Hermitian Gaussian mea-
sures are collected in Section 9.6.

If ψ is simple and Hermitian as above, namely if

ψ =
∑

ji=±1,··· ,±N

cj1 , · · · , cjq 1Aj1
× · · · 1Ajq

where the c’s are real-valued, Aji = −A−ji and Aji ∩Aj�
= ∅ if i �= �, one sets

Îq(ψ) =
∑

ji=±1,··· ,±N

′′
cj1 , · · · , cjqŴ (Aj1) · · · Ŵ (Ajq ).

The double prime in
∑′′ indicates that one does not sum over the hyperdiagonals, that

is, one excludes from the summation terms with ji = ±j� for i �= �. The following
integral notation is then used:

Îq(ψ) =
∫ ′′

Rq

ψ(x1, · · · , xq)Ŵ (dx1) · · ·W (dxq),
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where
∫ ′′ refers to the fact that diagonals are excluded. One notes that the integral is

real-valued because

Îq(ψ) =
∫ ′′

Rq

ψ(x1, · · · , xq) Ŵ (dx1) · · · Ŵ (dxq)

=
∫ ′′

Rq

ψ(−x1, · · · ,−xq) Ŵ (−dx1) · · · Ŵ (−dxq) = Îq(ψ).

and also that

EÎp(ψ1)Îq(ψ2) = δp,qq! (ψ1, ψ2)L2
E (Rq,dqβ) .

One then defines Îq(ψ) for ψ ∈ L2
E(Rq, dqβ) by the usual completion argument (see

again [66, Ch. 4]).

Remark.We described two methods for defining the integral Îq . The first one, which
uses the isonormal approach is the most direct and elegant. The second, which starts
with defining the integral through simple functions is more explicit. It can be made
simpler if one only defines theGaussian integral Î1 and then defines Îq throughHermite
polynomials.

9.3 Spectral representation

The preceding representations are used extensively in times series analysis, where one
relates a “time” representation to a “spectral” representation. This terminology will
make more sense below, when we consider stochastic processes. Our aim, at this point,
is to relate the Gaussian “time integral” I1(h) where h ∈ L2(R, dξ) to the “spectral
integral” Î1(ψ) where ψ ∈ L2

E(R, dβ), in such a way that

I1(h)
law= Î1(ψ), (9.3.11)

with equality in distribution. Both integrals are normal with mean 0 and common vari-
ance. Here

I1(h) =
∫
R

h(ξ)W (dξ)

where h is real-valued, dW is a real-valued Gaussian measure with Lebesgue control
measure dν(ξ) = dξ, and

Î1(ψ) =
∫
R

ψ(λ)Ŵ (dλ)

where ψ is Hermitian and dŴ is complex Hermitian Gaussian measure with Lebesgue
control measure dβ(λ) = dλ (see Definition 9.2.1). We stress that the measure dŴ
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verifies (9.2.10) and the control measure dβ satisfies (9.1.1). What is special here is
that the function ψ is taken to be the Fourier transform of h, namely

ψ(λ) =
1√
2π

∫
R

eiξλh(ξ)dξ. (9.3.12)

Since h is real, ψ is Hermitian. Parseval’s relation gives:

||h||2L2(ν) =
∫
R

h(ξ)2ν(dξ) =
∫
R

|ψ(λ)|2β(dλ) = ||ψ||2L2(β). (9.3.13)

One relates multiple integrals in a similar way:

Proposition 9.3.1 Let h ∈ L2(Rq, dqξ) and ψ ∈ L2
E(Rq, dqλ), defined by

ψ(λ1, · · · , λq) =
1

(2π)q/2

∫
Rq

ei(ξ1λ1+···+ξqλq)h(ξ1, · · · , ξq)dξ1 · · · dξq. (9.3.14)

Then
Iq(h)

law= Îq(ψ).

More generally, if hj ∈ L2(Rj , djξ) has Fourier transform ψj ∈ L2
E(Rj , djλ), j =

1, · · · , q, then (
I1(h1), · · · , Iq(hq)

)
law=

(
Î1(ψ1), · · · , Îq(ψq)

)
.

To prove this proposition, start with (9.3.11) and then proceed as in Proposition 8.4.6
(see also [153]).

9.4 Stochastic processes

In the context of time series analysis, a process can be both defined in “the time do-
main” and in “the spectral domain”. One considers then two Hilbert spaces L2(R, dξ)
and L2

E(R, dλ), both with Lebesgue control measure. Let T be some set, typically
T = R, T = R+ or T = Z. Consider the following stochastic process labeled by
t ∈ R:

Iq(ht) =
∫ ′

R

ht(ξ1, · · · , ξq) dW (ξ1) · · · dW (ξq), t ∈ T,

where W is a real-valued Gaussian random measure with Lebesgue control measure
on R and ht ∈ L2(Rq, dqξ). The prime indicates that one does not integrate over
hyperdiagonals. Let ψt denote the Fourier transform of ht defined as in (9.3.14). It
follows from Proposition 9.3.1 and the linearity of the integral that for any n ≥ 1 and
t1, · · · , tn ∈ T ,(

Iq(ht1), · · · , Iq(htn)
)

law=
(
Îq(ψt1), · · · , Îq(ψtn)

)
,
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where

Îq(ψt) =
∫ ′′

R

ψt(ξ1, · · · , ξq) dŴ (ξ1) · · · dŴ (ξq), t ∈ T,

where Ŵ has Lebesgue control measure: dβ(λ) = dλ and satisfies (9.1.1). Both
Iq(ht), t ∈ T and Îq(ψt), t ∈ T are representations of the same stochastic process.
The representation Iq(ht) which involves a real-valued integrand h is said to be in the
time domain, whereas the representation Îq(ψt), which involves Fourier transforms,
is said to be defined in the spectral domain.

9.5 Hermite processes

We shall use Hermite processes to illustrate the preceding discussion. The Hermite
processes {Xq,H(t), t ∈ R} are self-similar processes with parameter

1/2 < H < 1,

that is, for any c > 0,

{Xq,H(ct), t ∈ R} law= {cHXq,H(t), t ∈ R}, (9.5.15)

where
law= indicates here equality of the finite-dimensional distributions. They have

stationary increments and are represented by multiple integrals of order q and hence
are non-Gaussian when q ≥ 2. They have representations both in the time domain and
in the spectral domain, which are as follows (see [153]):

(a) Time domain representation: for t ∈ R,

Xq,H(t) = aq,H0

∫ ′

Rq

⎧⎨⎩
∫ t

0

q∏
j=1

(s− ξj)H0− 3
2

+ ds

⎫⎬⎭ dW (ξ1) . . . dW (ξq). (9.5.16)

(b) Spectral domain representation: for t ∈ R,

Xq,H(t) law= bq,H0

∫ ′′

Rq

ei(λ1+...+λq)t − 1
i(λ1 + . . .+ λq)

q∏
j=1

|λj | 1
2−H0dŴ (λ1) . . . dŴ (λq).

(9.5.17)
Here

H0 = 1− 1−H
q

∈
(

1− 1
2q
, 1

)
(9.5.18)

ensures that the integrands are indeed square-integrable. If the Hermite process Xq,H
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is normalized so that E(Xq,H(1)2 = 1, then

aq,H0 =

(
(q(H0 − 1) + 1)(2q(H0 − 1) + 1)Γ ( 3

2 −H0)q

q![Γ (H0 − 1
2 )Γ (2− 2H0)]q

)1/2

(9.5.19)

=

(
H(2H − 1)Γ ( 1

2 + 1−H
q )q

q![Γ ( 1
2 − 1−H

q )Γ ( 2(1−H)
q )]q

)1/2

= Aq,H , (9.5.20)

and

bq,H0 =

(
(q(H0 − 1) + 1)(2q(H0 − 1) + 1)
q![2Γ (2− 2H0) sin((H0 − 1

2 )π)]q

)1/2

(9.5.21)

=

(
(qH(2H − 1)

q![2Γ ( 2(1−H)
q ) sin(( 1

2 − 1−H
q )π)]q

)1/2

= Bq,H . (9.5.22)

For more details see [117, 153, 154] and for additional representations, see [117].
The Hermite processes have the same covariance as fractional Brownian motion,

namely (8.3.13). In fact, the Hermite process of order q = 1 is nothing else than frac-
tional Brownian motion, introduced in Example 8.3.4 and in that case H0 = H . One
thus obtains the following representations of fractional Brownian motion:
(a) Time domain representation of fractional Brownian motion: for t ∈ R,

X1,H(t) = A1,H

∫
R

{∫ t

0
(s− ξ)H− 3

2
+ ds

}
dW (ξ)

=
A1,H

H − 1/2

∫
R

{
(t− ξ)H−1/2

+ − (−ξ)H−1/2
+

}
dW (ξ). (9.5.23)

(b) Spectral domain representation fractional Brownian motion: for t ∈ R,

X1,H(t) law= B1,H

∫
R

eiλt − 1
iλ

|λ| 1
2−HdŴ (λ). (9.5.24)

These representations are not unique. Representations (9.5.23) and (9.5.24) are
valid for 0 < H < 1, H �= 1/2. For more details see [25, 135, 154].

9.6 Further properties of Hermitian Gaussian measures

Here are some of the properties of the complex Hermitian Gaussian measure Ŵ =
Ŵ1 + iŴ2, where Ŵ1 and Ŵ2 denote respectively the real and imaginary parts Ŵ .
Recall that β denotes its symmetric control measure (see Definition 9.2.1), and rela-
tion (9.2.9)).
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Proposition 9.6.1 (a) E(Ŵ (A))2 = 0 if A ∩ (−A) = ∅.
(b) EŴ1(A)Ŵ2(B) = 0 (that is, Ŵ1 and Ŵ2 are independent).

(c) EŴ 2
1 (A) = EŴ 2

2 (A) =
1
2
E|Ŵ (A)|2 =

1
2
β(A) if A ∩ (−A) = ∅.

(d) Ŵ (A1), Ŵ (A2), . . . , Ŵ (An) are independent if A1 ∪ (−A1), . . . , An ∪ (−An)
are disjoint.

Proof.
(a) E(Ŵ (A))2 = EŴ (A)Ŵ (−A) = β(A ∩ (−A)) = ∅ if A ∩ (−A) = ∅.
(b) EŴ1(A)Ŵ2(B)

=
1
4
[E(Ŵ (A) + Ŵ (A))(Ŵ (B) + Ŵ (B))]

=
1
4
[E(Ŵ (A) + Ŵ (−A))(Ŵ (B)− Ŵ (−B))]

=
1
4
[β(A ∩B)− β((A ∩ (−B)) + β((−A) ∩B)− β((−A) ∩ (−B))] = 0

by (9.1.1).
(c) If A ∩ (−A) = ∅, then by (a) and (b),

0 = E(Ŵ (A))2 = E(Ŵ1(A))2 + 2iŴ1(A)Ŵ2(A)− (Ŵ2(A))2]

= E(Ŵ1(A))2 − E(Ŵ2(A))2.

On the other hand, by (9.2.9),

β(A) = E|Ŵ (A)|2 = E(Ŵ1(A))2 + E(Ŵ2(A))2.

(d) If A and B are such that A ∪ (−A) are B ∪ (−B) are disjoint, then

EŴ ((A ∪ (−A))Ŵ (B ∪ (−B)) = β((A ∪ (−A)) ∩ (B ∪ (−B))) = 0.

9.7 Caveat about normalizations

Let dν(ξ) = dξ, dβ(λ) = dλ and set

ψ(λ) =
1√
2π

∫
R

eiξλh(ξ)dξ (9.7.25)

with h ∈ L2(R, dν) and ψ ∈ L2
E(R, dβ). There are, unfortunately, different conven-

tions for choosing the multiplicative constant in front of the Fourier transform integral.
To illustrate this, let a > 0 and define

ψa(λ) =
a√
2π

∫
R

eiξλh(ξ)dξ, (9.7.26)
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that is
ψa(λ) = aψ(λ). (9.7.27)

The normalization constant a is typically chosen to be either

2π,
√

2π, 1, or 1/
√

2π.

If a = 1, then ψa(λ) = ψ(λ). If a �= 1, then for this choice not to have an effect on
Parseval’s relation (9.3.13), namely

‖h‖2
L2(ν) = ‖ψ‖2

L2(β),

one should choose as control measure

βa(dλ) = a−2β(dλ),

so that

‖ψ‖2
L2(β) =

∫
R

|ψ(λ)|2β(dλ) =
∫
R

|a−1ψa(λ)|2β(dλ)

=
∫
R

|ψa(λ)|2βa(dλ) = ‖ψa‖2
L2(βa).

To shed light on the potential problems define the Fourier transform as (9.7.26)
with some a �= 1 and let ζ = ψa. We shall examine the different ways of defining
Î(ζ).

(i) One can define Î(ζ) as
∫
R
ζdŴa, where Ŵa has a control measure βa. This is the

best perspective since E|I(h)|2 = ‖h‖2
ν = ‖ψ‖2

β = ‖ζ‖2
βa
. This means that one

works with L2
E(R, dβa) rather than L2

E(R, dβ).
(ii) If the measure β has a special significance, for example if it is Lebesgue measure,
then one often wants to continue using it. One can then define Î(ζ) as usual, namely
as
∫
R
ζdŴ where Ŵ has control measure β. One then loses the isometry with the

time domain since EI(h)2 = ‖h‖2
L2(ν) = ‖ψ‖2

L2(β) = a−2‖ζ‖L2(β) �= ‖ζ‖L2(β)

but this point of view is acceptable, specially if one tends not to refer to a “time
representation” of the type I(h), where h is real-valued. It is, however, necessary
to keep constantly track of the factor a.

The following example provides an illustration.

Example 9.7.1 Suppose ν(dξ) = dξ, β(dλ) = dλ and define the Fourier transform
of h(ξ) ∈ L2(R, dξ) as

ζ(λ) =
∫
R

eiζλh(ξ)dξ, (9.7.28)

that is, ζ is our ψa with a = 1/
√

2π, a common choice in time series analysis. If we
take the point of view (i), and define

Î(ζ) =
∫
R

ζ(λ)dŴa(λ)
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with
E|dŴa(λ)|2 = βa(dλ) = a−2dλ = 2π dλ,

then we have

I(h) law= Î(ζ), that is, ‖h‖2
L2(ν) = ‖ζ‖2

L2(βa). (9.7.29)

But if we take point of view (ii) instead and define

Î(ζ) =
∫
R

ζ(λ)dŴ (λ) (9.7.30)

with E|dŴ (λ)|2 = dλ, then by (9.7.27),

I(h) law= a−1Î(ζ) = (2π)1/2Î(ζ) (9.7.31)

and the isometry is lost.
Now extend all these definitions to many variables and focus on the formula

(6.4.17) for Îp(f)Îq(g). The best is to take point of view (i) and suppose that the inte-
grals Î are defined with respect to Ŵa, in which case, one needs to replace each β(dλ)
in (9.1.7) by βa(dλ) = a−2dλ = (2π)dλ. In this case, by (9.1.7),

f⊗rg(x1, . . . , xp+q−2r) =

(2π)r

∫
Rr

f(λ1, . . . , λr, x1, . . . , xp−r)

· g(−λ1, . . . ,−λr, xp−r+1, . . . , xp+q−2r)dλ1 . . . dλr,

and (6.4.17) continues to hold.
Alternatively, if we take point of view (ii), namely that the integrals Î are defined

with respect to dW , then relation (6.4.17) should be replaced by

Îp (f) Îq (g) =
p∧q∑
r=0

(2π)rr!
(
p

r

)(
q

r

)
Îp+q−2r (f⊗rg) , (9.7.32)

where

f⊗rg(x1, . . . , xp+q−2r) = (9.7.33)∫
Rr

f(λ1, . . . , λr, x1, . . . , xp−r)g(−λ1, . . . ,−λr, xp−r+1, . . . , xp+q−2r)dλ1 . . . dλr.

A direct way to check (9.7.32), under point of view (ii), is to replace in formula
(6.4.17), f ∈ L2

E(Rp) and g ∈ L2
E(Rq) by apf and aqg respectively, and f⊗rg

by ap+q−2rf⊗rg, where a = (2π)−1/2 and f⊗rg is as in (9.7.33).
While the resulting formula for Îp(f)Îq(g) is the same as if one had considered

integrals with respect to Ŵa, the perspective is different.
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Some facts about Charlier polynomials

In this short chapter, we present some explicit connections between Poisson random
measures and Charlier polynomials.

There is not a unique accepted definition of Charlier polynomials. We shall con-
sider here two related sets of polynomials, namely {cn(x, a) : n ≥ 0} and {Cn(x, a) :
n ≥ 0}. The first is considered, for example, by Ogura [101] and Roman [130]. The
second appears in Kabanov [49] and Surgailis [150].
The Charlier polynomials cn(x, a), x = 0, 1, 2, ..., a > 0, are orthogonal with

respect to the Poisson distribution with mean a, that is,

∞∑
x=0

cn(x, a)cm(x, a)e−a a
x

x!
=
n!
an
δnm

(δnm is the Kronecker delta), and have generating function

∞∑
n=0

cn(x, a)
n!

tn = e−t

(
1 +

t

a

)x

. (10.0.1)

They satisfy the recurrence relation: c0(x, a) = 1,

cn+1(x, a) = a−1xcn(x− 1, a)− cn(x, a) (10.0.2)

(see [101, Eq. (5)] or [130, Eq. 14.3.0]). There are several other recurrence equations
(see [130, p. 121]). Following again [101], these polynomials can be nicely described
in terms of the backward shift operatorBf(x) = f(x−1) and the Poisson probability
function

Π(x, a) = e−a a
x

x!
, x = 0, 1, ...,

as
cn(x, a) =

(x
a
B − 1

)
cn−1(x),

G. Peccati, M.S. Taqqu: Wiener Chaos: Moments, Cumulants and Diagrams –
A survey with computer implementation.
© Springer-Verlag Italia 2011
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which gives (10.0.2), and also

cn(x, a) =
(x
a
B − 1

)n

1,

(compare with formula (8.1.1) for Hermite polynomials). Expanding the right-hand
side of the previous expression, using the binomial expansion, yields

cn(x, a) =
n∑

r=0

(−1)n−r

(
n

r

)(
xB

a

)r

1

=
n∑

r=0

(−1)n−r

(
n

r

)
x(r)

ar
,

where x(0) = 1, x(1) = xB1 = x, x(2) = (xB)21 = xB(xB)1 = xBx = x(x− 1),
and in general

x(r) = (xB)r1 = x(x− 1) · · · (x− r + 1).

Thus, the first few Charlier polynomials are

c0(x, a) = 1

c1(x, a) = −a−1(a− x) =
x

a
− 1

c2(x, a) = a−2(ah2− x− 2ax+ x2) =
x(2)

a2
− 2

x

a
+ 1

c3(x, a) = −a3(a3 − 2x− 3ax− 3a2x+ 3x2 + 3ax2 − x3

=
x(3)

a3
− 3

x(2)

a2
+ 3

x

a
− 1.

Remark. A slight modification of cn(x, a) is given by Engel [26], who defines
Kn(x, a) = (−a)ncn(x, a)/n!.

The second set of Charlier polynomials is defined from the first by setting

Cn(x, a) = ancn(x+ a, a), n ≥ 0, x = −a,−a+ 1, ... (10.0.3)

Its generating function is
∞∑

n=0

Cn(x, a)
n!

tn = e−ta(1 + t)x+a. (10.0.4)

The first few are C0(x, a) = 1, C1(x, a) = x, C2(x, a) = x2 − x − a. We call the
polynomials Cn “centered Charlier”. The polynomials Cn are particularly suitable for
centered Poisson variables. Thus, if N is Poisson with mean a and N̂ = N − a, then
the orthogonality relation becomes

E[Cn(N̂ , a)Cm(N̂ , a)] = E[Cn(N − a, a)Cm(n− a, a)]
= a2nE[cn(N, a)cm(N, a)]

= n!anδnm
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(compare with (8.1.5)). Call J(t) the generating function (10.0.4), and observe that its
right-hand side verifies

(1 + t)
∂J

∂t
= (x− at)J.

Applying this relation to the left-hand side yields the recursion relation

Cn+1(x, a) = (x− n)Cn(x, a)− anCn−1(x, a), n ≥ 1. (10.0.5)

Remark. The polynomials Gn(t, x, λ) considered by Kabanov in [49] equal
Gn(t, x, λ) = Cn(x, λt)/n!.

We now present a statement relating Charlier polynomials and multiple integrals.

Proposition 10.0.2 Let N̂ be a centered Poisson measure over (Z,Z), with σ-finite
and non atomic control measure ν. Then, for every B ∈ Z such that ν(B) <∞, and
every n ≥ 1, one has that

Cn(N̂(B), ν(B)) = IN̂
n (1⊗n

B ) =
∫

Zn
0̂

1B(z1) · · · 1B(zn)N̂(dz1) . . . N̂(dzn).

(10.0.6)

Proof. The result is true for n = 1, since IN̂
1 (1B) = N̂(B) = C1(N̂(B), ν(B)). It is

also true for n = 0 since, in this case, both sides of (10.0.6) are equal to 1 (by conven-
tion). The proof is completed by induction on n, as an application of the multiplication
formula (6.5.21). This formula applied to f(z1, ..., zn) and g(z1) yields

IN̂
n (f)IN̂

1 (g) = IN̂
n+1(f �

0
0 g) + n

[
IN̂
n (f �0

1 g) + IN̂
n−1(f �

1
1 g)

]
.

If f(z1, ..., zn) = 1⊗n
B (z1, ..., zn) =

∏n
j=1 1B(zj) and g(z1) = 1B(z1), we get f �0

0

g = 1⊗(n+1)
B , f �0

1g = 1⊗n
B , and f �1

1g = 1⊗(n−1)
B ×ν(B). Plugging these expressions

into the previous computations, yields therefore

IN̂
n+1(1

⊗(n+1)
B ) = IN̂

n (1⊗n
B ))IN̂

1 (1B)− n[IN̂
n (1⊗n

B ) + ν(B)IN̂
n−1(1

⊗(n−1)
B )

]
= (N̂(B)− n)IN̂

n (1⊗n
B )− ν(B)nIN̂

n−1(1
⊗n−1
B )

= (N̂(B)− n)Cn(N̂(1B), ν(B))− ν(B)nCn−1(N̂(1B), ν(B))

= Cn+1(N̂(1B), ν(B)),

by using the induction hypothesis and the recurrence relation (10.0.5).

Example 10.0.3 One has that

IN̂ (1B ⊗ 1B) = C2(N̂(B)) = N̂(B)2 − N̂(B)− ν(B).
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Consider now the set

Bi1
1 × . . .×Bik

k = (B1 × · · · ×B1︸ ︷︷ ︸
i1 times

)× · · · × (Bk × . . .×Bk︸ ︷︷ ︸
ik times

),

where i1 + . . .+ ik = n. It is the tensor product of B1 repeated i1 times, B2 repeated
i2 times,..., Bk repeated ik times. As shown in the next statement, if the sets Bi are
disjoint, then the multiple Poisson integral of the indicator of Bi1

1 × . . .×Bik

k can be
expressed as a product of Charlier polynomials.

Proposition 10.0.4 Assume that the sets B1, ..., Bk are disjoint and of finite ν mea-
sure. Then,

IN̂
n

(
1

B
i1
1 ×···×B

ik
k

)
=

k∏
a=1

Cia(N̂(Ba), ν(Ba)). (10.0.7)

Proof. One has clearly that 1
B

i1
1 ×···×B

ik
k

= 1⊗i1
B1
⊗ · · ·⊗1⊗ik

Bk
. In view of Proposition

10.0.2, it is therefore sufficient to show that

IN̂
n

(
1⊗i1

B1
⊗ · · · ⊗ 1⊗ik

Bk

)
=

k∏
a=1

IN̂
ia

(1⊗ia

Ba
). (10.0.8)

To prove relation (10.0.8), observe that the functions 1Ba , a = 1, ..., k, have mutually
disjoint supports, so that, for b �= a, contractions of the type 1⊗ia

Ba
�l

r 1⊗ib

Bb
equal zero

unless r = l = 0 (in which case one has 1⊗ia

Ba
�0

0 1⊗ib

Bb
= 1⊗ia

Ba
⊗ 1⊗ib

Bb
). An iterated

application of the multiplication formula (6.5.21) yields therefore that

k∏
a=1

IN̂
ia

(1⊗ia

Ba
) = IN̂

n

(
1⊗i1

B1
�0

0 · · · �0
0 1⊗ik

Bk

)
= IN̂

n

(
1⊗i1

B1
⊗ · · · ⊗ 1⊗ik

Bk

)
,

thus concluding the proof.
We conclude the chapter with a proof of the fact that Poisson measures enjoy a

chaotic representation property.

Corollary 10.0.5 Let the notation and assumptions of this chapter prevail. Then, the
completely random measure N̂ enjoys the chaotic representation property (5.9.78).

Proof. Proposition 10.0.4 and formula (10.0.4) imply that every random variable of
the type F =

∏
k=1,...,N (1+ tk)N̂(Ck)+ν(Ck), where the Ck are disjoint, can be repre-

sented as a series of multiple integrals. Since the linear span of random variables such
as F is dense in L2(σ(N̂),P), the proof is concluded by using the fact that random
variables enjoying the chaotic decomposition (5.9.78) form a Hilbert space.

Remark. Hence any random variable in L2(σ(N̂),P) has the chaotic expansion
(5.9.78). Contrary to the Gaussian case, however, where each term IG

n (fn)) can be
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expressed as a sum if products of Hermite polynomials (see, for example, (8.4.17)),
here IN̂

n (fn)) cannot, in general, be expressed as a sum of products of Charlier polyno-
mials, unless, for example, when fn = 1

B
i1
1 ×···×B

ik
k

as in Proposition 10.0.4. This is

because
∫

Z
f(z)G(dz) is Gaussian whenG is a Gaussian measure, but

∫
R
f(z)N̂(dz)

is, in general, not Poisson, and hence its powers cannot be readily expressed in terms
of Charlier polynomials.
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Limit theorems on the Gaussian Wiener chaos

In a recent series of papers (see [69, 82, 86, 87, 90, 95, 98, 103, 110, 111] for the
Gaussian case, and [106, 107, 108, 109, 114] for the Poisson case) a set of new results
has been established, allowing to obtain neat Central Limit Theorems (CLTs) for se-
quences of random variables belonging to a fixed Wiener chaos of some Gaussian or
Poisson field. The techniques adopted in the above references are quite varied, as they
involve stochastic calculus (see [98, 103, 111]), Malliavin calculus (see [82, 95, 110]),
Stein’s method (see [86, 87, 90, 106]) and decoupling (see [108, 107, 109]). However,
all these contributions may be described as “drastic simplifications” of the method of
moments and cumulants (see, for example, [12, 66], as well as the discussion below)
which is a common tool for proving weak convergence results for non-linear function-
als of random fields.
The aim of this chapter (and of the following) is to draw the connection between the

above quoted CLTs and the method of moments and cumulants into further light, by
providing a detailed discussion of the combinatorial implications of the former. This
discussion will involve the algebraic formalism introduced in Chapters 2–4, as well as
the diagram formulae proved in Chapter 7.
This chapter mainly focuses on random variables belonging to a Gaussian Wiener

chaos, whereas Chapter 12 deals with random objects in a Poisson chaos.
In order to appreciate the subtlety of the issues faced in this chapter, in the next

section we list some well-known properties of the laws of chaotic random variables.

11.1 Some features of the laws of chaotic random variables
(Gaussian case)

We now consider an isonormal Gaussian process X = {X (h) : h ∈ H} over some
real separable Hilbert space H. Recall (see Chapter 8) that the notion of isonormal
Gaussian process is more general than the one of Gaussian measure: indeed, as shown
in Example 8.3.2, the linear space generated by a Gaussian measure can be always

G. Peccati, M.S. Taqqu: Wiener Chaos: Moments, Cumulants and Diagrams –
A survey with computer implementation.
© Springer-Verlag Italia 2011
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embedded into an isonormal Gaussian process. For every q ≥ 1, random variables of
the type IX

q (f), f ∈ H�q , are defined via formula (8.4.17) (these objects compose
the qth Wiener chaos associated with X). We also recall that, if H = L2(Z,Z, ν),
where (Z,Z) is a Polish space endowed with its Borel σ-field, and the measure ν is
non-atomic and σ-finite, then, for every q ≥ 2, the symmetric tensor product H�q can
be identified with the space L2

s(ν
q) of symmetric and square-integrable functions on

Zq. Also, in this case one has that IX
q (f) = IG

q (f), where G is the Gaussian measure
(with control ν) A �→ G(A) = X(1A), where A ∈ Z is such that ν(A) <∞.
The following remarkable facts are in order.

• For every integer q ≥ 1 and every kernel f ∈ H�q such that f �= 0, the law of
the random variable IX

q (f) is absolutely continuous with respect to the Lebesgue
measure. This fact is proved by Shigekawa in [140] by means of Malliavin-type
operators. Actually, in [140] something more general is actually shown, namely:
if the random variable Y is not a.s. constant and it is equal to a finite linear com-
bination of random variables of the type IX

q (f), then the law of Y is absolutely
continuous with respect to the Lebesgue measure.

• If q = 2, then there exists a sequence {ξi : i ≥ 1} of i.i.d. centered standard Gaus-
sian random variables such that

IX
2 (f) =

∞∑
i=1

λi

(
ξ2
i − 1

)
, (11.1.1)

where the series converges in L2 (P), and {λi : i ≥ 1} is the sequence of eigen-
values of the Hilbert-Schmidt operator (from H into H) given by

h �→ f ⊗1 h,

where ⊗1 indicates a contraction of order 1. In particular, IX
2 (f) admits some

finite exponential moment, and the law of IX
2 (f) is determined by its moments. A

proof of these facts is given, for example, in Janson [46, Ch. VI], see in particular
Theorem 6.1 in [46].

• If q ≥ 3, the law of IX
q (f) may not be determined by its moments. A complete

discussion of this point can be found in the fundamental paper by Slud [142].
• For every q ≥ 2, a non-zero random variable of the form IX

q (f) cannot be Gaus-
sian. A quick proof of this fact can be deduced from formula (11.2.7). Indeed, if
IX
q (f)was non-zero and Gaussian, then one would have that χ4(IX

q (f)) = 0 and
therefore, thanks to (11.2.7), f ⊗p f = 0 for every p = 1, ..., q−1. A little inspec-
tion shows that this last condition implies that f = 0, thus yielding a contradiction.
Another way of proving the non-Gaussianity of multiple integrals consists in prov-
ing that a non-zero random variable of the type IX

q (f), q ≥ 2, has some infinite
exponential moments. This approach is detailed, for example, in [46, Ch. VI].

• For q ≥ 3, and except for trivial cases (for instance, f = 0), there does not exist a
general explicit formula for the characteristic function of IX

q (f).
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11.2 A useful estimate

Themain result discussed in this chapter is the forthcoming Theorem 11.4.1, providing
neat necessary and sufficient conditions ensuring that a sequence of random variables
inside a fixed GaussianWiener chaos converges to a normal distribution. We shall pro-
vide a new combinatorial proof of this result, which is based on a simple estimate for
deterministic integrals built from connected and non-flat diagrams. The formal state-
ment of such an estimate is the object of the present section.

Fix integers q,m ≥ 2. We recall some notation from Section 7.2. The partition
π∗ ∈ P([mq]) is given by

π∗ = {b1, b2, ..., bm} = {{1, ..., q}, {q + 1, ..., 2q}, ..., {(m− 1)q + 1, ...,mq}}
(11.2.2)

(compare with (6.1.1)). The class M2([mq], π∗) is the collection of all those σ ∈
P([mq]) such that σ ∧ π∗ = 0̂, σ ∨ π∗ = 1̂, and every block of σ contains exactly
two elements (compare with (7.2.21)). Recall that, according to (7.2.27), a partition
σ ∈ P ([mq]) is an element ofM2 ([mq] , π∗) if and only if the diagram Γ (π∗, σ)
(see Section 4.1) is Gaussian, connected and non-flat, which is equivalent to saying
that the multigraph Γ̂ (π∗, σ) (see Section 4.3) is connected and has no loops. Observe
thatM2([mq], π∗) = ∅ if the integermq is odd.
Now consider a function f ∈ L2

s(ν
q), where ν is some non-atomic σ-finitemeasure

over a Polish space (Z,Z). Fix m ≥ 3. Recall that we defined the m-tensor product
function

f ⊗0 · · · ⊗0 f︸ ︷︷ ︸
m times

(x1, ..., xmq) =
m∏

j=1

f(x(j−1)q+1, ..., xjq). (11.2.3)

According to the conventions of Chapter 6 and Chapter 7, for every m ≥ 2 such that
mq is even and every σ ∈M2([mq], π∗), one can define a function

(x1, ..., xmq/2) �→ fσ,m(x1, ..., xmq/2),

inmq/2 variables by using the following procedure:

– build the tensor product f ⊗0 · · · ⊗0 f appearing in formula (11.2.3);
– identify two variables xi and xj in the argument of f ⊗0 · · · ⊗0 f if and only if i
and j are in the same block of σ.

See Example 7.3.2.
The main findings of this chapter are based on the following results.

Proposition 11.2.1 Let the above notation prevail. Fix integersm ≥ 2 and q ≥ 3 such
thatmq is even, and consider a function f ∈ L2

s(νq). Then, there exists r = 1, ..., q−1
such that ∣∣∣∣∫

Zmq/2

fσ,mdν
mq/2

∣∣∣∣ ≤ ‖f ⊗r f‖L2(ν2q−2r) × ‖f‖m−2
L2(νq), (11.2.4)

where f ⊗r f indicates the contraction of f of order r, given by (6.2.16).
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The proof of Proposition 11.2.1 is deferred to Section 11.6.
We now state the following formula (proved in [98]) which gives an explicit ex-

pression for the fourth cumulant of a random variable of the type IX
q (f), f ∈ H�q ,

q ≥ 2:

Proposition 11.2.2 Let IX
q (f), f ∈ H�q, q ≥ 2. Then

χ4

(
IX
q (f)

)
= E

[
IX
q (f)4

]− 3
(
E
[
IX
q (f)2

])2
(11.2.5)

= E
[
IX
q (f)4

]
− 3 (q!)2 ‖f‖4

H⊗q (11.2.6)

=
q−1∑
p=1

(q!)4

(p! (q − p)!)2

{
‖f ⊗p f‖2

H⊗2(q−p) +
(

2q − 2p
q − p

)∥∥∥f̃ ⊗p f
∥∥∥2

H⊗2(q−p)

}
.

(11.2.7)

The proof of Proposition 11.2.2 can also be found in Section 11.6.
As pointed out in Section 11.1, formula (11.2.7) can be used in order to prove that,

for every isonormal Gaussian processX , every q ≥ 2 and every f ∈ H�q , the random
variable IX

q (f) cannot be Gaussian (see also [46, Ch. 6]).

Corollary 11.2.3 Fix q ≥ 2 and f ∈ H�q such that E
[
IX
q (f)2

]
= 1. Then neither

can the distribution of IX
q (f) be normal nor can we have E

[
IX
q (f)4

]
= 3.

Proof. If either IX
q (f) had a normal distribution or if E

[
IX
q (f)4

]
= 3, then, accord-

ing to Proposition 11.2.2, for every p = 1, ..., q−1, we would have f ⊗p f = 0. Thus,
for each v ∈ H⊗(q−p) we obtain

0 = (f ⊗p f, v ⊗ v)H⊗2(q−p) =
∥∥(f, v)H⊗(q−p)

∥∥2

H⊗p ,

which implies f = 0, contradicting E
[
IX
q (f)2

]
= 1.

11.3 A general problem

In the present chapter and the next, we will be interested in several variations of the
following problem.

Problem A. Let ϕ be a completely random Gaussian or Poisson measure, with control
measure ν, where ν is a σ-finite and non-atomic measure over some Polish space
(Z,Z) . For d ≥ 1 and q1, ..., qd ≥ 1, let {f (n)

j : j = 1, ..., d, n ≥ 1} be a collection



11.3 A general problem 181

of kernels such that f (n)
j ∈ L2

s (Zqj ,Zqj , νqj ) (the vector (q1, ..., qd) does not depend
on n), and

lim
n→∞E

[
Iϕ
qi

(
f

(n)
i

)
Iϕ
qj

(
f

(n)
j

)]
= C (i, j) , 1 ≤ i, j ≤ d, (11.3.8)

where the integrals Iϕ
qi

(
f

(n)
i

)
are defined via (5.5.61) and C = {C (i, j)} is a d× d

positive definite matrix. We denote by Nd (0,C) a d-dimensional centered Gaussian

vector with covariance matrix C. Find conditions on the sequence
(
f

(n)
1 , ..., f

(n)
d

)
,

n ≥ 1, in order to have the CLT

Fn �
(
Iϕ
q1

(
f

(n)
1

)
, ..., Iϕ

qd

(
f

(n)
d

))
law−→ Nd (0,C) , n→∞. (11.3.9)

We observe that, if qi �= qj in (11.3.8), then necessarily C (i, j) = 0 by Point 2 in
Proposition 8.4.6. The relevance of Problem A comes from the chaotic representation
(5.9.78), implying that a result such as (11.3.9) may be a key tool in order to establish
CLTs for more general functionals of the random measure ϕ. As noted above, if ϕ is
Gaussian and q ≥ 2, then a random variable of the type Iϕ

q (f), f �= 0, cannot be
Gaussian.
Plainly, when ϕ is Gaussian, a solution of Problem A can be immediately de-

duced from the results discussed in Section 7.3. Indeed, if the normalization condition
(11.3.8) is satisfied, then the moments of the sequence {Fn} are uniformly bounded
(to see this, one can use (5.9.79)), and the CLT (11.3.9) takes place if and only if every
cumulant of order≥ 3 associated withFn converges to zero when n→∞. Moreover,
an explicit expression for the cumulants can be deduced from (7.3.29). This method
of proving the CLT (11.3.9) (which is known as the method of cumulants) has been
used e.g. in the references [10, 12, 34, 68, 71, 72], where the authors proved CLTs for
non-linear functionals of Gaussian fields with a non trivial covariance structure (for in-
stance, sequences with long memory or isotropic spherical fields). However, such an
approach (e.g. in the study of fractional Gaussian processes) may be technically quite
demanding, since it involves an infinity of asymptotic relations (one for every cumu-
lant of order≥ 3). If one uses the diagram formulae (7.3.29), the method of cumulants
requires that one explicitly computes and controls an infinity of expressions of the type∫

Zmq/2 fσ,mdν
mq/2, where the partition σ is associated with a non-flat, Gaussian and

connected diagram (see Section 4.1).

Remarks. (i) We already observed that, except for trivial cases, when ϕ is Gaussian
the explicit expression of the characteristic function of a random variable of the type
Iϕ
q (f), q ≥ 3, is unknown. On the other hand, explicit expressions in the case q = 2
can be deduced from (11.1.1); see e.g. [46, Ch. VI] [98, p. 185].
(ii) Thanks to the results discussed in Section 7.4 (in particular, formula (7.4.40)),

themethod of cumulants and diagrams can be also usedwhenϕ is a completely random
Poisson measure. Clearly, since (7.4.40) also involves non-Gaussian diagrams, the use
of this approach in the Poisson case is even more technically demanding.
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In the forthcoming sections we will show how one can successfully bypass the
method of moments and cumulants when dealing with CLTs on a fixed Wiener chaos.

11.4 One-dimensional CLTs in the Gaussian case

The following two results involve one-dimensional sequences of chaotic random vari-
ables, and are based on the main findings of [98] (for Theorem 11.4.1) and [86, 89]
(for Theorem 11.4.3). Observe that the forthcoming statement is expressed in the gen-
eral language of isonormal Gaussian processes – and therefore applies in particular to
Gaussian measures.

Theorem 11.4.1 (The fourth cumulant condition – see [98]) Fix an integer q ≥ 2,
and define random variables of the type IX

q (f) according to (8.4.17). Then, for every
sequence

{
f (n) : n ≥ 1

}
such that f (n) ∈ H�q for every n, and

lim
n→∞ q!

∥∥∥f (n)
∥∥∥2

H⊗q
= lim

n→∞E
[
IX
q

(
f (n)

)2
]

= 1, (11.4.10)

the following three conditions are equivalent

1. limn→∞ χ4

(
IX
q

(
f (n)

))
= 0 ;

2. for every r = 1, ..., q − 1,

lim
n→∞

∥∥∥f (n) ⊗r f
(n)
∥∥∥
H⊗2(q−r)

= 0 , (11.4.11)

where the contraction f (n) ⊗r f
(n) is defined according to (8.5.19);

3. as n → ∞, the sequence
{
IX
q

(
f (n)

)
: n ≥ 1

}
converges in distribution towards

a centered standard Gaussian random variable Z ∼ N (0, 1).

Remark. The normalization condition (11.4.10) ensures that the limit distribution of
IX
q

(
f (n)

)
is not degenerate.

Proof.We shall prove the implications:

(1.)⇒ (2.)⇒ (3.)⇒ (1.).

[(1.)⇒ (2.)] The desired implication follows immediately from the identity (11.2.7).
[(2.)⇒ (3.)] By virtue of Lemma 3.2.5, we know that the centered standard Gaussian
distribution is determined by its moments (and therefore by its cumulants). Since mul-
tiple stochastic integrals are centered by construction and the normalization condition
(11.4.10) is in order, to prove the desired implication it is sufficient to show that, for
every m ≥ 3, the sequence χm(IX

q (f (n))), n ≥ 1, converges to zero. We will write
down the proof in the special case H = L2(Z,Z, ν), where ν is σ-finite and non-
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atomic, so that one has that IX
q (f (n)) = IG

q (f (n)), where G is a Gaussian measure
with control ν. Also, the contraction f (n)⊗r f

(n) is obtained according to (6.2.16). In
this case, we may use the explicit expression (7.3.29) and deduce that, for n ≥ 1 and
mq even,

χm(IG
q (f (n))) =

∑
σ∈M2([mq],π∗)

∫
Zmq/2

f (n)
σ,mdν

mq/2,

where the functions f (n)
σ,m are constructed following the procedure described in Section

11.2. According to Proposition 11.2.1, one has that, for every σ ∈M2([mq], π∗), the
estimate ∣∣∣∣∫

Zmq/2

f (n)
σ,mdν

mq/2

∣∣∣∣ ≤ ‖f (n) ⊗r f
(n)‖L2(ν2q−2r) × ‖f (n)‖m−2

L2(νq)

holds for some r = 1, ..., q − 1. Again by virtue of the normalization condition
(11.4.10), this yields the desired conclusion. The case of a general Hilbert space H
can be dealt with by means of an isomorphism argument: the details are left to the
reader (see e.g. [98, Sect. 2.2] for a full discussion of this point).
[(3.) ⇒ (1.)] In view of (8.4.18) and of the normalization condition (11.4.10), one
has that, for every m ≥ 3, the sequence E(|IX

q (f (n))|m) is bounded. It follows in
particular, given (11.2.5), that if (3.) is in order, then E(IX

q (f (n))4) must converge to
E(Z4) = 3, readily yielding the desired conclusion.

The equivalence of (1.), (2.) and (3.) in the previous statement has been first proved
in [98] bymeans of stochastic calculus techniques. The paper [95] contains an alternate
proof with additional necessary and sufficient conditions, as well as several crucial
connections with Malliavin calculus operators (see e.g. [94]). As already observed, by
(11.2.6), one has that

E
[
IX
q

(
f (n)

)4
]
> 3E

[
IX
q

(
f (n)

)2
]2

,

unless f (n) = 0 since the expression in (11.2.7) is non-negative. Observe that condi-
tion (1.) in the previous statement holds if and only if

lim
n→∞E

[
IX
q

(
f (n)

)4
]

= 3.

Remark. It is the condition (11.4.11) which is most often used in practice. It is there-
fore desirable to state explicit expressions for ‖f ⊗r f‖H2(q−r) , whenever H = L2(ν),
where ν is a positive, non-atomic and σ-finite measure on some Polish space (Z,Z).
In this case, one has indeed that

f ⊗r f(aq−r,a′q−r) =
∫

Zr

f(aq−r,br)f(a′q−r,br)νr (dbr) ,
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and hence since f is symmetric,

‖f ⊗r f‖2
L2(ν2(q−r))

=
∫

Zq−r

∫
Zq−r

(∫
Zr

f(aq−r,br)f(br,a′q−r)νr(dbr)
)2

νq−r(daq−r)νq−r(da′q−r)

=
∫

Zq−r

∫
Zq−r

∫
Zr

∫
Zr

f (aq−r,br) f
(
br,a′q−r

)
f
(
a′q−r,b

′
r

)
f (b′r,aq−r)

(11.4.12)

νq−r (daq−r) νq−r
(
da′q−r

)
νr (dbr) νr (db′r)

=
∫

Zr

∫
Zr

(∫
Zq−r

f(aq−r,br)f(b′r,aq−r)νq−r(daq−r)
)2

νr(dbr)νr(db′r)

= ‖f ⊗q−r f‖2
L2(ν2r) . (11.4.13)

Other characterizations of the quantity ‖f ⊗r f‖2
L2(ν2(q−r)) are provided in Lemma

11.7.3 below.

Example 11.4.2 Suppose q = 4, then for r = 1,

‖f ⊗1 f‖2
L2(ν6)

=
∫

Z6

[∫
Z

f(x1, x2, x3, y)f(x4, x5, x6, y)ν(dy)
]2 6∏

i=1

ν(dxi)

=
∫

Z8

f (x1, x2, x3, y) f (x4, x5, x6, y)×

× f (x1, x2, x3, y
′) f (x4, x5, x6, y

′) ν(dy)ν(dy′)
6∏

i=1

ν(dxi)

=
∫

Z

[∫
Z3

f(x1, x2, x3, y)f(x1, x2, x3, y
′)

3∏
i=1

ν(dxi)

]2

ν(dy)ν(dy′)

= ‖f ⊗3 f‖2
L2(ν2) ;

and for r = 2,

‖f ⊗2 f‖2
L2(ν4)

=
∫

Z8

f (x1, x2, y1, y2) f (x3, x4, y1, y2)×

× f (x1, x2, y
′
1, y

′
2) f (x3, x4, y

′
1, y

′
2)

2∏
j=1

[ν(dyj)ν(dy′j)]
4∏

i=1

ν(dxi).

Moreover, ‖f ⊗3 f‖L2(ν2) = ‖f ⊗1 f‖L2(ν6).
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Remark. Theorem 11.4.1, as well as its multidimensional generalizations (see Section
11.8 below), has been applied to a variety of frameworks, such as: quadratic functionals
of bivariate Gaussian processes (see [19]), quadratic functionals of fractional processes
(see [98]), high-frequency limit theorems on homogeneous spaces (see [69, 70]), self-
intersection local times of fractional Brownian motion (see [39, 95]), Berry-Esséen
bounds in CLTs for Gaussian subordinated sequences (see [86, 87, 90]), needleets anal-
ysis on the sphere (see [5]), power variations of iterated processes (see [85]), weighted
variations of fractional processes (see [83, 91]) and of related random functions (see
[7, 17]).

We now recall that the total variation distance between the law of two general
real-valued random variables Y and Z, is given by

dTV (Y,Z) = sup |P (Y ∈ B)− P (Z ∈ B)| ,

where the supremum is taken over all Borel setsB ∈ B (R). Observe that the topology
induced by dTV , on the class of probability measures onR, is strictly stronger than the
topology of weak convergence, and thus limn→∞ dTV (Yn, Y ) = 0 is a stronger result

than Yn
law→ Y . Indeed, taking B = (−∞, x] shows that limn→∞ dTV (Yn, Y ) = 0

implies Yn
law→ Y , but the converse is in general not true. For example, take P(Yn =

1/n) = 1. Then, Yn converges in law to 0, but

dTV (Yn, 0) ≥ |P(Yn ≤ 0)− P(0 ≤ 0)| = |0− 1| = 1.

See e.g. Dudley [24, Ch. 11] for a discussion of other relevant properties of dTV .
The following statement provides an explicit upper bound in the total variation

distance for the normal approximations studied in Theorem 11.4.1. Note that, for the
sake of simplicity, we only deal with chaotic random variables with variance 1 (the
extension to a general variance is left to the reader as an exercise).

Theorem 11.4.3 (see [86, 89]) LetZ be a standard centered normal random variable.
Let q ≥ 2 and f ∈ H�q be such that q!‖f‖2

H⊗q = E[(IX
q (f))2] = 1. Then, the

following estimate in total variation holds:

dTV

(
IX
q (f) , Z

)
≤ 2q

√√√√d−1∑
r=1

(2q − 2r)! (r − 1)!2
(
q − 1
r − 1

)4 ∥∥∥f̃ ⊗r f
∥∥∥2

H⊗2(d−r)
(11.4.14)

≤ 2

√
q − 1

3q
×
√
E
[
IX
q (f)4

]
− 3 . (11.4.15)

As usual, in the previous equation the symbol f̃ ⊗r f stands for the symmetrization of
the contraction f ⊗r f .
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Remark on Stein’s method. The upper bound (11.4.14) is proved in [86], by means
of Malliavin calculus (see e.g. [94]) and the so-called Stein’s method for normal ap-
proximations (see e.g. [14, 147]). The inequality (11.4.15) is proved through a direct
computation in [89]. The main idea behind Stein’s method (for normal approxima-
tions in the total variation distance) is the following. Fix a standard Gaussian random
variable Z and, for every Borel set A ⊂ R, consider the so-called Stein’s equation

1A(x)− P(Z ∈ A) = h′(x)− xh(x), x ∈ R. (11.4.16)

A solution to (11.4.16) is a function h that is almost everywhere differentiable and
such that there exists a version of h′ verifying (11.4.16) for every real x. It is not
difficult to prove that, for everyA, (11.4.16) admits a solution, sayhA, such that |hA| ≤√
π/2 and |h′A| ≤ 2. Now replace in x in (11.4.16) by a random variableW and take

expectations on both sides:

1A(W )− P(Z ∈ A) = h′(W )−Wh(W ),

P(W ∈ A)− P(Z ∈ A) = Eh′(W )− EWh(W ).

Then recalling the definition of the total variation distance dTV given above, yields
the following remarkable estimate:

Stein’s bound. For every real-valued random variableW

dTV (W,Z) ≤ sup
h
|E(h′(W )−Wh(W ))| , (11.4.17)

where the supremum is taken over the class of smooth bounded functions h
such that |h′| ≤ 2.

Observe that the bound (11.4.17) provides an alternate proof of Stein’s Lemma 3.2.4 in
the case σ = 1. Indeed, ifW is such thatE(h′(W )−Wh(W )) = 0 for every smooth h,
then dTV (W,Z) = 0, meaning thatW has a centered standard Gaussian distribution.
The bound (11.4.14) is obtained in [86] by means of the so called ‘integration by parts
formula’ of Malliavin calculus, namely by using the fact that, ifW = IX

q (f), then

E(Wh(W )) =
1
q
E(h′(W )‖DW‖2

H),

where the Malliavin derivative ofW , written DW , has to be regarded a random ele-
ment with values in H. Applying the previous identity to (11.4.17), and recalling that
the supremum is taken over smooth bounded functions h such that |h′| ≤ 2, one infers
that

dTV (IX
q (f), Z) ≤ 2E

∣∣∣∣1− 1
q
‖DIX

q (f)‖2
H

∣∣∣∣ . (11.4.18)

The estimate (11.4.14) is then deduced by explicitly assessing the expectation on the
RHS of (11.4.14).
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11.5 An application to Brownian quadratic functionals

LetWt, t ∈ [0, 1] be a standard Brownian motion on [0, 1] starting at zero. One has

E
∫ 1

0

W 2
t

t2
dt =

∫ 1

0

dt

t
=∞,

but since standard Brownian motion satisfies the following law of the iterated loga-
rithm (see [52]):

limt↓0
Wt√

2t log log(1/t)
= −1, limt↓0

Wt√
2t log log(1/t)

= 1, a.s,

the following stronger relation holds:∫ 1

0

W 2
t

t2
dt =∞ a.s.

This phenomenon has important consequences in the theory of the so-called “enlarge-
ment of filtrations”. See e.g. Lemma 3.22, p. 44 in [47] for a discussion of this fact and
for alternate proofs.
In what follows we shall use Theorem 11.4.1 to establish the following CLT which

states that the deviation of
∫ 1

ε
t−2W 2

t dt from its mean log 1
ε , adequately normalized,

becomes Gaussian as ε converges to zero.

Proposition 11.5.1 As ε ↓ 0,

1

2
√

log
(

1
ε

) [∫ 1

ε

W 2
t

t2
dt− log

(
1
ε

)]
law−→ Z ∼ N(0, 1). (11.5.19)

Proof. Recall that Wt = IX
1 (1[0,t]), where X is the isonormal Gaussian process (on

H = L2([0, 1], dx)) generated by W . Using the multiplication formula in Proposi-
tion 8.5.3, we deduce

W 2
t = IX

1 (1[0,t])IX
1 (1[0,t]) = IX

0 (1[0,t] ⊗1 1[0,t]) + IX
2 (1[0,t] ⊗0 1[0,t])

= t+ IX
2 (1[0,t] ⊗0 1[0,t]).

As a consequence∫ 1

ε

W 2
t

t2
dt− log

1
ε

=
∫ 1

ε

IX
2 (1[0,t] ⊗0 1[0,t])]

dt

t2
. (11.5.20)

We now want to apply the stochastic Fubini’s Theorem 5.13.1 in order to change the
order of integration. This is possible because∫ 1

ε

[∫ 1

0

∫ 1

0
1[0,t](x)1[0,t](y)dxdy

]1/2
dt

t2
=
∫ 1

ε

[∫ 1

0
1[0,t](x)dx

]
dt

t2

=
∫ 1

ε

dt

t
<∞.
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Thus relation (11.5.20) becomes∫ 1

ε

IX
2 (1[0,t] ⊗0 1[0,t])

dt

t2
= IX

2 (fε),

where

fε(x, y) =
∫ 1

ε

1[0,t](x)1[0,t](y)
dt

t2
=

1
x ∨ y ∨ ε − 1,

because
∫ 1

a
t−2dt = 1

a − 1. Here “∨” denotes the usual maximum: x ∨ y ∨ ε =
max(x, y, ε). Therefore

1

2
√

log 1
ε

[∫ 1

ε

W 2
t

t2
dt− log

1
ε

]
= IX

2 (f̃ε),

where

f̃ε(x, y) =
fε(x, y)

2
√

log 1
ε

.

In view of Theorem 11.4.1 it is now sufficient to show that

2‖f̃ε‖2
L2([0,1]2,dxdy) = E[IX

2 (f̃ε)2]

= 2
∫ 1

0

∫ 1

0
dxdyf̃ε(x, y)2

−→
ε→0

1, (11.5.21)

and

‖f̃ε ⊗1 f̃ε‖2
L2([0,t]2,dxdy) =

∫ 1

0

∫ 1

0
dxdy

(∫ 1

0
dzf̃ε(x, z)f̃ε(z, y)

)2

−→
ε→0

0.

(11.5.22)
We first show that relation (11.5.21) holds:

‖fε‖2 = 2
∫ 1

0

∫ x

0

(
1

x ∨ ε − 1

)2

dydx (by symmetry)

= 2
∫ 1

0

(
1

x ∨ ε − 1

)2

xdx (11.5.23)

= 2
∫ 1

0

(
x

(x ∨ ε)2 + x− 2
x

x ∨ ε

)
dx

= Aε +Bε + Cε

where

Aε = 2
∫ 1

ε

dx

x
+ 2

∫ ε

0

xdx

ε2
= −2 log ε+ 1 = 2 log

1
ε

+ 1
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Bε = 2
∫ 1

0
xdx = 1

Cε = −4

[∫ 1

ε

dx+
∫ ε

0

x

ε
dx

]
= −4(1− ε)− 2ε.

Therefore

2‖f̃e‖2 =
2

4 log 1
ε

[Aε +Bε + Cε] ∼ 2

4 log 1
ε

(
2 log

1
ε

)
−→
ε→0

1.

We need now to prove Relation (11.5.22).

‖f̃ε ⊗1 f̃ε‖2
L2([0,t]2,dxdy)

=
∫ 1

0

∫ 1

0
dxdy

(∫ 1

0
dzf̃ε(x, z)f̃ε(z, y)

)2

=
1

16
(
log 1

ε

)2

∫ 1

0

∫ 1

0
dxdy

(∫ 1

0
dzf̃ε(x, z)f̃ε(y, z)

)2

=
1

16
(
log 1

ε

)2

∫ 1

0

∫ 1

0
dxdy

∫ 1

0
dz

(
1

z ∨ x ∨ ε − 1

)(
1

z ∨ y ∨ ε − 1

)

×
∫ 1

0
dz′

(
1

z′ ∨ x ∨ ε − 1

)(
1

z′ ∨ y ∨ ε − 1

)
=

1

16
(
log 1

ε

)2

∫
[0,1]4

dx1dx2dx3dx4

(
1

x1 ∨ x3 ∨ ε − 1

)(
1

x2 ∨ x3 ∨ ε − 1

)
×
(

1
x1 ∨ x4 ∨ ε − 1

)(
1

x2 ∨ x4 ∨ ε − 1

)
= Dε.

To prove that Dε → 0 as ε→ 0, one has to write∫
[0,1]4

=
∑

π∈S4

∫
Sπ

where the sum sums over the set S4 of all 4! permutations of [4] = {1, 2, 3, 4} and

Sπ = {xπ(1) > xπ(2) > xπ(3) > xπ(4)},

and show that, for each π ∈ S4,

1(
log 1

ε

) ∫
Sπ

(. . . )→ 0.
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We shall only do this forπ equal to the identity permutation, i.e. π(i) = i, i = 1, 2, 3, 4.
In this case

∫
Sπ

=
∫

x1>x2>x3>x4
so that∫

Sπ

dx1dx2dx3dx4(. . . )(. . . )(. . . )(. . . )

=
∫ 1

0
dx1

∫ x1

0
dx2

∫ x2

0
dx3

∫ x3

0
dx4

(
1

x1 ∨ ε − 1

)2 ( 1
x2 ∨ ε − 1

)2

=
∫ 1

0
dx1

(
1

x1 ∨ ε − 1

)2 ∫ x1

0

(
1

x2 ∨ ε − 1

)2
x2

2

2
dx2

≤ 1
2

∫ 1

0
dx1

(
1

x1 ∨ ε − 1

)2

x1 ∼ log
1
ε

using the computations for (11.5.23).

Proposition 11.5.1 can be extended to fractional Brownian motion, denoted here BH
t

(see Nualart and Peccati [98, Proposition 7]).

Proposition 11.5.2 If 1/2 < H < 1, then

1√
log 1

ε

(∫ 1

ε

(BH
t )2 dt

t2H+1
− log

1
ε

)
law−→ kHZ,

where Z ∼ N(0, 1) and kH > 00 is a constant depending only on H .

11.6 Proof of the propositions

We prove here the two key propositions used in the proof of Theorem 11.4.1, namely
Proposition 11.2.1 and Proposition 11.2.2.
We start with a detailed proof of Proposition 11.2.1 for a specific choice of m, q

and σ. We will then provide an argument allowing to show Proposition 11.2.1 in the
general case. Note that the general proof given at the end of the section is only sketched,
since all the necessary ideas are already contained in the first part. The reader is invited
to fill in the missing details as an exercise.

Proof of Proposition 11.2.1 in a specific case. We shall provide a proof of Propo-
sition 11.2.1 in the specific case q = 4,m = 5 and

σ = {{1, 19}, {2, 20}, {3, 7}, {4, 8}, {5, 10}, {6, 11}, {9, 15}, {12, 16},
{13, 17}, {14, 18}}

(this situation corresponds to the connected diagram in Fig. 11.1). In particular, our
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Fig. 11.1. A connected non-flat diagram
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�
A

B

Fig. 11.2. Dividing a diagram

aim is to show that, for every f ∈ L2
s(νq),∣∣∣∣∫

Z10

fσ,5dν
10

∣∣∣∣ ≤ ‖f ⊗2 f‖L2(ν4) × ‖f‖3
L2(ν4),

which proves the statement for r = 2.
To do this, first divide the five blocks of π∗ into two groups, namely A = {b1, b2}

(the first two rows of the diagram) and B = {b3, b4, b5} (the last three rows of the
diagram). Then, remove from the diagram every segment corresponding to a block of
sigma linking a block of A and a block of B. This procedure is illustrated in Fig. 11.2.
Now consider the two blocks of π∗ in A (resp. the three blocks of π∗ in B), and

build a function FA (resp. FB) in 4 variables according to the following procedure:

– build the 2-tensor (resp. 3-tensor) product f ⊗0 f(x1, ..., x8) (resp. f ⊗0 f ⊗0

f(x1, ..., x12));
– identify two variables xi and xj in the argument of f ⊗0 f (resp. f ⊗0 f ⊗0 f ) if
and only if {i, j} is a block of σ that has not been removed;

– integrate the identified variables with respect to ν and let the remaining variables
free to move.

The two functions FA and FB thus obtained are:

FA(z1, z2, z3, z4) =
∫

Z

∫
Z

f(z1, z2, x, y)f(z3, z4, x, y)ν(dx)ν(dy)

= f ⊗2 f(z1, z2, z3, z4),
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FB(z1, z2, z3, z4) =∫
Z

∫
Z

∫
Z

∫
Z

f(x, z1, z2, y)f(v, w, x, y)f(v, w, z3, z4)ν(dx)ν(dy)ν(dv)ν(dw).

An iterated use of the Cauchy-Schwarz inequality, implies in particular that

‖FB‖L2(ν4) ≤ ‖f‖3
L2(ν4). (11.6.24)

To see this, note that

F 2
B(z1, z2, z3, z4)

≤
(∫

Z4

f 2(v, w, x, y)ν(dv)ν(dw)ν(dx)ν(dy)
)
g1(z1, z2)g2(z3, z4)

= ‖f‖2
L2(ν4)g1(z1, z2)g2(z3, z4),

where

g1(z1, z2) =
∫

Z2

f 2(x, y, z1, z2)ν(dx)ν(dy)

g2(z3, z4) =
∫

Z2

f 2(v, w, z3, z4)ν(dv)ν(dw),

so that

‖FB‖2
L2(ν4) =

∫
Z4

F 2
B(z1, z2, z3, z4)ν(dz1)ν(dz2)ν(dz3)ν(dz4)

≤ ‖f‖2
L2(ν4)

∫
Z2

g1(z1, z2)ν(dz1)ν(dz2)
∫

Z2

g2(z3, z4)ν(dz3)ν(dz4)

= ‖f‖6
L2(ν4).

Now label the four dots in the upper and lower parts of the diagram by means of
the integers 1, 2, 3, 4 (as done in Fig. 11.3), and draw again the four blocks of σ linking

�� �

� �� �

� �� �

� �� �

� �� �

�
A

B

1 2

3 4

1 2

3 4

Fig. 11.3. Linking A and B
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A and B, represented as dashed segments in Fig. 11.3. These dashed segments define
a permutation β of the set [4] = {1, 2, 3, 4}, given by

β(1) = 3, β(2) = 4, β(3) = 1, β(4) = 2,

and one has that∫
Zmq/2

fσ,m dνmq/2 =
∫

Z10

fσ,5 dν
10

=
∫

Z

∫
Z

∫
Z

∫
Z

FA(z1, z2, z3, z4)FB(zβ(1), zβ(2), zβ(3), zβ(4))

ν(dz1)ν(dz2)ν(dz3)ν(dz4).

Since FA = f ⊗2 f , we can use the Cauchy-Schwarz inequality and the estimate
(11.6.24) to deduce that∣∣∣∣∫

Z10

fσ,5dν
10

∣∣∣∣ ≤ (
‖f ⊗2 f‖2

L2(ν4) × ‖FB‖2
L2(ν4)

)1/2

≤ ‖f ⊗2 f‖L2(ν4) × ‖f‖3
L2(ν4),

yielding the desired conclusion.

Proof of Proposition 11.2.1 in the general case. Letmq be even. Since the dia-
gram Γ (π∗, σ) is non-flat and connected, there exist two blocks of π∗, say bi and bj ,
that are connected exactly by r blocks of σ, for some r = 1, ..., q − 1 (note that, if
two blocks of π∗ were connected by q blocks of σ, then Γ (π∗, σ) would not be con-
nected). By partitioning the blocks of π∗ (or, equivalently, the rows of Γ (π∗, σ)) into
two subsetsA = {bi, bj} andB = {bk : k �= i, j}, and by reasoning as in the first part
of this section (in particular, by repeatedly applying the Cauchy-Schwarz inequality),
one sees that∫

Zmq/2

fσ,m dνmq/2

=
∫

Z2q−2r

f ⊗r f(z1, ..., z2q−2r)FB(z1, ..., z2q−2r)ν(dz1) · · · ν(dz2q−2r),

for some function FB : Z2q−2r → R verifying

‖FB‖L2(ν2q−2r) ≤ ‖f‖m−2
L2(νq).

The conclusion follows from the Cauchy-Schwarz inequality.



194 11 Limit theorems on the Gaussian Wiener chaos

Proof of Proposition 11.2.2. 1 Our starting point is the formula for E
[
IX
q (f)

]4

given in (6.4.20), which we rewrite as

E
[
IX
q (f)

]4
= (q!)2 ‖f‖4

L2(νq) + (2q!)
∥∥∥f̃ ⊗0 f

∥∥∥2

L2(ν2q)

+
q−1∑
p=1

[
p!
(
q

p

)2
]2

(2q − 2p)!
∥∥∥f̃ ⊗p f

∥∥∥2

L2(ν2q−2p)
. (11.6.25)

The key is to evaluate
∥∥∥f̃ ⊗0 f

∥∥∥2

L2(ν2q)
. Call Π2q the set of the (2q)! permutations of

{1, ..., 2q}, whose generic elements will be denoted by π, or π′. On such a set, we
introduce the following notation: for p = 0, ..., q we write

π
p∼ π′

if the set
(π (1) , ..., π (q)) ∩ (π′ (1) , ..., π′ (q)) (11.6.26)

contains exactly p elements. Note that, for a given π ∈ Π2q , there are (q!)2

(
q

p

)2

permutations π′ such that
π′

p∼ π.

This fact is clear for p = 0, q. To prove it for p = 1, ..., q − 1, fix π ∈ Π2q and

observe that, in order to build a permutation π′ such that π′
p∼ π, one has first to spec-

ify the following: (i) the p elements of {π(1), ..., π(q)} that will be in common with
{π′(1), ..., π′(q)} (this can be done in

(
q

p

)
different ways), (ii) the q − p elements

of {π(q + 1), ..., π(2q)} that will be compose the remaining part of {π′(1), ..., π′(q)}
(this can be done in

(
q

q − p
)

=
(
q

p

)
different ways). Operations (i) and (ii) deter-

mine which integers will be in the first q places and the last q places of π′: in order
to completely specify π′ it is the necessary to chose (a) the order in which the first q
integers will appear (this can be done in q! different ways), and (b) the order in which
the last q integers will appear (that can be again done in q! different ways). Putting (i),
(ii), (a) and (b) together, we obtain the coefficient (q!)2

(
q
p

)2
.

An important observation is that if π′
p∼ π, that is, if the first q elements of π and

π′ have exactly p elements in common, then necessarily the last q elements of π and
π′ will also have exactly p elements in common. For example, if q = 4 and p = 2,
then a particular outcome for π and π′ is:

π 1234 5678
π′ 5634 1278

1 We focus on the case H⊗q = L2(νq), where ν is non-atomic, for convenience.
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where the last first four elements have 3,4 in common and the last four have 7,8 in
common.
For convenience set g = f ⊗0 f , that is,

g(z1, · · · , z2q) = f(z1, · · · , zq)f(zq+1, · · · , z2q),

and observe that

g̃(z1, · · · , z2q) =
1

(2q)!

∑
π∈Π2q

g(zπ(1), · · · , zπ(2q)).

In order to compute

‖g̃‖2 =
1

((2q)!)2

∑
π∈Π2q

∑
π′∈Π2q

∫
Z2q

g(zπ(1), · · · , zπ(2q))g(zπ′(1),

· · · , zπ′(2q))ν(dz1) · · · ν(dz2q),

we need to evaluate the above integral. In view of the observation made above, this
integral, when π

p∼ π′ (p = 1, ..., q − 1), equals∫
Z2q

f(zπ(1), · · · , zπ(q))f(zπ(q+1), · · · , zπ(2q))f(zπ′(1), · · · , zπ′(q))

× f(zπ′(q+1), · · · , zπ′(2q))ν(dz1) · · · ν(dz2q)

=
∫

Z2q−2p

[∫
Zp

f(zπ(1), · · · , zπ(q))f(zπ′(1), · · · , zπ′(q))
]

×
[∫

Zp

f(zπ(q+1), · · · , zπ(2q))f(zπ′(q+1), · · · , zπ′(2q))
]
ν(dz1) · · · ν(dz2q)

=
∫

Z2q−2p

f ⊗p f(z1, · · · , z2q−2p) f ⊗p f(z1, · · · , z2q−2p) ν(dz1) · · · ν(dz2q−2p)

= ‖f ⊗p f‖2
L2(ν2q−2p). (11.6.27)

This is easy to evaluate if π′ 0∼ π or π′
q∼ π, because in these cases, ‖f ⊗p

f‖2
L2(ν2q−2p) = ‖f‖4

L2(νq). For example, if p = 0,

(f ⊗0 f)2(z1, · · · , z2q) = f 2(z1, · · · , zq) f 2(zq+1, · · · , z2q).

Since

1
((2q)!)2

∑
π∈Π2q

∑
π′∈Π2q

=
1

((2q)!)2

∑
π∈Π2q

⎛⎝∑
π′ 0∼π

+
∑
π′ d∼π

+
q−1∑
p=1

∑
π′

p∼π

⎞⎠ , (11.6.28)
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we get that the first two terms in the parenthesis contribute

1
((2q)!)2

∑
π∈Π2q

(
(q!)2 + (q!)2

) ‖f‖4
L2(νq) =

1
((2q!))2

(2q)!2(q!)2‖f‖4
L2(νq)

=
2(q!)2

(2q)!
‖f‖4

L2(νq), (11.6.29)

since (q!)2

(
q

p

)2

equals (q!)2 when p = 0 or q.

We now focus on the sum
∑

π′
p∼π
where p = 1, . . . , q − 1. By (11.6.27), for such

a p, ∑
π′

p∼π

∫
Z2q

g(zπ(1), · · · , zπ(2q))g(zπ′(1), · · · , zπ′(2q))ν(dz1) · · · ν(dz2q)

=
∑
π′

p∼π

‖f ⊗p f‖2
L2(ν2q−2p) = (q!)2

(
q

p

)2

‖f ⊗p f‖2
L2(ν2q−2p).

Hence, the second term in (11.6.25) equals

(2q)!‖f̃ ⊗0 f‖2
L2(ν2q) = (2q)!‖g̃‖2

L2(ν2q) (11.6.30)

= 2(q!)2‖f‖4
L2(νq) +

1
(2q)!

∑
π∈Π2q

q−1∑
p=1

(q!)2

(
q

p

)2

‖f̃ ⊗p f‖2
L2(ν2q−2p)

= 2(q!)2‖f‖4
L2(νq) +

q−1∑
p=1

(q!)4

(p!(q − p)!)2 ‖f̃ ⊗0 f‖2
L2(ν2q−2p).

Wenow consider the last term in (11.6.25)whichwill be left essentially unchanged.
Its coefficient is[
p!
(
q

p

)2
]2

(2q−2p)! =
[

(q!)4

(p!(q − p)!)2

]
(2q − 2p)!
(q − p)2

=
[

(q!)4

(p!(q − p)!)2

](
2q − 2p
q − p

)
.

We therefore get

E
[
IX
q (f)4

]
− 3 (q!)2 ‖f‖4

L2(νq)

=
q−1∑
p=1

(q!)4

(p! (q − p)!)2

{
‖f ⊗p f‖2

L2(ν2q−2p)+
(

2q − 2p
q − p

)∥∥∥f̃ ⊗p f
∥∥∥2

L2(ν2q−2p)

}
.

Remark. What is remarkable is that in (11.6.30) we get a factor of 2(q!)2‖f‖4
L2(νq),

which adds to the factor (q!)2‖f‖4
L2(νq) in (11.6.25) to give 3(q!)2‖f‖4

L2(νq) =

3(E
[
IX
q (f)

]2)2, which is exactly what we need for the 4th cumulant of the normal
distribution.
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11.7 Further combinatorial implications

We focus here on some interesting combinatorial implications of Theorem 11.4.1, in
the special case H = L2 (Z,Z, ν), with ν a σ-finite and non-atomic measure over a
Polish space (Z,Z). According to Proposition 8.4.6, in this case the random variable
IX
q (f), where f ∈ L2

s (Zq,Zq, νq) = L2
s (νq), is the multiple Wiener-Itô integral of

f with respect to the Gaussian measure A→ G(A) = X (1A) – see Definition 5.5.4.
The implication (1.) =⇒ (3.) in Theorem 11.4.1 provides the announced “drastic sim-
plification” of the methods of moments and cumulants. However, as demonstrated by
the applications of Theorem 11.4.1 listed above, condition (11.4.11) is often much eas-
ier to verify. Indeed, it turns out that the implication (2.) =⇒ (3.) has an interesting
combinatorial interpretation.

To see this, we shall fix q ≥ 2 and adopt the notation of Section 11.2. One should
note, in particular, that the definition of π∗ given in (11.2.2) depends on the choice
of the integers m, q, and that this dependence will be always clear from the context.
Givenm ≥ 2, we will also denote by

Mc
2 ([mq] , π∗)

the subset ofM2 ([mq] , π∗) composed of those partitions σ such that the diagram

Γ (π∗, σ)

is circular (see Section 4.1). We also say that a partition σ ∈Mc
2 ([mq] , π∗) has rank

r (r = 1, ..., q − 1) if the diagram Γ (π∗, σ) has exactly r edges linking the first and
the second row.

Example 11.7.1 (i) The partition whose diagram is given in Fig. 7.6 is an element
of

Mc
2 ([8] , π∗)

and has rank r = 1 (there is only on edge linking the first and second rows).
(ii) Consider the case q = 3 and m = 4, as well as the partition σ ∈ M2 ([12] , π∗)

given by

σ = {{1, 4} , {2, 5} , {3, 12} , {6, 9} , {7, 10} , {8, 11}} .
Then, the diagram Γ (π∗, σ) is the one in Fig. 11.4, and therefore σ ∈
Mc

2 ([12] , π∗) and σ has rank r = 2.

The following technical result links the notions of circular diagram, rank and con-
traction. For q ≥ 2 and σ ∈ Mc

2 ([4q] , π∗), let fσ,4 be the function in 2q variables
obtained by identifying xi and xj in the argument of the tensor product (11.2.3) (with
m = 4) if and only if i ∼σ j.
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� ��

� ��
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Fig. 11.4. A circular diagram

Example 11.7.2 If q = 3 and σ ∈ Mc
2 ([12] , π∗) is associated with the diagram in

Fig. 11.4, then

fσ,4(x1, x2, x3, x6, x7, x8) = f(x1, x2, x3)f(x1, x2, x6)f(x7, x8, x6)f(x7, x8, x3).

Relabeling the variables, one obtains

fσ,4(x1, x2, x3, x4, x5, x6) = f(x1, x2, x3)f(x1, x2, x4)f(x5, x6, x4)f(x5, x6, x3).

Lemma 11.7.3 Fix f ∈ L2
s (νq), q ≥ 2, and, for r = 1, ..., q − 1, define the con-

traction f ⊗r f according to (6.2.16). Then, for every σ ∈ Mc
2 ([4q] , π∗) with rank

r ∈ {1, ..., q − 1},∫
Z2q

fσ,4dν
2q = ‖f ⊗r f‖2

L2(ν2(q−r)) = ‖f ⊗q−r f‖2
L2(ν2r) . (11.7.31)

Proof. It is sufficient to observe that f is symmetric by definition, and then to use the
relation (11.4.13), as well as a standard version of the Fubini theorem.

Remark. Formula (11.7.31) implies that, for a fixed f and for every σ ∈
Mc

2 ([4q] , π∗), the value of the integral
∫

Z2q fσ,4dν
2q depends on σ uniquely through

r (or q − r), where r is the rank of σ.

By using Lemma 11.7.3, one obtains immediately the following result, which pro-
vides a combinatorial description of the implication (2.) =⇒ (3.) in Theorem 11.4.1.

Proposition 11.7.4 For every q ≥ 2 and every sequence
{
f (n) : n ≥ 1

} ⊂ L2
s (νq)

such that q!
∥∥f (n)

∥∥2

L2(νq)
→ 1 (n→∞), the following relations are equivalent:

1. as n→∞ ∑
σ∈M2([mq],π∗)

∫
Zmq/2

f (n)
σ,mdν

mq/2 → 0, ∀m ≥ 3; (11.7.32)

2. for every partition σ ∈Mc
2 ([4q] , π∗), as n→∞,∫

Z2q

f
(n)
σ,4 dν

2q → 0. (11.7.33)
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Proof. Thanks to formula 7.3.29, one deduces that∑
σ∈M2([mq],π∗)

∫
Zmq/2

f (n)
σ,mdν

mq/2 = χm

(
IX
q

(
f (n)

))
,

where IX
q

(
f (n)

)
is the multiple Wiener-Itô integral of f (n) with respect to the Gaus-

sian measure induced byX , and χm indicates themth cumulant. It follows that, since

q!
∥∥f (n)

∥∥2

L2(νq)
= E

[
IX
q

(
f (n)

)2
]
→ 1, relation (11.7.32) is equivalent (by virtue of

Lemma 3.2.5) to IX
q

(
f (n)

) law→ Z ∼ N (0, 1). On the other hand, one deduces from
Lemma 11.7.3 that (11.7.33) takes place if and only if (11.4.11) holds. Since, accord-
ing to Theorem 11.4.1, condition (11.4.11) is necessary and sufficient in order to have

IX
q

(
f (n)

) law→ Z, we immediately obtain the desired conclusion.

Corollary 11.7.5 Fix q ≥ 2 and suppose that the sequence
{
f (n) : n ≥ 1

} ⊂ L2
s (νq)

is such that q!
∥∥f (n)

∥∥2

L2(νq)
→ 1 (n → ∞). Then, IX

q (f (n)) law→ Z ∼ N(0, 1) if and
only if (11.7.33) takes place.

Proof. As pointed out in the proof of Proposition 11.7.4, since the normalization con-
dition q!

∥∥f (n)
∥∥2

L2(νq)
→ 1 is in order, relation (11.7.32) is equivalent to the fact that

the sequence IX
q

(
f (n)

)
, n ≥ 1, converges in law to a standard Gaussian random vari-

ables. The implication (2.) =⇒ (1.) in the statement of Proposition 11.7.4 yields the
desired result.

Remarks. (1) Corollary 11.7.5 implies that, in order to prove a CLT on a fixedWiener
chaos, it is sufficient to compute and control a finite number of expressions of the type∫

Z2q f
(n)
σ dν2q , where σ is associated with a connected Gaussian circular diagramwith

four rows. Moreover, these expressions determine the speed of convergence in total
variation, via the upper bound given in (11.4.14).
(2) In view of Lemma 11.7.3, relation (11.7.31) also implies that: (i) for q even,

(11.7.33) takes place for every

σ ∈Mc
2 ([4q] , π∗)

if and only if for every r = 1, ..., q/2, there exists a partition σ ∈ Mc
2 ([4q] , π∗) with

rank r and such that (11.7.33) holds; (ii) for q odd, (11.7.33) takes place for every
σ ∈Mc

2 ([4q] , π∗) if and only if for every r = 1, ..., (q+ 1)/2, there exists a partition
σ ∈Mc

2 ([4q] , π∗) with rank r and such that (11.7.33) holds.

11.8 A multidimensional CLT

The paper [111] (but see also [90, 96, 103]) contains a complete solution of Problem
A in the Gaussian case, for every vector of dimension d ≥ 2. For such an index d, we
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denote by Vd the set of all vectors (i1, i2, i3, i4) ∈ (1, ..., d)4 such that at least one of
the following three properties is verified:

(a) the last three variables are equal and different from the first;
(b) the second and third variables are equal and different from the others (that are also

distinguished);
(c) all variables are different.

Formally:

(a) i1 �= i2 = i3 = i4;
(b) i1 �= i2 = i3 �= i4 and i4 �= i1;
(c) the elements of (i1, ..., i4) are all different.

In what follows,X = {X (h) : h ∈ H} indicates an isonormal Gaussian process over
a real separable Hilbert space H.

Theorem 11.8.1 Let d ≥ 2 and q1, ..., qd ≥ 1 be fixed and let{
f

(n)
j : j = 1, ..., d, n ≥ 1

}
be a collection of kernels such that f (n)

j ∈ H�qj and the normalization condition
(11.3.8) is verified. Then, the following conditions are equivalent:

1. as n → ∞, the vector Fn =
(
IX
q1

(
f

(n)
1

)
, ..., IX

qd

(
f

(n)
d

))
converges in law

towards a d-dimensional Gaussian vector Nd (0,C) = (N1, ..., Nd) with covari-
ance matrix C = {C (i, j)};

2.

lim
n→∞E

⎡⎢⎣
⎛⎝ ∑

i=1,...,d

IX
qi

(
f

(n)
i

)⎞⎠4
⎤⎥⎦

= 3

⎛⎝ d∑
i=1

C (i, i) + 2
∑

1≤i<j≤d

C (i, j)

⎞⎠2

= E

⎡⎣( d∑
i=1

Ni

)4
⎤⎦ ,

and

lim
k→∞

E

[
4∏

l=1

IX
qil

(
f

(n)
il

)]
= E

[
4∏

l=1

Nil

]
∀ (i1, i2, i3, i4) ∈ Vd;

3. for every j = 1, ..., d, the sequence IX
qj

(
f

(n)
j

)
n ≥ 1, converges in law towards

Nj , that is, towards a centered Gaussian variable with variance C (j, j) ;

4. ∀j = 1, ..., d, limn→∞ χ4

(
IX
qj

(
f

(n)
j

))
= 0;



11.8 A multidimensional CLT 201

5. ∀j = 1, ..., d

lim
n→∞

∥∥∥f (n)
j ⊗r f

(n)
n

∥∥∥
H⊗2(qj−r)

= 0, (11.8.34)

∀r = 1, ..., qj − 1.

The original proof of Theorem 11.8.1 uses arguments from stochastic calculus. See
[90] and [96], respectively, for alternate proofs based onMalliavin calculus and Stein’s
method. In particular, in [90] one can find bounds analogous to (11.4.14), concerning
the multidimensional Gaussian approximation of Fn in the Wasserstein distance. The
crucial element in the statement of Theorem 11.8.1 is the implication (3.)⇒ (1.), which
yields the following result.

Corollary 11.8.2 Let the vectorsFn, n ≥ 1, be as in the statement of Theorem 11.8.1,
and suppose that (11.3.8) is satisfied. Then, the convergence in law of each component
of the vectors Fn, towards a Gaussian random variable, always implies the joint con-
vergence of Fn towards a Gaussian vector with covariance C.

Thanks to Theorem 11.4.1, it follows that a CLT such as (11.3.9) can be uniquely
deduced from (11.3.8) and from the relations (11.8.34), involving the contractions of
the kernels f (n)

j .

When H = L2 (Z,Z, ν) (with ν non atomic), the combinatorial implications of
Theorem 11.8.1 are similar to those of Theorem 11.4.1. Indeed, thanks to the impli-

cation (5.) ⇒ (1.), one deduces that, for a sequence
(
f

(n)
1 , ..., f

(n)
d

)
, n ≥ 1, as in

(11.3.8), if ∫
Z2qj

(
f

(n)
j

)
σ
dν2qj → 0, ∀σ ∈Mc

2 ([4qj ] , π∗) ,

then, the joint cumulants of order ≥ 3 converge to zero, namely∑
σ∈M2([M ],π∗)

∫
ZM/2

f
(n)
σ,� dν

M/2 → 0,

for every integer M which is the sum of � ≥ 3 components (qi1 , qi2 , ..., qi�
) of the

vector (q1, ..., qm) (with possible repetitions of the indices i1, ..., i�), with

π∗ =
{{1, ..., qi1} , ...,

{
q1 + ...+ qi�−1 + 1, ...,M

}} ∈ P ([M ]) ,

and every function f (n)
σ,� , inM/2 variables, is obtained by identifying two variables xa

and xb in the argument of f
(n)
i1
⊗0 · · · ⊗0 f

(n)
i�

if and only if a ∼σ b.

As already pointed out, the chaotic representation property (5.9.78) allows to use
Theorem 11.8.1 in order to obtain CLTs for general functionals of an isonormal Gaus-
sian processX . We now present a result in this direction, obtained in [39], whose proof
can be deduced from Theorem 11.8.1.
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Theorem 11.8.3 (see [39]) We consider a sequence {Fn : n ≥ 1} of centered and
square-integrable functionals of an isonormal Gaussian process X , admitting the
chaotic decomposition

Fn =
∞∑

q=1

IX
q

(
f (n)

q

)
, n ≥ 1.

Assume that

• limN→∞ lim supk→∞
∑

q≥N+1 q!
∥∥∥f (k)

q

∥∥∥2

H⊗q
→ 0,

• for every q ≥ 1, limn→∞ q!
∥∥∥f (n)

q

∥∥∥2

H⊗q
= σ2

q,

• ∑∞
q=1 σ

2
q � σ2 <∞,

• for every q ≥ 1, limn→∞
∥∥∥f (n)

q ⊗r f
(n)
q

∥∥∥
H⊗2(q−r)

= 0, ∀r = 1, ..., q − 1.

Then, as n → ∞, Fn
law→ N

(
0, σ2

)
, where N

(
0, σ2

)
is a centered Gaussian

random variable with variance σ2.
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CLTs in the Poisson case:
the case of double integrals

We conclude this monograph by discussing a simplified CLT for sequences of double
integrals with respect to a Poisson random measure. Note that this result (originally
obtained in [109]) has been generalized in [106], where one can find CLTs for se-
quences of multiple integrals of arbitrary orders – with explicit Berry-Esséen bounds
in the Wasserstein distance obtained once again via Stein’s method.

In this chapter, (Z,Z, ν) is a Polish measure space, with ν σ-finite and non-atomic.
Also, N̂ = {N̂ (B) : B ∈ Zν} is a compensated Poisson measure with control
measure given by ν. In [109], we have used some decoupling techniques developed in
[107] in order to prove CLTs for sequences of random variables of the type:

Fn = IN̂
2

(
f (n)

)
, n ≥ 1, (12.0.1)

where f (n) ∈ L2
s

(
ν2
)
. In particular, we focus on sequences {Fn} satisfying the fol-

lowing assumption

Assumption N. The sequence f (n), n ≥ 1, in (12.0.1) verifies :

N.i (integrability) ∀n ≥ 1,∫
Z

f (n) (z, ·)2
ν (dz) ∈ L2 (ν) and

{∫
Z

f (n) (z, ·)4
ν (dz)

} 1
2

∈ L1 (ν) ;

(12.0.2)
N.ii (normalization) As n→∞,

2
∫

Z

∫
Z

f (n) (z, z′)2
ν (dz) ν (dz′)→ 1; (12.0.3)

N.iii (fourth power) As n→∞,∫
Z

∫
Z

f (n) (z, z′)4
ν (dz) ν (dz′)→ 0 (12.0.4)

G. Peccati, M.S. Taqqu: Wiener Chaos: Moments, Cumulants and Diagrams –
A survey with computer implementation.
© Springer-Verlag Italia 2011
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(in particular, this implies that f (n) ∈ L4
(
ν2
)
).

Remarks. (1) The conditions in (12.0.2) are technical : the first ensures the existence
of the stochastic integral of

∫
Z
f (n) (z, ·)2

ν (dz) with respect to N̂ ; the second allows
to use some Fubini arguments in the proof of the results to follow.
(2) Suppose that there exists a set B, independent of n, such that ν (B) <∞ and

f (n) = f (n)1B , a.e.–dν2, ∀n ≥ 1 (this holds, in particular, when ν is finite). Then, by
the Cauchy-Schwarz inequality, if (12.0.4) is true, then

(
f (n)

)
converges necessarily

to zero. Therefore, in order to study more general sequences
(
f (n)

)
, we must assume

that ν (Z) = +∞.

The next theorem is the main result of [109]. It concerns convergence of the second
Wiener chaos.

Theorem 12.0.4 Let Fn = IN̂
2 (f (n)) with f (n) ∈ L2

s(ν2), n ≥ 1, and suppose that
Assumption N is verified. Then, for every n ≥ 1,

f (n) �0
1 f

(n) ∈ L2(ν3),

and
f (n) �1

1 f
(n) ∈ L2

s(ν
2),

and also :

1. if ∥∥∥ f (n) �1
2 f

(n)
∥∥∥

L2(ν)
→ 0 and

∥∥∥f (n) �1
1 f

(n)
∥∥∥

L2(ν2)
→ 0 , (12.0.5)

then
Fn

law→ N (0, 1) , (12.0.6)

where N (0, 1) is a centered Gaussian random variable with unitary variance;
2. if Fn ∈ L4 (P), ∀n, a sufficient condition in order to have (12.0.5) is

χ4 (Fn)→ 0; (12.0.7)

3. if the sequence
{
F 4

n : n ≥ 1
}
is uniformly integrable, then the three conditions

(12.0.5), (12.0.6) and (12.0.7) are equivalent.

Remark. See [18] and [105] for several applications of Theorem 12.0.4 to Bayesian
non-parametric survival analysis.

We now give a combinatorial interpretation (in terms of diagrams) of the three
asymptotic conditions appearing in formulae (12.0.4) and (12.0.5). To do this, consider
the set [8] = {1, ..., 8}, as well as the partition π∗ = {{1, 2} , {3, 4} , {5, 6} , {7, 8}} ∈
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Fig. 12.1. Three diagrams associated with contractions

P ([8]). We define the set of partitionsM≥2 ([8] , π∗) ⊂ P ([8]) according to (7.2.23).
Given an element σ ∈ M≥2 ([8] , π∗) and given f ∈ L2

s

(
ν2
)
, the function fσ,4, in

|σ| variables, is obtained by identifying the variables xi and xj in the argument of
f⊗0 f⊗0 f⊗0 f (as defined in (6.1.3)) if and only if i ∼σ j.We define three partitions
σ1, σ2, σ3 ∈M≥2 ([8] , π∗) as follows:

σ1 = {{1, 3, 5, 7} , {2, 4, 6, 8}}
σ2 = {{1, 3, 5, 7} , {2, 4} , {6, 8}}
σ3 = {{1, 3} , {4, 6} , {5, 7} , {2, 8}} .

The diagrams Γ (π∗, σ1), Γ (π∗, σ2) and Γ (π∗, σ3) are represented (in order) in
Fig. 12.1.
One has therefore the following combinatorial representation of the three norms

appearing in formulae (12.0.4) and (12.0.5) (the proof is elementary, and left to the
reader).

Proposition 12.0.5 For every f ∈ L2
s

(
ν2
)
, one has that∫

Z

∫
Z

f (z, z′)4
ν (dz) ν (dz′) = ‖f‖4

L4(ν2) =
∫

Z2

fσ1,4 (z, z′) ν (dz) ν (dz′)∫
Z

[∫
Z

f (z, z′)2
ν (dz)

]2

ν (dz′) =
∥∥ f �1

2 f
∥∥2

L2(ν)
=
∫

Z

fσ2,4 (z) ν (dz)∫
Z2

[∫
Z

f (z, z′) f (z, z′′) ν (dz)
]2

ν (dz′) ν (dz′′) =
∥∥ f �1

1 f
∥∥2

L2(ν)

=
∫

Z

fσ3,4 (z) ν (dz) .

In particular, Proposition 12.0.5 implies that, on the second Wiener chaos of a
Poisson measure, one can establish CLTs by focusing uniquely on expressions related
to three connected diagrams with four rows. Similar characterizations for sequences
belonging to chaoses of higher orders can be deduced from the main findings of [106].





Appendix A

Practical implementation using Mathematica

The purpose of this appendix is to illustrate some of the set partitions and diagram
formulae we have encountered. We do this through a practical implementation of these
formulae by using the software program Mathematica12. The source code and more
detailed examples are contained in a companionMathematica notebook. This notebook
can be downloaded by using the link:

http://extras.springer.com, Password: 978-88-470-1678-1

To view the notebook you may use the freeMathematica Readerwhich you can down-
load from the Internet or you can use theMathematica program itself. TheMathemat-
ica program (version 7.0 or later) must be installed on your computer or remotely
through your system if you want to execute the source code.

A.1 General introduction

The filename of a Mathematica notebook ends with a “.nb”. Place the notebook and
the style file StyleFile978-88-470-1678-1.nb in the same folder. This style file formats
the notebook nicely but it is not absolutely necessary to have it.
In Windows, double-clicking on the notebook will open the notebook and start

Mathematica (or the Mathematica Reader). It is best to begin by executing the entire
notebook because some functions depend on previously defined functions. To exe-
cute the entire notebook (on Windows), press Control-A (to select all the cells in the
notebook), followed by Shift-Enter. (On a Mac, press Command-A followed by Shift-
Enter.) These actions will execute all of the function definitions and examples in this
notebook. This may take a little time. You will see “Running” on the top left of the

1 Mathematica is a computational software program developed by Wolfram Research.
2 For further references on the use of Mathematica in the context of multiple stochastic inte-
grals, see for example, [54], [155].

G. Peccati, M.S. Taqqu: Wiener Chaos: Moments, Cumulants and Diagrams –
A survey with computer implementation.
© Springer-Verlag Italia 2011
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notebook. After the execution has completed, you will be able to apply the functions
created in this notebook to new set partitions or to create additional examples of your
own. You may type, paste, or outline a command and then press Shift-Enter to execute
it. You may do this in the present notebook or, preferably, in a new notebook that you
would open.
Please note that the execution of any of these functions requires the use of the

Combinatorica package inMathematica (which can be activated by executing the line
Needs[“Combinatorica”]. We automatically execute this package in this note-
book.
To type a command, simply type the appropriate function and the desired

argument and press Shift-Enter to execute the cell in which the command is located.
Mathematica will label the command as a numbered input and the output will be
numbered correspondingly. One can recall previous outputs with commands like %5,
which would recover the fifth output in the current Mathematica session. Unexecuted
cells have no input label.

Warning. Some of the functions in this notebook use a brute-force methodology.
The number of set partitions associated to a positive integer n grows very rapidly,
and so any brute-force methodology may suffer from combinatorial explosion. Unless
you have lots of time and computational resources at your disposal, it may be better
to investigate examples for which n is small.

Comment about In[ ] and Out[ ]. Mathematica, after execution of a command,
automatically numbers it, for example, “In[1]:=”. The output lines are also numbered,
for example, the corresponding output line will start with: “Out[1]=”. Here, we sym-
bolically start a command input line with “In:=” and the corresponding output starts
with “Out=” . Thus, in the sequel do not type, for example, “In:=” nor “In[269]:=”,
as this is automatically generated by Mathematica after you execute the command by
pressing Shift-Enter.

Comments about the time it takes to evaluate a function. To evaluate the time
it takes to simulate 1,000,000 realizations of a standard normal random variable, type:

In := RandomReal[NormalDistribution[0, 1], {1 000 000}]; // AbsoluteTiming
Out= 0.2187612, Null

The semicolon suppresses the display of the output (except for the timing result),
which is generated by AbsoluteTiming. The first part of the output is the number of
seconds it took Mathematica to generate 1,000,000 realizations of a standard normal
random variable. The output was suppressed, which is why the symbol Null appears
in the second position.
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Comments about the function names.We typically give the functions long, in-
formative names. In practical use, one may sometimes want to use a shorter name. For
example, to have the function Chi do the same thing as the function CumulantVector-
ToMoments, set:

In := Chi = CumulantVectorToMoments

A few similar functions may have different names because they are used in dif-
ferent contexts. This is the case, for example, of the functions MeetSolve, PiStarMeet
Solve and MZeroSets.

Comments about typing Greek symbols. To type symbols, such as μ and κ,
either copy and paste them with the mouse from somewhere else in the notebook or
type respectively \[Mu] and \[Kappa]. Mathematica converts these immediately to
greek.

Comments about Mathematica notation. In Mathematica, a set partition is
denoted in a particular way, for example, {{1, 2, 4}, {3}, {5}} is a set partition of
the set {1, 2, 3, 4, 5}. The trivial, or maximal, partition consisting of the entire set
is denoted {{1, 2, 3, 4, 5}} and the set partition consisting entirely of singletons is
denoted {{1}, {2}, {3}, {4}, {5}}.

Comments about hard returns. Mathematica ignores hard returns. Therefore, if
the input line is long, one can press “Enter” in order to subdivide it.

Comments about stopping the execution of a function. Hold down the “Alt”
key and then press the “.” key, or go to the menu at the top, choose “Evaluation” and
then choose “Abort Evaluation.”

Comments about the examples below. The examples are particularly simple.
Their only purpose is to illustrate theMathematica commands. TheMathematica out-
put will sometimes not be listed below, because it is either too long or would require
complicated formatting.

A.2 When Starting

Type first the following two commands:

In := Needs [“Combinatorica”] ; Off[First::first]

The first command loads the package Combinatorica. The second command shuts off
an error message that does not impact any of the function outputs. These commands
will be executed in sequence.
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Note: These two commands are listed at the beginning of the notebook. They will
be automatically executed if you execute the whole notebook.

A.3 Integer Partitions

A.3.1 IntegerPartitions

Find all nonnegative integers that sum up to an integer n, ignoring order; this is a
built-in Mathematica function.

� Please refer to Section 2.1.

Example. Find all integer partitions of the number 5. The output {3, 1, 1} should
be read as the decomposition 5 = 3 + 1 + 1.

In := IntegerPartitions[5]
Out= {{5}, {4, 1}, {3, 2}, {3, 1, 1}, {2, 2, 1}, {2, 1, 1, 1}, {1, 1, 1, 1, 1}}

Example. Count the number of integer partitions of the number 5.

In := Length[IntegerPartitions[5]]
Out= 7

A.3.2 IntegerPartitionsExponentRepresentation

This function represents the output of IntegerPartitions in exponent notation; namely,
1r1 2r2 · · ·nrn , where ri is the number of times that integer i appears in the decompo-
sition, i = 1, ..., n.

Example. Find all integer partitions of the number 5, and express them in
exponent notation. Thus 5 = 3 + 1 + 1 is expressed as {1220314050} since there are 2
ones and 1 three.

In := IntegerPartitionsExponentRepresentation[5]
Out= {{1020304051}, {1120304150}, {1021314050}, {1220314050},

{1122304050}, {1321304050}, {1520304050}}

A.4 Basic Set Partitions

� Please refer to Section 2.2.



A.4 Basic Set Partitions 211

A.4.1 SingletonPartition

Generates the singleton set partition of order n, namely 0̂ = {{1}, {2}, · · · , {n}}.
This is a partition made up of singletons.

Example. Generate the singleton set partition of order 12.

In := SingletonPartition[12]
Out= {{1}, {2}, {3}, {4}, {5}, {6}, {7}, {8}, {9}, {10}, {11}, {12}}

Example. Same example with grid display.

In := Grid[SetPartitions[3], Frame→ All]

Out= {1, 2, 3}
{1} {2, 3}
{1, 2} {3}
{1, 3} {2}
{1} {2} {3}

A.4.2 MaximalPartition

Generates the maximal set partition of order n, namely 1̂ = {{1, 2, ..., n}}.

Example. Generate the maximal set partition of order 12.

In := MaximalPartition[12]
Out= {{1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12}}

A.4.3 SetPartitions

Enumerates all of the set partitions associated with a particular integer n, namely all
set partitions of {1, 2, · · · , n}; this is a built-in Mathematica function.

� Please refer to Section 2.4.

Example. Enumerate all set partitions of {1, 2, 3}.

In := SetPartitions[3]
Out= {{{1, 2, 3}}, {{1}, {2, 3}}, {{1, 2}, {3}}, {{1, 3}, {2}},

{{1}, {2}, {3}}}
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A.4.4 PiStar

Generates a set partition of {1, 2, · · · , n1 + · · · + nk}, with k blocks, the first of size
n1 and the last of size nk, that is,

π∗ = {{1, · · · , n1}, {n1 + 1, · · · , n1 + n2}, · · · , {n1 + · · ·+ nk−1 + 1, · · · , n}}.

� Please refer to Formula (6.1.1).

Example. Create a set partition π∗ with blocks of size 1, 2, 4, 7, and 9.

In := PiStar[{1, 2, 4, 7, 9}]
Out= {{1}, {2, 3}, {4, 5, 6, 7}, {8, 9, 10, 11, 12, 13, 14},

{15, 16, 17, 18, 19, 20, 21, 22, 23}}

A.5 Operations with Set Partitions

A.5.1 PartitionIntersection

Finds the meet σ ∧ π between two set partitions σ and π; each block of σ ∧ π is a
non-empty intersection between one block of σ and one block of π.

Example. Find the meet between the set partitions {{1, 4, 5}, {2}, {3}} and
{{1, 2, 5}, {3}, {4}}.

In := PartitionIntersection [{{1, 4, 5}, {2}, {3}}, {{1, 2, 5}, {3}, {4}}]
Out= {{1, 5}, {2}, {3}, {4}}

Example. If the partitions σ and π are not of the same order, then PartitionInter-
section returns a message.

In := PartitionIntersection[ SingletonPartition[8], {{1, 2, 5, 6, 7}, {3}, {4}}]
Out= Error

A.5.2 PartitionUnion

Finds the join σ ∨ π between two set partitions σ and π; that is, the union of blocks of
σ and π that have at least one element in common.

Example. Find the join between the set partitions {{1, 4, 5}, {2}, {3}} and
{{1, 2, 5}, {3}, {4}}.

In := PartitionUnion [ {{1,4,5},{2},{3}} , {{1,2,5},{3},{4}} ]
Out= {{1, 2, 4, 5}, {3}}
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A.5.3 MeetSolve

For a fixed set partition π , find all set partitions σ such that the meet of π and σ is the
singleton partition 0̂, that is, σ ∧ π = 0̂.

� Please refer to Section 4.2.

Example. Find all set partitions σ such that the meet of σ and {{1, 4, 5}, {2}, {3}}
is the singleton partition 0̂.

In := MeetSolve[{{1, 4, 5}, {2}, {3}}]
Out= {{{1}, {2, 3, 4}, {5}}, {{1}, {2, 5}, {3, 4}}, {{1}, {2, 3, 5}, {4}},

{{1}, {2, 4}, {3, 5}}, {{1, 2}, {3, 4}, {5}}, {{1, 2}, {3, 5}, {4}},
{{1, 2, 3}, {4}, {5}}, {{1, 3}, {2, 4}, {5}}, {{1, 3}, {2, 5}, {4}},
{{1}, {2}, {3, 4}, {5}}, {{1}, {2}, {3, 5}, {4}}, {{1}, {2, 3}, {4}, {5}},
{{1}, {2, 4}, {3}, {5}}, {{1}, {2, 5}, {3}, {4}}, {{1, 2}, {3}, {4}, {5}},
{{1, 3}, {2}, {4}, {5}}, {{1}, {2}, {3}, {4}, {5}}}

The output also displays the number of solutions (namely 17).

A.5.4 JoinSolve

For a fixed set partition π, find all set partitions σ such that the join of π and σ is the
maximal partition 1̂, that is, σ ∨ π = 1̂.

Example. Find all set partitions σ such that the join of σ and {{1, 4, 5}, {2}, {3}}
is the maximal partition 1̂.

In := JoinSolve[{{1, 4, 5}, {2}, {3}}]
Out= {{{1, 2, 3, 4, 5}}, {{1}, {2, 3, 4, 5}}, {{1, 2}, {3, 4, 5}},

{{1, 2, 3}, {4, 5}}, {{1, 3}, {2, 4, 5}}, {{1, 2, 3, 4}, {5}},
{{1, 5}, {2, 3, 4}}, {{1, 2, 5}, {3, 4}}, {{1, 3, 4}, {2, 5}},
{{1, 2, 3, 5}, {4}}, {{1, 4}, {2, 3, 5}}, {{1, 2, 4}, {3, 5}},
{{1, 3, 5}, {2, 4}}, {{1}, {2, 3, 4}, {5}}, {{1}, {2, 5}, {3, 4}},
{{1}, {2, 3, 5}, {4}}, {{1}, {2, 4}, {3, 5}}, {{1, 2}, {3, 4}, {5}},
{{1, 2}, {3, 5}, {4}}, {{1, 2, 3}, {4}, {5}},
{{1, 3}, {2, 4}, {5}}, {{1, 3}, {2, 5}, {4}}}
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A.5.5 JoinSolveGrid

Display the output of JoinSolve in a grid.

Example. Find all set partitions σ such that the join of σ and {{1, 2}, {3, 4}} is
the maximal partition 1̂.

In := JoinSolveGrid[{{1, 2}, {3, 4}}]
Out= {1, 2, 3, 4}

{1} {2, 3, 4}
{1, 3, 4} {2}
{1, 2, 3} {4}
{1, 4} {2, 3}
{1, 2, 4} {3}
{1, 3} {2, 4}
{1} {2, 3} {4}
{1} {2, 4} {3}
{1, 3} {2} {4}
{1, 4} {2} {3}

A.5.6 MeetAndJoinSolve

For a fixed set partition π, find all set partitions σ such that the join of π and σ is
the maximal partition 1̂ AND the meet of π and σ is the singleton partition 0̂. that is,
σ ∧ π = 0̂ and σ ∨ π = 1̂.

Example. Find all set partitions σ such that the join of σ and {{1, 4, 5}, {2}, {3}}
is the maximal partition 1̂ and such that the meet of σ and {{1, 4, 5}, {2}, {3}} is the
singleton partition 0̂. Include the timing of the computation.

In := MeetAndJoinSolve [{{1, 4, 5}, {2}, {3}}] // AbsoluteTiming
Out= {0.2031250, {{{1}, {2, 3, 4}, {5}}, {{1}, {2, 5}, {3, 4}},

{{1}, {2, 3, 5}, {4}}, {{1}, {2, 4}, {3, 5}}, {{1, 2}, {3, 4}, {5}},
{{1, 2}, {3, 5}, {4}}, {{1, 2, 3}, {4}, {5}},
{{1, 3}, {2, 4}, {5}}, {{1, 3}, {2, 5}, {4}}}}

The output in the first position is the number of seconds it took to generate the rest
of the output. The number of solutions will also be specified (namely 9).
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A.5.7 CoarserSetPartitionQ

This is a built-in Mathematica function; CoarserSetPartitionQ[σ,π] yields “True” if
the set partition π is coarser than the set partition σ; that is, if σ ≤ π, i.e., if every
block in σ is contained in a block of π.

Example. Is the set partition π = {1, 2}, {3, 4}, {5} coarser than the set partition
σ = {{1, 2, 3, 4}, {5}} ?

In := CoarserSetPartitionQ[{{1, 2, 3, 4}, {5}}, {{1, 2}, {3, 4}, {5}}]
Out= False

A.5.8 CoarserThan

For a fixed set partition π, find all set partitions σ such that σ ≥ π, i.e., all set
partitions such that every block of π is fully contained in some block of σ.

Example. Find all of the set partitions σ such that σ ≥ {{1, 2}, {3, 4}, {5}}.

In := CoarserThan[{{1, 2}, {3, 4}, {5}}]
Out= {{{1, 2, 3, 4, 5}}, {{1, 2}, {3, 4, 5}}, {{1, 2, 3, 4}, {5}},

{{1, 2, 5}, {3, 4}}, {{1, 2}, {3, 4}, {5}}}

A.6 Partition Segments

A.6.1 PartitionSegment

For set partitions σ and π, find the partition segment [σ, π], that is, all set partitions ρ
such that σ ≤ ρ ≤ π.

� Please refer to Definition 2.2.4.

Example. Find all of the set partitions ρ such that

{{1}, {2}, {3}, {4, 5}} = σ ≤ ρ ≤ π = {{1, 2, 3}, {4, 5}}.

In := PartitionSegment[{{1}, {2}, {3}, {4, 5}}, {{1, 2, 3}, {4, 5}}]
Out= {{{1, 2, 3}, {4, 5}}, {{1}, {2, 3}, {4, 5}}, {{1, 2}, {3}, {4, 5}},

{{1, 3}, {2}, {4, 5}}, {{1}, {2}, {3}, {4, 5}}}

The output also specifies the number of partitions in the segment (namely 5).
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A.6.2 ClassSegment

For set partitions σ and π, with σ ≤ π, obtain the “class” of the segment [σ, π], namely

λ(σ, π) = (1r1 2r2 · · · |σ|r|σ|),

where ri is the number of blocks of π that contain exactly i blocks of σ (terms with
exponent zero are ignored in the output).

� Please refer to Definition 2.3.1.

Example. Compute the class segment when σ = {{1, 2}, {3}, {4, 5}} and
π = {{1, 2, 3}, {4, 5}}.

In := ClassSegment[{{1, 2}, {3}, {4, 5}}, {{1, 2, 3}, {4, 5}}]
Out= (1121)

This is because only one block of π (namely, {4,5}) contains one block of σ and
one block of π (namely, {1,2,3}) contains two blocks of σ. The answer could be more
fully written as (112130).

A.6.3 ClassSegmentSolve

Given a partition σ, find all coarser partitions π with a specific class segment λ(σ, π) =
(1r1 2r2 · · · |σ|r|σ|) written as {{1, r1}, {2, r2}, · · · , {|σ|, r|σ|}} with ri ≥ 0 or merely
ri > 0. We want ri blocks of π to contain exactly i blocks of σ, for i = 1, ..., n.

Input format. ClassSegmentSolve[σ, λ(σ, π)]

Example. Find the set of all partitions π such that the class segment of
σ = {{1, 2}, {3}, {4, 5}} and π is equal to λ(σ, π) = (1121). We want r1 = 1 block
of π to contain one block of σ and r2 = 1 block of π to contain two blocks of σ.

In := ClassSegmentSolve[{{1, 2}, {3}, {4, 5}}, {{1, 1}, {2, 1}}]
Out= {{{1, 2}, {3, 4, 5}}, {{1, 2, 3}, {4, 5}}, {{1, 2, 4, 5}, {3}}}

If π = {{1, 2}, {3, 4, 5}}, then {1,2} contains the block {1,2} in σ =
{{1, 2}, {3}, {4, 5}} and {3,4,5} contains the blocks {3} and {4,5} of σ.
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A.6.4 SquareChoose

For a list of non-negative integers {r1, r2, ..., rn}, with 1r1 + 2r2 + · · · + nrn = n,
compute [ n

λ

]
=
[ n

r1, ..., rn

]
=

n!
(1!)r1 r1! (2!)r2 r2! · · · (n!)rn rn!

.

If one relabels the integers and denote by {r1, r2, · · · , rk}, with k ≤ n and k equal to
the greatest integer in [n] such that rk > 0, then 1r1 + 2r2 + · · ·+ krk = n, and[ n

λ

]
=
[ n

r1, ..., rk

]
=

n!
(1!)r1 r1! (2!)r2 r2! · · · (k!)rk rk!

.

� Please refer to Formula (2.3.8).

Example. For the list {1, 3, 0, 0, 0, 0, 0} or the list {1, 3} compute
7!

[(1!)1(1!)][(2!)3(3!)]
.

In := SquareChoose[{1, 3, 0, 0, 0, 0, 0, 0}]
In := SquareChoose[{1, 3}]

The output is 105 in both cases.

A.7 Bell and Touchard polynomials

� Please refer to Section 2.4.

A.7.1 StirlingS2

Obtain the Stirling numbers S(n, k) of the second kind, where 1 ≤ k ≤ n. This is a
built-in mathematica function. Recall that

S(n, k) =
∑

r1,...,rn−k+1

n!
(1!)r1 r1! (2!)r2 r2! · · · (n− k + 1)!rn−k+1rn−k+1!

,

where the sum runs over all vectors on nonnegative integers (r1, ..., rn−k+1) satisfying
r1 + · · ·+ rn−k+1 = k and 1r1 + 2r2 · · ·+(n− k + 1) rn−k+1 = n.

� Please refer to Proposition 2.3.4.
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Example. Get S(3, 2).

In := StirlingS2[3, 2]
Out= = 3

Example. Get all the Stirling numbers of the second kind for n = 10.

In := Table[StirlingS2[10, k], k, 10]
Out= 1, 511, 9330, 34105, 42525, 22827, 5880, 750, 45, 1

Example.Make a table of the Stirling numbers of the second kind for n = 1, ..., 10
and k = 1, ..., n.

In := Table[If[n >= k, StirlingS2[n, k]], {n, 1, 10}, {k, 1, 10}] // MatrixForm

Out=
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 Null Null Null Null Null Null Null Null Null
1 1 Null Null Null Null Null Null Null Null
1 3 1 Null Null Null Null Null Null Null
1 7 6 1 Null Null Null Null Null Null
1 15 25 10 1 Null Null Null Null Null
1 31 90 65 15 1 Null Null Null Null
1 63 301 350 140 21 1 Null Null Null
1 127 966 1701 1050 266 28 1 Null Null
1 255 3025 7770 6951 2646 462 36 1 Null
1 511 9330 34105 42525 22827 5880 750 45 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
The output has “Null” in the upper quadrant since the S(n, k) are either not defined or
are set equal to 0 when k > n.

A.7.2 BellPolynomialPartial

Generate the partial Bell polynomials Bn,k(x1, ..., xn−k+1), defined for 1 ≤ k ≤ n.
Recall that

Bn,k(x1, ..., xn−k+1) =∑
r1,...,rn−k+1

n!
r1!r2! · · · rn−k+1!

(x1

1!

)r1 · · ·
(

xn−k+1

(n− k + 1)!

)rn−k+1

where the sum runs over all vectors on nonnegative integers (r1, ..., rn−k+1) satisfying
r1 + · · ·+ rn−k+1 = k and 1r1 + 2r2 · · ·+(n− k + 1) rn−k+1 = n.

� Please refer to Definition 2.4.1.
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Input format. BellPolynomialPartial[n, k, x] where 1 ≤ k ≤ n and x is a vector of
length at least n− k + 1 (the extra components are ignored). The index k can also be
“All”. This outputs Bn,1, · · · , Bn,n in a list.

Example. Generate the partial Bell polynomial n = 4, k = 2 and 3 variables
x1, x2, x3, x4 . These form a vector and must be inserted with curly brackets.

In := BellPolynomialPartial[4, 2, {x1, x2, x3}]
Out= 3x22 + 4x1x3

The output should be read as 3x2
2 + 4x1x3.

Example. Numerical computation with n = 70, k = 50 , and the variables taking
consecutive numerical values.

In := BellPolynomialPartial[40, 33, {1, 2, 3, 4, 5, 6, 7, 8}]
Out= 794559498748278120

Example. Numerical computation with n = 70, k = 50 , and the variables taking
consecutive numerical values, defined through a table.

In := BellPolynomialPartial[70, 50, Table[i, {i, 1, 70 - 50 + 1}]]
Out= 15438518873468196487426757812500000000000000000000

A.7.3 BellPolynomialPartialAuto

Automatically generates symbolic form of BellPolynomialPartial[n, k]without having
to input a vector. Moreover k can be ‘All’, in which case the output is Bn,1, · · · , Bn,n

in a list.

Example. Generate the partial Bell polynomial n = 4, k = 2 but with unspecified
variables.

In := BellPolynomialPartialAuto[4, 2]
Out= 3x2

2 + 4x1x3

Example. Generate all the partial Bell polynomials with n = 4.

In := BellPolynomialPartialAuto[4,“All”]
Out= {x4, 3x2

2 + 4x1x2, 6x2
1x3, x

4
1}
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A.7.4 BellPolynomialComplete

Generate the complete Bell polynomial of order n, that is,

Bn(x1, x2, · · · , xn) =
∑[ n

r1, ..., rn

]
xr1

1 x
r2
2 · · ·xrn

n

=
∑ n!

(1!)r1 r1! (2!)r2 r2! · · · (n!)rn rn!
xr1

1 x
r2
2 · · ·xrn

n ,

where the sum is over all non-negative r1, r2, · · · , rn satisfying 1r1 + 2r2 + · · · +
nrn = n.

� Please refer to Definition 2.4.1.

Input format. BellPolynomialComplete[x] where x is a vector. The length of the
vector determines the value of n.

Example. Generate the complete Bell polynomial with 4 variables x1, x2, x3, x4.
These form a vector and must be inserted with curly brackets.

In := BellPolynomialComplete[{x1, x2, x3, x4}]
Out= x14 + 6x12x2 + 3x22 + 4x1x3 + x4

The output should be read as x4
1 + 6x2

1x2 + 3x2
2 + 4x1x3 + x4.

Example. Generate the complete Bell polynomial with 4 identical variables.

In := BellPolynomialComplete[{x, x, x, x}]
Out= x+ 7x2 + 6x3 + x4

A.7.5 BellPolynomialCompleteAuto

Automatically generates a symbolic form of complete Bell polynomial of order n.
There is no need to input a vector.

Input format. BellPolynomialCompleteAuto[n].

Example. Obtain the complete Bell polynomial of order 4.

In := BellPolynomialCompleteAuto[4]
Out= x4

1 + 6x2
1x2 + 3x2

2 + 4x1x3 + x4
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Example.Make a table of Complete Bell polynomials of order 1 to 6.

In := TableForm[Table[BellPolynomialCompleteAuto[n], n, 1, 6],
TableHeadings→ “n=1”, “n=2”, “n=3”, “n=4”, “n=5”, “n=6”, None]

Out=
n=1 x1

n=2 x2
1 + x2

n=3 x3
1 + 3x1x2 + x3

n=4 x4
1 + 6x2

1x2 + 3x2
2 + 4x1x3 + x4

n=5 x5
1 + 10x3

1x2 + 15x1x
2
2 + 10x2

1x3 + 10x2x3 + 5x1x4 + x5

n=6 x6
1 + 15x4

1x2 + 45x2
1x

2
2 + 15x3

2 + 20x3
1x3 + 60x1x2x3 + 10x2

3

+15x2
1x4 + 15x2x4 + 6x1x5 + x6

A.7.6 BellB

Gives the complete Bell polynomial when all the arguments are identical and computes
the Bell number of order n. These are buit-in mathematica functions.

Input format. BellB[n, x] where n is a non-negative integer and x is a scalar. This is
equivalent to BellPolynomialComplete[{x, x, .., x, x}] with the scalar x appearing n
times.

Example. Get BellPolynomialComplete[{x, x, x, x}] using BellB[4, x].

In := BellB[4, x]
Out= x+ 7x2 + 6x3 + x4

Input format. BellB[n].

This is the Bell number of order n. It is equivalent to
BellPolynomialComplete[{1, ..., 1}] with 1 appearing n times and also equiva-
lent to Tn(1), where Tn is the Touchard polynomial.

Example. Get BellPolynomialComplete[{1, 1, 1, 1}] using BellB[4].

In := BellB[4]
Out= 15

Example. Get the Bell numbers up to 20.

In := Table[BellB[k], {k, 20}]
Out= {1, 2, 5, 15, 52, 203, 877, 4140, 21147, 115975, 678570, 4213597,

27644437, 190899322, 1382958545, 10480142147, 82864869804, 682076806159,
5832742205057, 51724158235372 }
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Example.Compute the sum of SquareChoose of over all values of its non-negative
arguments, that is:

∑[ n

r1, ..., rn

]
=
∑ n!

(1!)r1 r1! (2!)r2 r2! · · · (n!)rn rn!

This amounts to evaluate the corresponding complete Bell polynomial with the
variables x all equal to 1 or BellB[n]. Do it for n = 5.

In := BellB[5]
Out= 52

A.7.7 TouchardPolynomial

Obtain the Touchard polynomial Tn(x) of order n, where x is a scalar. It is, in fact,
identical to BellB[n, x]. The Touchard polynomial of order n is equal to the moment
of order n of a Poisson with parameter x.

� Please refer to Definition 2.4.1.

Input format. TouchardPolynomial[n, x] where n is a non-negative integer and x is
a scalar.

Example. Get the Touchard polynomial of order n = 4.

In := TouchardPolynomial[4, x]
Out= x+ 7x2 + 6x3 + x4

Input format. TouchardPolynomial[n, x, “All”]. This generates a full list of Touchard
Polynomials of order 0 up to order n.

Example. Get the Touchard polynomial of order 0 up to order 5.

In := TouchardPolynomial[5, x, “All”]
Out= = {1, x, x+x2, x+3x2+x3, x+7x2+6x3+x4, x+15x2+25x3+10x4+x5}
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A.7.8 TouchardPolynomialTable

Generates a table of Touchard polynomials from order 0 to n.

Example. Get a table of the Touchard polynomials of order 0 up to order 5.

In := TouchardPolynomialTable[5]

Out= n Tn

0 1
1 x

2 x+ x2

3 x+ 3x2 + x3

4 x+ 7x2 + 6x3 + x4

5 x+ 15x2 + 25x3 + 10x4 + x5

A.7.9 TouchardPolynomialCentered

Computes the centered Touchard polynomial of order n. It is equal to the moment of
order n of a centered Poisson with parameter x.

� Please refer to Proposition 3.3.4.

Input format. TouchardPolynomialCentered[n, x] where n is a non-negative integer
and x is a scalar.

Example. Get the Touchard polynomial of order n = 5.

In := TouchardPolynomialCentered[5, x]
Out= x+ 10x2

Input format. TouchardPolynomialCentered[n, x, “All”]. This generates a full list of
centered Touchard polynomials of order 0 up to order n.

Example. Get the centered Touchard polynomial of order 0 up to order 5.

In := TouchardPolynomialCentered[5, x, “All”]
Out= {1, 0, x, x, x+ 3x2, x+ 10x2}
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A.7.10 TouchardPolynomialCenteredTable

Generates a table of centered Touchard polynomials from order 0 to n.

Example. Get a table of the centered Touchard polynomials of order 0 up to
order 5.

In := TouchardPolynomialCenteredTable[5]

Out= n T̃n

0 1
1 0
2 x

3 x

4 x+ 3x2

5 x+ 10x2

A.8 Mobius Formula

� Please refer to Section 2.5.

A.8.1 MobiusFunction

For set partitions σ ≤ π, compute the Mobius function

μ (σ, π) = (−1)n−r (2!)r3 (3!)r4 · · · ((n− 1)!)rn

= (−1)n−r
n−1∏
j=2

(j!)rj+1 = (−1)n−r
n−1∏
j=0

(j!)rj+1 ,

where n = |σ|, r = |π|, and λ (σ, π) = (1r1 2r2 · · · nrn) (that is, there are exactly ri
blocks of π containing exactly i blocks of σ).

Input format.MobiusFunction[σ,π].

Example. Evaluation of the Mobius function with σ = {{1}, {2}, {3, 4}, {5, 6},
{7}, {8, 9}} and π = {{1, 2}, {3, 4, 5, 6, 7, 8, 9}}.

In := MobiusFunction[{{1}, {2}, {3, 4}, {5, 6}, {7}, {8, 9}}, {{1, 2},
{3, 4, 5, 6, 7, 8, 9}}]

Out= 6
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Let’s check this result with ClassSegment.

In := [{{1}, {2}, {3, 4}, {5, 6}, {7}, {8, 9}}, {{1, 2}, {3, 4, 5, 6, 7, 8, 9}}]
Out= (2141)

Thus r2 = 1, r4 = 1, n = 6, r = 2 which explains why μ(σ, π) = (−1)6−2

(3!)1 = 6.

A.8.2 MobiusRecursionCheck

Verify that the Mobius function recursion

μ (σ, π) = −
∑

σ≤ρ<π

μ (σ, ρ) ,

holds; in the output, the number in the first coordinate is μ(σ, π) and the number in
the second coordinate is −∑σ≤ρ<π μ(σ, ρ); they should be equal.

Example. Check the Mobius function recursion when σ = {{1}, {2}, {3}, {4}}
and π = {{1, 2, 3, 4}}.

In := MobiusRecursionCheck [{{1}, {2}, {3}, {4}}, {{1, 2, 3, 4}}]

The output is {−6,−6}, confirming equality.

A.8.3 MobiusInversionFormulaZero

Compute the Mobius inversion formula given by

F (π) =
∑

0̂≤σ≤π

μ (σ, π)G (σ)

where F and G are functions taking set partitions as their arguments.

Input format. MobiusInversionFormulaZero[π].

Example. Let π = {{1, 2, 3}, {4, 5}}. For all 0̂ ≤ σ ≤ π, obtain the Mobius
function coefficient μ (σ, π) and print G(σ).

In := MobiusInversionFormulaZero[{{1, 2, 3}, {4, 5}}]
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Out= Number of partitions in the segment = 10

σ μ(σ,π) G(σ)

{{1, 2, 3}, {4, 5}} 1 G[{{1, 2, 3}, {4, 5}}]
{{1}, {2, 3}, {4, 5}} −1 G[{{1}, {2, 3}, {4, 5}}]
{{1, 2}, {3}, {4, 5}} −1 G[{{1, 2}, {3}, {4, 5}}]
{{1, 3}, {2}, {4, 5}} −1 G[{{1, 3}, {2}, {4, 5}}]
{{1, 2, 3}, {4}, {5}} −1 G[{{1, 2, 3}, {4}, {5}}]
{{1}, {2}, {3}, {4, 5}} 2 G[{{1}, {2}, {3}, {4, 5}}]
{{1}, {2, 3}, {4}, {5}} 1 G[{{1}, {2, 3}, {4}, {5}}]
{{1, 2}, {3}, {4}, {5}} 1 G[{{1, 2}, {3}, {4}, {5}}]
{{1, 3}, {2}, {4}, {5}} 1 G[{{1, 3}, {2}, {4}, {5}}]
{{1}, {2}, {3}, {4}, {5}} −2 G[{{1}, {2}, {3}, {4}, {5}}]

Here G is not specified so the output merely lists the various terms in the sum.
For example, in the output, the term corresponding to σ = {{1}, {2, 3}, {4, 5}} is
(−1)G({{1}, {2, 3}, {4, 5}}).

The function MobiusInversionFormulaZero is also useful for computing

G (π) =
∑

0̂≤σ≤π

F (σ) .

Merely ignore μ(σ, π) and replace G(σ) by F (σ).

A.8.4 MobiusInversionFormulaOne

Compute the Mobius inversion formula given by

F (π) =
∑

π≤σ≤1̂

μ (π, σ)G (σ)

where F and G are functions taking set partitions as their arguments.

Input format.MobiusInversionFormulaOne[π].

Example. Let π = {{1, 2, 3, }, {4, 5}}. For all π ≤ σ ≤ 1̂, obtain the Mobius
function coefficient μ (π, σ) and print G(σ).

In := MobiusInversionFormulaOne[{{1, 2, 3}, {4, 5}}]
Out= Number of partitions in the segment = 2

σ μ(σ,π) G(σ)

{{1, 2, 3, 4, 5}} −1 G[{{1, 2, 3, 4, 5}}]
{{1, 2, 3}, {4, 5}} 1 G[{{1, 2, 3}, {4, 5}}]
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The output has 2 terms only in this case:

(−1)G[{{1, 2, 3, 4, 5}}] + (1)G[{{1, 2, 3}, {4, 5}}].
The function MobiusInversionFormulaOne is also useful for computing

G (π) =
∑

π≤σ≤1̂

F (σ) .

Merely ignore μ(σ, π) and replace G(σ) by F (σ).

A.9 Moments and Cumulants

� Please refer to Chapter 3. Recall the notation:

For every subset b = {j1, ..., jk} ⊆ [n] = {1, ..., n}, we write

Xb = (Xj1 , ...,Xjk
) and Xb = Xj1 × · · · ×Xjk

,

where × denotes the usual product. For instance, ∀m ≤ n,

X[m] = (X1, ..,Xm) and X[m] = X1 × · · · ×Xm.

The function names below acquire their meaningwhen read from left to right. Thus,
the function MomentToCumulants expresses a given moment in terms of cumulants.
In practice, this function is used to transform cumulants into moments.

A.9.1 MomentToCumulants

Express the moment of a random variable in terms of the cumulants.

Input format. To express E[Xm] in terms of cumulants, use MomentToCumu-
lants[m].

� Please refer to Formula (3.2.16).

Example. Express the third moment E[X3] of a random variable X in terms of
cumulants.

In := MomentToCumulants[3]
Out= χ1[X]3 + 3χ1[X]χ2[X] + χ3[X]

Notation: χ1[X]3 denotes the third power of the first cumulant of X .
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A.9.2 MomentToCumulantsBell

Use complete Bell polynomials to express a moment in terms of cumulants. One can
use either the functionMomentToCumulantsBell or directly BellPolynomialComplete.

� Please refer to Proposition 3.3.1.

Input format.MomentToCumulantsBell[x] where x is a vector (of cumulants).

Example. Express the sixth moment of a random variableX in terms of cumulants
(using Bell polynomials). Let k1, · · · , k6 denote the cumulants.

In := MomentToCumulantsBell[{k1, k2, k3, k4, k5, k6}]
Out= k16 + 15k14k2 + 45k12k22 + 15k23 + 20k13k3 + 60k1k2k3 + 10k32 +

15k12k4 + 15k2k4 + 6k1k5 + k6

In := BellPolynomialComplete[{k1, k2, k3, k4, k5, k6}]
Out= k16 + 15k14k2 + 45k12k22 + 15k23 + 20k13k3 + 60k1k2k3 + 10k32 +

15k12k4 + 15k2k4 + 6k1k5 + k6

Example. Express the second moment of a random variable X in terms of cu-
mulants (using complete Bell polynomials). Let χ1[X], χ2[X] denote the cumulants.
This example demonstrates that the arguments can be any expression.

In := BellPolynomialComplete[{χ1[X], χ2[X]}]
Out= χ1[X]2 + χ2[X]

Example. Express the sixth central moment of a random variable X in terms of
cumulants (using complete Bell polynomials). Let k1, · · · , k6 denote the cumulants.
This amounts to supposing that the mean, that is, the first cumulant k1 = 0.

In := BellPolynomialComplete[{0, k2, k3, k4, k5, k6}]
Out= 15k23 + 10k32 + 15k2k4 + k6

Example. In the previous example, suppose that the random variable X is
normalized to have mean 0 and variance 1. This amounts to setting k1 = 0 and
k2 = 1.

In := BellPolynomialComplete[{0, 1, k3, k4, k5, k6}]
Out= 15 + 10k32 + 15k4 + k6
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Example. Obtain the sixth moment of a standard normal. This amounts to setting
in addition all cumulants higher than 2 equal to 0.

In := BellPolynomialComplete[{0, 1, 0, 0, 0, 0}]
Out= 15

Remark. From now on, we shall sometimes adopt the notation χj [X] = κj , j =
1, 2, ....

Example. Display the results in a table (up to order 5). For a more involved table
use MomentToCumulantsBellTable.

In := Column[Table[ BellPolynomialComplete[ Table[Subscript[\[Kappa], i], i, 1,
j]], j, 1, 5]]
The output is a table:

κ1

κ2
1 + κ2

κ3
1 + 3κ1κ2 + κ3

κ4
1 + 6κ2

1κ2 + 3κ2
2 + 4κ1κ3 + κ4

κ5
1 + 10κ3

1κ2 + 15κ1κ
2
2 + 10κ2

1κ3 + 10κ2κ3 + 5κ1κ4 + κ5.

A.9.3 MomentToCumulantsBellTable

Express moments in terms of cumulants and display the result in a table.

Input format. MomentToCumulantsBellTable[κ] , where κ is a vector of cumu-
lants.

Proceed interactively. How many rows do you want to see?
In := NumRows = 5
Out= 5

Sometimes you may need to clear the previous definitions of μ and κ. To type
these symbols copy and paste them with the mouse from somewhere else in the
notebook or type respectively as \[Mu] and \[Kappa].

In := ClearAll[μ, κ]

Input is a list of cumulants, for example:
In := κ = Table[Subscript[κ, i], i, 1, NumRows]
Out= {κ1, κ2, κ3, κ4, κ5}
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Then, you make a table by plugging this into MomentToCumulantsBellTable:
In := MomentToCumulantsBellTable[κ]

Out= n μn

1 κ1

2 κ2
1 + κ2

3 κ3
1 + 3κ1κ2 + κ3

4 κ4
1 + 6κ2

1κ2 + 3κ2
2 + 4κ1κ3 + κ4

5 κ5
1 + 10κ3

1κ2 + 15κ1κ
2
2 + 10κ2

1κ3 + 10κ2κ3 + 5κ1κ4 + κ5

To obtain centered moments, make the first element of your input equal to 0:
In := \[Kappa][[1]] = 0
Out= 0

Check the value of the vector κ and generate the table:
In := κ

Out= {0, κ2, κ3, κ4, κ5}
In := MomentToCumulantsBellTable[κ]

Out= n μn

1 0
2 κ2

3 κ3

4 3κ2
2 + κ4

5 10κ2κ3 + κ5

A.9.4 CumulantToMoments

Express the cumulant of a random variable in terms of moments.

� Please refer to Proposition 3.3.1.

Input format. To express χm[X] in terms of moments, use CumulantToMoments[m].

� Please refer to Formula (3.2.19).

Example. Express the third cumulant χ3[X] of a random variable X in terms of
moments.

In := CumulantToMoments[3]
Out= 2E[X]3 − 3E[X]E[X2] + E[X3]

Notation: E[X]3 denotes the third power of the first moment of X .
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A.9.5 CumulantToMomentsBell

Use partial Bell polynomials to express a cumulant in terms of moments.

Input format. CumulantToMomentsBell[x] where x is a vector (of moments).

Example. Express the moments in terms of cumulants (using partial Bell polyno-
mials).

In := CumulantToMomentsBell[{m1,m2}]
Out= −m12 +m2

Example. Display the conversion results in a table (up to order 5). For a more
involved table use CumulantToMomentsBellTable.

In := Column[Table[ CumulantToMomentsBell[Table[Subscript[\[Mu], i], i, 1,
j]], j, 1, 5]]
The output is a table:

μ1

−μ2
1 + μ2

2μ3
1 − 3μ1μ2 + μ3

−6μ4
1 + 12μ2

1μ2 − 3μ2
2 − 4μ1μ3 + μ4

24μ5
1 − 60μ3

1μ2 + 30μ1μ
2
2 + 20μ2

1μ3 − 10μ2μ3 − 5μ1μ4 + μ5.

A.9.6 CumulantToMomentsBellTable

Express cumulants in terms of moments and display the result in a table.

Input format. CumulantToMomentsBellTable[μ] , where μ is a vector of moments.

Proceed interactively. How many rows do you want to see?
In := NumRows = 5
Out= 5

Sometimes you may need to clear the previous definitions of μ and κ. To type these
symbols copy and paste them with the mouse from somewhere else in the notebook or
type respectively as \[Mu] and \[Kappa].

In := ClearAll[μ, κ]
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Input is a list of moments, for example:
In := μ = Table[Subscript[μ, i], i, 1, NumRows]
Out= {μ1, μ2, μ3, μ4, μ5}

Then, you make a table by plugging this into CumulantToMomentsBellTable:
In := CumulantToMomentsBellTable[μ]

Out= n κn

1 μ1

2 −μ2
1 + μ2

3 2μ3
1 − 3μ1μ2 + μ3

4 −6μ4
1 + 12μ2

1μ2 − 3μ2
2 − 4μ1μ3 + μ4

5 24μ5
1 − 60μ3

1μ2 + 30μ1μ
2
2 + 20μ2

1μ3 − 10μ2μ3 − 5μ1μ4 + μ5

To obtain a table involving centered moments and cumulants, make the first ele-
ment of your input equal to 0:

In := \[Mu][[1]] = 0
Out= 0

Check the value of the vector μ and generate the table:
In := μ

Out= {0, μ2, μ3, μ4, μ5}
In := CumulantToMomentsBellTable[μ]

Out= n κn

1 0
2 μ2

3 μ3

4 −3μ2
2 + μ4

5 −10μ2μ3 + μ5

A.9.7 MomentProductToCumulants

Express the expected value of the product of random variables Xb = Xj1 · · ·Xjk
,

where b = {j1, ..., jk} ⊆ [n] = {1, ..., n}, in terms of cumulants.

� Please refer to Formula (3.2.7).
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Example. Express the expected value EX{1,2} = EX1X2 in terms of cumulants.

In := MomentProductToCumulants [X, {{1, 2}}]
Out= χ[X1]χ[X2] + χ[X1,X2]

A.9.8 CumulantVectorToMoments

Express the cumulant of a random vector Xb = (Xj1 , ...,Xjk
), where

b = {j1, ..., jk} ⊆ [n] = {1, ..., n}, in terms of moments.

� Please refer to Formula (3.2.6).

Example. Express the cumulant of X{1,2} = (X1,X2) which is the covariance of
X1 and X2, in terms of moments.

In := CumulantVectorToMoments[X, {{1, 2}}]
Out= −E[X1]E[X2] + E[X1X2]

A.9.9 CumulantProductVectorToCumulantVectors

Express the joint cumulant of a random vector (Xb1 ,Xb2 , · · · ,Xbk
) where

{b1, b2, · · · , bk} ⊆ [n], in terms of cumulants of random vectors whose compo-
nents are not products (Malyshev’s formula).

� Please refer to Formula (3.2.8).

Example. Express the cumulants χ[X1X2,X3] in terms of cumulants of random
vectors whose components are not products.

In := CumulantProductVectorToCumulantVectors[X, {{1, 2}, {3}}]
Out= χ(X2)χ(X1,X3) + χ(X1)χ(X2,X3) + χ(X1,X2,X3)

A.9.10 GridCumulantProductVectorToCumulantVectors

Display the output of CumulantProductVectorToCumulantVectors in a grid.

Example. Display in a grid CumulantProductVectorToCumulantVectors of
χ[X1X2X3,X4].

In := GridCumulantProductVectorToCumulantVectors [X, {{1, 2, 3}, {4}}]
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Out= Number of terms in summation = 10

χ [X2]χ [X3]χ [X1,X4] +
χ [X1,X4]χ [X2,X3] +
χ [X1]χ [X3]χ [X2,X4] +
χ [X1,X3]χ [X2,X4] +
χ [X1]χ [X2]χ [X3,X4] +
χ [X1,X2]χ [X3,X4] +
χ [X3]χ [X1,X2,X4] +
χ [X2]χ [X1,X3,X4] +
χ [X1]χ [X2,X3,X4] +
χ [X1,X2,X3,X4] +

A.9.11 CumulantProductVectorToMoments

Express the joint cumulant of a random vector (Xb1 ,Xb2 , · · · ,Xbk) where
{b1, b2, · · · , bk} ⊆ [n], in terms of moments.

Example. Express the cumulants χ[X1X2,X3] in terms of moments.

In := CumulantProductVectorToMoments[X, {{1, 2}, {3}}]
Out= −E[X1X2]E[X3] + E[X1X2X3]

A.10 Gaussian Multiple Integrals

A.10.1 GaussianIntegral

This function can be used to compute multiple Gaussian integrals∫
σ

f(x1, ..., xn)G(dx1) · · ·G(dxn)

over a set partition σ and∫
≥σ

f(x1, ..., xn)G(dx1) · · ·G(dxn)

over all partitions at least as coarse as σ, where f(x1, ..., xn) is a symmetric function,
for example, g(x1) · · · g(xn), and where G is a Gaussian measure with control
measure ν. This function generates the set partition data necessary to compute
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multiple Gaussian integrals. This data is listed under two lists: “control measure ν”
and “Gaussian measure G”. The output is “The integral is zero” when this is the case.

� Please refer to Theorem 5.11.1.

Example. When computing the multiple Gaussian integral over a set partition
with a block size greater than or equal to three, the integral is zero.

In := GaussianIntegral[{{1, 2, 3}, {4, 5}, {6, 7}, {8}}]
Out= The integral is zero.

Rules for interpreting the data listed in output:

Rule 1. To obtain a Gaussian multiple integral over σ, equate the variables listed
under “control measure ν” and integrate them with respect to ν; the variables listed
under “Gaussian measure G” are integrated with respect to G over the off-diagonals.

Rule 2. To obtain a Gaussian multiple integral over “≥ σ”, equate the variables
listed under “control measure ν” and integrate.

Example. Obtain the block data necessary to decompose the multiple Gaussian
integral over a particular set partition.

In := GaussianIntegral[{{1, 3}, {4, 5}, {6}, {7}, {2}}]
Out=

Control measure ν

{1, 3}
{4, 5}

Gaussian measure G

{6}
{7}
{2}

The output lists {1, 3}, {4, 5} under “control measure ν” and it lists {6}, {7}, {2}
under “Gaussian measure G”.

Interpretation: Let σ = {{1, 3}, {4, 5}, {6}, {7}, {2}}. Integrating g(x1) . . . g(x7)
over σ gives:

(∫
g2(x)ν(dx)

)2
∫

x2 �=x6 �=x7

g(x2)g(x6)g(x7)G(dx2)G(dx6)G(dx7).

If one integrates it over “≥ σ” instead, one obtains(∫
g2(x)ν(dx)

)2(∫
g(x)G(dx)

)3
.
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Integrating a symmetric function f(x1, · · · , x7) over σ gives∫
x2 �=x6 �=x7

f(x3, x3, x5, x5, x2, x6, x7)ν(dx3)ν(dx5)G(dx2)G(dx6)G(dx7).

If one integrates it over “≥ σ” instead, one obtains∫
f(x3, x3, x5, x5, x2, x6, x7)ν(dx3)ν(dx5)G(dx2)G(dx6)G(dx7).

A.11 Poisson Multiple Integrals

We first define some functions which are useful for the evaluation of Poisson multiple
integrals. Please refer to the main text.

A.11.1 BOne

For a given set partition σ, findB1(σ), that is, isolate the blocks of σ that are singletons.

� Please refer to Formula (5.12.85).

Example. Find all of the singleton blocks of {{1, 2}, {3, 4}, {5}}.

In := BOne[{{1, 2}, {3, 4}, {5}}]
Out= {{5}}

Example. The set partition {{1, 2, 3}, {4, 5}} has no singleton blocks.

In := BOne[{{1, 2, 3}, {4, 5}}]
Out= {}

A.11.2 BTwo

For a given set partition σ, find B2(σ), that is, isolate the blocks of σ that are not
singletons.

� Please refer to Formula (5.12.86).

Example. Find all the blocks of {{1, 2}, {3, 4}, {5}} that are not singletons.

In := BTwo[{{1, 2}, {3, 4}, {5}}]
Out= {{1, 2}, {3, 4}}
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A.11.3 PBTwo

For a fixed set partition σ, find B2(σ); viewing B2(σ) as a set, find all ordered
partitions of B2(σ) with exactly two blocks, called R1 and R2.

� Please refer to Formula (5.12.87).

Example. For the set partition [{{1, 2}, {3, 4}, {5, 6}, {7}}], find
B2([{{1, 2}, {3, 4}, {5, 6}, {7}}]).

In := PBTwo[{{1, 2}, {3, 4}, {5, 6}, {7}}]
Out= R1 R2

{{1, 2}} {{3, 4}, {5, 6}}
{{3, 4}} {{1, 2}, {5, 6}}
{{5, 6}} {{1, 2}, {3, 4}}

{{1, 2}, {3, 4}} {{5, 6}}
{{1, 2}, {5, 6}} {{3, 4}}
{{3, 4}, {5, 6}} {{1, 2}}

Example. For the set partition {{1, 2}, {3}}, PB2({{1, 2}, {3}}) is empty.

In := PBTwo[{{1, 2}, {3}}]
Out= R1 R2

A.11.4 PoissonIntegral

LetN(dx) be a Poisson measure with control measure ν and let N̂ be the correspond-
ing compensated Poisson measure, that is,

N̂(dx) = N(dx)− EN(dx) = N(dx)− ν(dx).

The function “PoissonIntegral” can be used to compute multiple Poisson integrals∫
σ

f(x1, ..., xn)N̂(dx1) · · · N̂(dxn)

over a set partition σ, where f(x1, ..., xn) is a symmetric function, for example,
g(x1) · · · g(xn).

� Please refer to Theorem 5.12.2, Formula (5.12.91).
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This function generates the set partition data necessary to compute multiple Pois-
son integrals, namely

R1, R2, B1, B2.

Rules for interpreting the output. The integral of a symmetric function over
σ with respect to a product of compensated Poisson measures N̂ is a sum of K + 2
terms, where K is the number of rows in the display (R1, R2, B1). They are obtained
as follows:

(1) The variables with indices in R1 are identified and integrated over ν; the vari-
ables with indices in a block of R2 are identified. These identified variables, together
with the variables with indices in B1, are integrated over N̂ on the off-diagonals. This
is done for each row of the display (R1, R2, B1).

There are two other terms:

(2) The variables with indices in blocks of B2 are identified. These identified
variables, together with the variables inB1, are integrated over N̂ on the off-diagonals.

(3) The variables with indices in each block of B2 are identified and integrated
over ν; the variables with indices in B1 are integrated over N̂ on the off-diagonals.

Example. Decompose a Poisson integral on σ = {{1, 2}, {3, 4}, {5}, {6}}.

In := PoissonIntegral[{{1, 2}, {3, 4}, {5}, {6}}]

The output is a chart with two groups of outputs. The first gives (R1, R2, B1). The
second gives B2, B1. The first group (R1, R2, B1) is as follows:

{{1, 2}} {{3, 4}} {{5}, {6}}
{{3, 4}} {{1, 2}} {{5}, {6}},

the first column corresponding to R1, the second to R2, the last to B1. The second
group B2, B1 is as follows:

{{1, 2}, {3, 4}} {{5}, {6}}.
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This corresponds to the following decomposition:∫
σ

g(x1) · · · g(x6)N̂(dx1) · · · N̂(dx6) =

2
(∫

g2(x2)ν(dx2)
)∫

x4 �=x5 �=x6

g2(x4)g(x5)g(x6)N̂(dx4)N̂(dx5)N̂(dx6)

+
∫

x2 �=x4 �=x5 �=x6

g2(x2)g2(x4)g(x5)g(x6)N̂(dx2)N̂(dx4)N̂(dx5)N̂(dx6)

+
(∫

g2(x2)ν(dx2)
)2
∫

x5 �=x6

g(x5)g(x6)N̂(dx5)N̂(dx6).

Integrating a symmetric function f(x1, · · · , x7) over σ gives∫
σ

f(x1, · · · , x6)N̂(dx1) · · · N̂(dx6) =

2
∫

x4 �=x5 �=x6

f(x2, x2, x4, x4, x5, x6)ν(dx2)N̂(dx4)N̂(dx5)N̂(dx6)

+
∫

x2 �=x4 �=x5 �=x6

f(x2, x2, x4, x4, x5, x6)N̂(dx2)N̂(dx4)N̂(dx5)N̂(dx6)

+
∫

x5 �=x6

f(x2, x2, x4, x4, x5, x6)ν(dx2)ν(dx4)N̂(dx5)N̂(dx6).

A.11.5 PoissonIntegralExceed

This function can be used to compute multiple Poisson integrals∫
≥σ

f(x1, ..., xn)N̂(dx1) · · · N̂(dxn)

over all partitions at least as coarse as σ, where f(x1, ..., xn) is a symmetric function,
for example, g(x1) · · · g(xn), and where N̂ is a compensated Poisson measure with
control measure ν.

� Please refer to Theorem 5.12.2, Formula (5.12.90).

This function generates the set partition data necessary to compute multiple
Poisson integrals, namely B2, B1.

Rules for interpreting the output. Equate the variables in each block of B2 and
integrate them with respect to the uncompensated Poisson measure N ; the variables
listed in B1 are integrated with respect to the compensated Poisson measure N̂ .
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Example. Decompose a Poisson integral over ≥ σ where
σ = {{1, 2, 3}, {4, 5}, {6}, {7}}.

In := PoissonIntegralExceed[{{1, 2, 3}, {4, 5}, {6}, {7}}]

The output is a chart listing B2, and B1 as follows:

{{1, 2, 3}, {4, 5}} {{6}, {7}}.

This corresponds to the decomposition∫
≥σ

g(x1) · · · g(x7)N̂(dx1) · · · N̂(dx7) =∫
g3(x3)N(dx3)

∫
g2(x5)N(dx5)

(∫
g(x7)N̂(dx7)

)2
.

Integrating a symmetric function f(x1, · · · , x7) over ≥ σ gives∫
≥σ

f(x1, ..., xn)N̂(dx1) · · · N̂(dxn) =∫
f(x3, x3, x3, x5, x5, x6, x7)N(dx3)N(dx5)N̂(dx6)N̂(dx7).

A.12 Contraction and Symmetrization

� Please refer to Section 6.2 and Section 6.3.

A.12.1 ContractionWithSymmetrization

In the product of two symmetric functions of p and q variables, respectively, identify
r variables in each function and symmetrize the result.

Input format. ContractionWithSymmetrization[p, q, r], where r ≤ min{p, q}.

Example.

In := ContractionWithSymmetrization[2, 2, 1]

The input function is f(x1, x2)g(x3, x4). The output is a chart corresponding to

(1/2)(f(x1, x2)g(x1, x3) + f(x1, x3)g(x1, x2)).
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A.12.2 ContractionIntegration

In the product of two symmetric functions of p and q variables, respectively, identify
r variables in each function, and integrate l of these r variables. The integrated
variables are designated by an overtilde, e.g. 1̃.

Input format. ContractionIntegration[p, q, r, l], where l ≤ r ≤ min{p, q}.

Example. The input function is f(x1, x2, x3)g(x4, x5). Identify one variable and
integrate it.

In := ContractionIntegration[3, 2, 1, 1]
Out= {{1̃, 2, 3}, {1̃, 4}}

The output corresponds to
∫
f(x1, x2, x3)g(x1, x4)ν(dx1).

A.12.3 ContractionIntegrationWithSymmetrization

In the product of two symmetric functions of p and q variables, respectively, identify
r variables in each function, integrate l of these r variables, and then symmetrize the
result.

Example. The input function is f(x1, x2, x3)g(x4, x5). Identify one variable,
integrate it and then symmetrize the result.

In := ContractionIntegrationWithSymmetrization[3, 2, 1, 1]

The output gives the number of terms (namely 3) and displays a chart correspond-
ing to

(1/3)
∫
f(x1, x2, x3)g(x1, x4) + f(x1, x2, x4)g(x1, x3) + f(x1, x3, x4)g(x1, x2)ν(dx1).

A.13 Solving Partition Equations Involving π∗

Some of the functions here are similar to earlier ones which involved an arbitrary set
partition π. Here, we are interested in partitions π of the form

π∗ = {{1, · · · , n1}, {n1 + 1, · · · , n1 + n2}, ..., {n1 + · · ·+ nk−1 + 1, · · · , n}},
as defined in Section A.4.4. The input is a list (n1, ..., nk) of positive integers defin-
ing π∗.
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A.13.1 PiStarMeetSolve

For a finite sequence of positive integers, generate a unique set partition π∗ whose
block sizes are equal to these integers, and then find all set partitions σ such that
σ∧π∗ is the singleton partition 0̂. The result is used in Rota andWallstrom’s Theorem.

Input format. PiStarMeetSolve[list], where ‘list” is a list of positive integers that
defines the set partition π∗.

Example. For the sequence {2, 2}, generate π∗ and find the meets of π∗ that give
0̂, that is, all partitions σ such that σ ∧ π∗ = 0̂.

In := PiStarMeetSolve[{2, 2}]

Here π∗ = {{1, 2}, {3, 4}}. The output gives the number of solutions (namely 7)
and lists them:

Out= {{{1, 4}, {2, 3}}, {{1, 3}, {2, 4}}, {{1}, {2, 3}, {4}},
{{1}, {2, 4}, {3}}, {{1, 3}, {2}, {4}}, {{1, 4}, {2}, {3}},
{{1}, {2}, {3}, {4}}}

A.13.2 PiStarJoinSolve

For a finite sequence of positive integers, generate a unique set partition π∗ whose
block sizes are equal to these integers, and then find all set partitions σ such that
σ ∨ π∗ is the maximal partition 1̂.

Input format. PiStarJoinSolve[list], where ‘list” is a list of positive integers defining
the set partition π∗.

Example. For the sequence {2, 2}, generate π∗ and find the joins of π∗ that give 1̂,
that is, all partitions σ such that σ ∨ π∗ = 1̂.

In := PiStarMeetSolve[{2, 2}]

Here π∗ = {{1, 2}, {3, 4}}. The output gives the number of solutions (namely
11) and lists them:

Out= 213]= {{{1, 2, 3, 4}}, {{1}, {2, 3, 4}}, {{1, 3, 4}, {2}}, {{1, 2, 3}, {4}},
{{1, 4}, {2, 3}}, {{1, 2, 4}, {3}}, {{1, 3}, {2, 4}}, {{1}, {2, 3}, {4}},
{{1}, {2, 4}, {3}}, {{1, 3}, {2}, {4}}, {{1, 4}, {2}, {3}}}
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A.13.3 PiStarMeetAndJoinSolve

For a finite sequence of positive integers, generate a unique set partition π∗ whose
block sizes are equal to these integers, and then find all set partitions σ such that
σ ∧ π∗ is the singleton partition 0̂ and σ ∨ π∗ is the maximal partition 1̂. This function
is used in diagram formulae.

Example. For the sequence {2, 2}, generate π∗ and find the intersection of the
meets of π∗ that give 0̂ and the joins of π∗ that give 1̂, that is, all partitions σ such
that σ ∧ π∗ = 0̂ and σ ∨ π∗ = 1̂.

In := PiStarMeetAndJoinSolve[{2, 2}]

Here π∗ = {{1, 2}, {3, 4}}. The output gives the number of solutions to the meet
and join problem (namely 6) and lists them:

Out= {{{1, 4}, {2, 3}}, {{1, 3}, {2, 4}}, {{1}, {2, 3}, {4}},
{{1}, {2, 4}, {3}}, {{1, 3}, {2}, {4}}, {{1, 4}, {2}, {3}}}

A.14 Product of Two Gaussian Multiple Integrals

A.14.1 ProductTwoGaussianIntegrals

Computes the product IG
p (f)IG

q (g) of two Gaussian multiple integrals, one of order
p ≥ 1 and one of order q ≥ 1; the function f has p variables and the function g has q
variables; both f and g are symmetric functions. Namely it computes

IG
p (f) IG

q (g) =
p∧q∑
r=0

r!
(
p

r

)(
q

r

)
IG
p+q−2r (f ⊗r g) ,

In the displayed output of the function,

coefficient = r!
(
p

r

)(
q

r

)
.

Observe that IG
p+q−2r (f ⊗r g) is equal to IG

p+q−2r

(
f̃ ⊗r g

)
where ˜ denotes

symmetrization.

� Please refer to Proposition 6.4.1.

Input format. ProductTwoGaussianIntegrals[p, q].
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Example. The input functions are f(x1) and g(x2). Compute IG
1 (f)IG

1 (g).

In := ProductTwoGaussianIntegrals[1, 1]

The output is a chart corresponding to

IG
2 (f ⊗0 g) + IG

0 (f ⊗1 g) =∫
x1 �=x2

f(x1)g(x2)G(dx1)G(dx2) +
∫
f(x)g(x)ν(dx).

A.15 Product of Two Poisson Multiple Integrals

A.15.1 ProductTwoPoissonIntegrals

Computes the product IN̂
p (f)IN̂

q (g) of two Poisson multiple integrals, one of order
p ≥ 1 and one of order q ≥ 1; the function f has p variables and the function g has q
variables; both f and g are symmetric functions. Namely it computes

IN̂
p (f)IN̂

q (g) =
p∧q∑
r=0

r!
(
p

r

)(
q

r

) r∑
l=0

(
r

l

)
IN̂
p+q−r−l(f �

l
r g).

In the displayed output of the function,

coefficient = r!
(
p

r

)(
q

r

)(
r

l

)
.

Observe that IN̂
p+q−r−l

(
f �l

r g)
)
is equal to IN̂

p+q−r−l

(
f̃ �l

r g
)
where ˜ denotes

symmetrization.

� Please refer to Proposition 6.5.1.

Input format. ProductTwoPoissonIntegrals[p, q].

Example. The input functions are f(x1) and g(x2). Compute IN̂
1 (f)IN̂

1 (g).

In := ProductTwoPoissonIntegrals[1, 1]

The output is a chart corresponding to

IN̂
2

(
f ⊗0

0 g
)

+ IN̂
1

(
f �0

1 g
)

+ IN̂
0

(
f �1

1 g
)

=
∫

x �=y

f(x)g(y)N̂(dx)N̂(dy) +
∫
f(x)g(x)N̂(dx) +

∫
f(x)g(x)ν(dx)

=
∫

x �=y

f(x)g(y)N̂(dx)N̂(dy) +
∫
f(x)g(x)N(dx).
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A.16 MSets and MZeroSets

These sets appear in diagram formulae involving Gaussian and Poisson multiple in-
tegrals. They have similar structure. Given a list (n1, · · · , nk) of positive integers,
let n = n1 + · · · + nk and let π∗ be the special partition of [n] = {1, ..., n} de-
fined in Section A.4.4. The MSets and MZeroSets are a collection of set partitions of
[n] = {1, ..., n}.

The sets M2 ([n] , π∗) and M0
2 ([n] , π∗) appear in diagram formulae when

the random measure is Gaussian (see Section 7.3). The sets M≥2 ([n] , π∗) and
M0
≥2 ([n] , π∗) appear when the randommeasure is compensated Poisson (see Section

7.4). They are respectively subsets of M ([n] , π∗) (involving meet and join) and
M0 ([n] , π∗) (involving meet only).

� Please refer to Section 7.2.

Input format. FunctionName[list], where “list” is a list (n1, ..., nk) of positive
integers.

Example. Let the list be (2, 2) so that π∗ = {{1, 2}, {3, 4}}. Find the MSets and
MZeroSets.

A.16.1 MSets

This function produces the same output as PiStarMeetAndJoinSolve. It provides the
set partitions inM ([n] , π∗), namely all set partitions σ such that σ ∧ π∗ = 0̂ and
σ ∨ π∗ = 1̂.

A.16.2 MSetsEqualTwo

This function produces all solutions to PiStarMeetAndJoinSolve containing partitions
only of size two. It provides the set partitions inM2 ([n] , π∗).

A.16.3 MSetsGreaterEqualTwo

This function produces all solutions to PiStarMeetAndJoinSolve containing no single-
tons. It provides the set partitions inM≥2 ([n] , π∗).

A.16.4 MZeroSets

This function produces the same output as PiStarMeetSolve. It provides the set parti-
tions inM0 ([n] , π∗), namely all set partitions σ such that σ ∧ π∗ = 0̂.
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A.16.5 MZeroSetsEqualTwo

This function produces all solutions to PiStarMeetSolve containing partitions only of
size two. It provides the set partitions inM0

2 ([n] , π∗).

A.16.6 MZeroSetsGreaterEqualTwo

This function produces all solutions to PiStarMeetSolve containing no singletons. It
provides the set partitions inM0

≥2 ([n] , π∗).

Example. (See above.) The (full) output also indicates the number of solutions.

In := MSets[{2, 2}]
Out= {{{1, 4}, {2, 3}}, {{1, 3}, {2, 4}}, {{1}, {2, 3}, {4}},

{{1}, {2, 4}, {3}}, {{1, 3}, {2}, {4}}, {{1, 4}, {2}, {3}}}

In := MSetsEqualTwo[{2, 2}]
Out= {{{1, 4}, {2, 3}}, {{1, 3}, {2, 4}}}

In := MSetsGreaterEqualTwo[{2, 2}]
Out= {{{1, 4}, {2, 3}}, {{1, 3}, {2, 4}}}

In := MZeroSets[{2, 2}]
Out= {{{1, 4}, {2, 3}}, {{1, 3}, {2, 4}}, {{1}, {2, 3}, {4}}, {{1}, {2, 4}, {3}},

{{1, 3}, {2}, {4}}, {{1, 4}, {2}, {3}}}, {{1}, {2}, {3}, {4}}}

In := MZeroSetsEqualTwo[{2, 2}]
Out= {{{1, 4}, {2, 3}}, {{1, 3}, {2, 4}}}

In := MZeroSetsGreaterEqualTwo[{2, 2}]
Out= {{{1, 4}, {2, 3}}, {{1, 3}, {2, 4}}}

Example. A case where the cardinality of π∗ is odd and, therefore, the output is
empty when executing MZeroSetsEqualTwo.

In := MZeroSetsEqualTwo[{2, 2, 1}]
Out= := {}
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A.17 Hermite Polynomials

A.17.1 HermiteRho

Computes Hermite polynomials with a leading coefficient of 1 and parameter ρ >

0. They are orthogonal with respect to the Gaussian distribution with mean zero and
variance ρ. The generating function is etx− 1

2 ρt2
.

These polynomials are defined by:

Hn(x, ρ) = (−ρ)ne
x2

2ρ
dn

dxn
e−

x2

2ρ , n ≥ 0,

and satisfy

Hn(x, ρ) =
�n/2�∑
k=0

(
n

2k

)
(2k − 1)!!(−ρ)kxn−2k, n ≥ 0.

� Please refer to Section 8.1.

Example. Compute the Hermite-Rho polynomial of order 5 with a leading
coefficient of 1.

In := HermiteRho[5, x, ρ]
Out= x5 − 10x3ρ+ 15xρ2

A.17.2 HermiteRhoGrid

Display the Hermite-Rho polynomials up to order n, using a leading coefficient of 1
for each polynomial.

Example. Make a grid of the first 11 Hermite-Rho polynomials (that is, go up to
order 10).

In := HermiteRhoGrid[10]



248 Appendix A. Practical implementation using Mathematica

The output is a chart:

0 1

1 x

2 −ρ+ x2

3 −3ρx+ x3

4 3ρ2 − 6ρx2 + x4

5 15ρ2x− 10ρx3 + x5

6 −15ρ3 + 45ρ2x2 − 15ρx4 + x6

7 −105ρ3x+ 105ρ2x3 − 21ρx5 + x7

8 105ρ4 − 420ρ3x2 + 210ρ2x4 − 28ρx6 + x8

9 945ρ4x− 1260ρ3x3 + 378ρ2x5 − 36ρx7 + x9

10 −945ρ5 + 4725ρ4x2 − 3150ρ3x4 + 630ρ2x6 − 45ρx8 + x10.

A.17.3 Hermite

Computes Hermite polynomials with a leading coefficient of 1. These polynomials are
obtained by setting ρ = 1 and are defined as

Hn (x) = (−1)n
e

x2

2
dn

dxn
e−

x2

2 , x ∈ R.

Example. Compute the Hermite polynomial of order 5 with a leading coefficient
of 1.

In := Hermite[5, x] // TraditionalForm
Out= x5 − 10x3 + 15x

A.17.4 HermiteGrid

Display the Hermite polynomials up to order n, using a leading coefficient of 1 for
each polynomial.

Example.Make a grid of the first 11 Hermite polynomials.

In := HermiteGrid[10] // TraditionalForm
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�4 �2 2 4

�200

�100

100

200

Fig. A.1. Hermite polynomial with n = 5

The output is a chart:

0 1

1 x

2 x2 − 1

3 x3 − 3x

4 x4 − 6x2 + 3

5 x5 − 10x3 + 15x

6 x6 − 15x4 + 45x2 − 15

7 x7 − 21x5 + 105x3 − 105x

8 x8 − 28x6 + 210x4 − 420x2 + 105

9 x9 − 36x7 + 378x5 − 1260x3 + 945x

10 x10 − 45x8 + 630x6 − 3150x4 + 4725x2 − 945.

Example. PlotH5(x) for −5 ≤ x ≤ 5. The output is Fig. A.1.

In := Plot[Hermite[5, x], {x, -5, 5}]

Example. PlotHk(x) for k = 0, · · · , 6 and −5 ≤ x ≤ 5. The output is Fig. A.2.

In := Plot[Evaluate[Hermite[#, x] & /@ Range[0, 6, 1]], {x, -5, 5}, PlotStyle→
{}]
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Out[793]=

�4 �2 2 4

�40

�20

20

40

60

Fig. A.2. Hermite polynomials with 1 ≤ n ≤ 6

A.17.5 HermiteH

The built-in Mathematica function HermiteH[n,x] is defined as

HermiteH[n, x] = (−1)n
ex2 dn

dxn
e−x2

.

One has:

Hn(x) = 2−n/2HermiteH

[
n,

x√
2

]
.

In := HermiteH[2, x]
Out= −2 + 4x2

A.17.6 HermiteHGrid

Displays HermiteH as a chart. For example,

In := HermiteHGrid[3]

The output is a chart:

0 1
1 2x
2 −2 + 4x2

3 −12x+ 8x3.
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A.18 Poisson-Charlier Polynomials

A.18.1 Charlier

Computes the Poisson-Charlier Polynomials. They are orthogonal with respect to the
Poisson distribution with mean a. These polynomials cn(x, a), defined for n ≥ 0 and
a > 0 , satisfy the orthogonality relation

∞∑
k=0

cn(k, a)cm(k, a)e−a a
k

k!
=
n!
an
δnm

and the recursion relation

c0(x, a) = 1

cn+1(x, a) = a−1xcn(k − 1, a)− cn(x, a), n ≥ 1.

� Please refer to Chapter 10.

Example. Compute the Poisson-Charlier polynomial with n = 8 and a = 1.

In := Charlier[8, x, 1] // TraditionalForm
Out= x8−36x7+518x6−3836x5+15659x4−34860x3+38618x2−16072x+1

Example. Compute the Poisson-Charlier polynomial with n = 2 and a > 0.

In := Collect[Charlier[2, x, a], x] // TraditionalForm
Out= x2

a2 +
(− 1

a2 − 2
a

)
x+ 1

(“Collect” gathers together terms involving the same powers of x. )

A.18.2 CharlierGrid

Displays the Poisson-Charlier polynomials up to order n with Poisson mean a > 0.

Example.Make a grid of the Poisson-Charlier polynomials for 0 ≤ n ≤ 5.

In := ChalierGrid[5, a] // TraditionalForm
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Out=

0 1

1 x
a − 1

2 x2

a2 +
(− 1

a2 − 2
a

)
x+ 1

3 x3

a3 +
(− 3

a3 − 3
a2

)
x2 +

(
2
a3 + 3

a2 + 3
a

)
x− 1

4 x4

a4 +
(− 6

a4 − 4
a3

)
x3 +

(
11
a4 + 12

a3 + 6
a2

)
x2 +

(− 6
a4 − 8

a3 − 6
a2 − 4

a

)
x+ 1

5 x5

a5 +
(− 10

a5 − 5
a4

)
x4 +

(
35
a5 + 30

a4 + 10
a3

)
x3 +

(− 50
a5 − 55

a4 − 30
a3 − 10

a2

)
x2 +

(
24
a5 + 30

a4 + 20
a3 + 10

a2 + 5
a

)
x− 1

Example. Plot the Poisson-Charlier polynomial with n = 5 and a = 1/2 over the
interval −1 ≤ x ≤ 3.

In := Plot[Charlier[5, x, 0.5], {x, -1, 3}, PlotRange→ All]

Example. Plot the Poisson-Charlier polynomials with a = 1 and 1 ≤ n ≤ 6 over
the interval −1 ≤ x ≤ 1. The output is Fig. A.3.

In := Plot[Evaluate[Charlier[#, x, 1] & /@ Range[1, 6]], {x, -1, 1}, PlotStyle→
{ }]

Out[803]=
�1.0 �0.5 0.5 1.0

�40

�20

20

40

Fig. A.3. Poisson-Charlier polynomials with 1 ≤ n ≤ 6
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A.18.3 CharlierCentered

These polynomials are defined by

Cn(x, a) = ancn(x+ a, a).

They are orthogonal with respect to the centered Poisson distribution with parameter
a > 0.

Example. Compute the centered Poisson-Charlier polynomial with n = 3.

In := Collect[CharlierCentered[3, x, a], x]
Out= 2a+ (2− 3a)x− 3x2 + x3

Example. Compute the centered Poisson-Charlier polynomial with n = 3 and
a = 1.

In := CharlierCentered[8, x, 1] // TraditionalForm
Out= x8− 28x7 + 294x6− 1428x5 + 3059x4− 1428x3− 3326x2 + 2904x− 7

Example. Plot the centered Poisson-Charlier polynomials with a = 1 and
1 ≤ n ≤ 6 over the interval −1 ≤ x ≤ 1. The output is Fig. A.4.

In := Plot[Evaluate[CharlierCentered[#, x, 1] & /@ Range[1, 6]], x, -1, 1, Plot
Range→ All]

Out[808]=

�1.0 �0.5 0.5 1.0

�60

�40

�20

20

Fig. A.4. Centered Charlier polynomials with a = 1 and 1 ≤ n ≤ 6
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A.18.4 CharlierCenteredGrid

Displays the centered Poisson-Charlier polynomials up to order n.

Example. Make a grid of the centered Poisson-Charlier polynomials for
0 ≤ n ≤ 5.

In := ChalierCenteredGrid[5, a]
Out=

0 1

1 x

2 x2 − x − a

3 x3 − 3x2 + (2 − 3a)x + 2a

4 x4 − 6x3 + (11 − 6a)x2 + (14a − 6)x + 3a2 − 6a

5 x5 − 10x4 + (35 − 10a)x3 + (50a − 50)x2 + (15a2 − 70a + 24)x − 20a2 + 24a

6 x6 − 15x5 + (85 − 15a)x4 + (130a − 225)x3 + (45a2 − 375a + 274)x2

+(−165a2 + 404a − 120)x − 15a3 + 130a2 − 120a



Appendix B

Tables of moments and cumulants

In the following tables, μn and κn denote respectively the nth moment and nth cumu-
lant of a random variableX . IfX has mean zero, then μ1 = κ1 = 0 and μn and κn are
said to be “centered”. If, in addition, X has variance one, then μ2 = κ2 = 1 as well,
and μn and κn are said to be “centered and scaled”.

List of tables:

1. Centered and scaled Cumulant to Moments
2. Centered Cumulant to Moments
3. Cumulant to Moments
4. Centered and scaled Moment to Cumulants
5. Centered Moment to Cumulants
6. Moment to Cumulants

G. Peccati, M.S. Taqqu: Wiener Chaos: Moments, Cumulants and Diagrams –
A survey with computer implementation.
© Springer-Verlag Italia 2011
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Centered and scaled Cumulant to Moments

n κn =

1 0

2 1

3 μ3

4 −3 + μ4

5 −10μ3 + μ5

6 30 − 10μ2
3 − 15μ4 + μ6

7 210μ3 − 35μ3μ4 − 21μ5 + μ7

8 −630 + 560μ2
3 + 420μ4 − 35μ2

4 − 56μ3μ5 − 28μ6 + μ8

9 −7560μ3 + 560μ3
3 + 2520μ3μ4 + 756μ5 − 126μ4μ5 − 84μ3μ6 − 36μ7 + μ9

10 22680 − 37800μ2
3 − 18900μ4 + 4200μ2

3μ4 + 3150μ2
4 + 5040μ3μ5 − 126μ2

5 +

1260μ6 − 210μ4μ6 − 120μ3μ7 − 45μ8 + μ10

12 −1247400 + 3326400μ2
3 − 92400μ4

3 + 1247400μ4 − 831600μ2
3μ4 − 311850μ2

4 +

11550μ3
4 − 498960μ3μ5 + 55440μ3μ4μ5 + 16632μ2

5 − 83160μ6 + 18480μ2
3μ6 +

27720μ4μ6 − 462μ2
6 + 15840μ3μ7 − 792μ5μ7 + 2970μ8 − 495μ4μ8 − 220μ3μ9 −

66μ10 + μ12

13 −32432400μ3 + 14414400μ3
3 + 21621600μ3μ4 − 1201200μ3

3μ4 − 2702700μ3μ
2
4

+120120μ3μ4μ6 + 72072μ5μ6 − 154440μ7 + 34320μ2
3μ7 + 51480μ4μ7 − 1716μ6μ7

+25740μ3μ8 − 1287μ5μ8 + 4290μ9 − 715μ4μ9 − 286μ3μ10 − 78μ11 + μ13

14 97297200 − 378378000μ2
3 + 33633600μ4

3 − 113513400μ4 +

151351200μ2
3μ4 + 37837800μ2

4 − 6306300μ2
3μ

2
4 − 3153150μ3

4 + 60540480μ3μ5 −
3363360μ3

3μ5 − 15135120μ3μ4μ5 − 2270268μ2
5 + 252252μ4μ

2
5 + 7567560μ6 −

5045040μ2
3μ6 − 3783780μ4μ6 + 210210μ2

4μ6 + 336336μ3μ5μ6 + 84084μ2
6 −

2162160μ3μ7 + 240240μ3μ4μ7 + 144144μ5μ7 − 1716μ2
7 − 270270μ8 +

60060μ2
3μ8 + 90090μ4μ8 − 3003μ6μ8 + 40040μ3μ9 − 2002μ5μ9 + 6006μ10 −

1001μ4μ10 − 364μ3μ11 − 91μ12 + μ14
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Centered Cumulant to Moments

n κn =

1 0

2 μ2

3 μ3

4 −3μ2
2 + μ4

5 −10μ2μ3 + μ5

6 30μ3
2 − 10μ2

3 − 15μ2μ4 + μ6

7 210μ2
2μ3 − 35μ3μ4 − 21μ2μ5 + μ7

8 −630μ4
2 + 560μ2μ

2
3 + 420μ2

2μ4 − 35μ2
4 − 56μ3μ5 − 28μ2μ6 + μ8

9 −7560μ3
2μ3 + 560μ3

3 + 2520μ2μ3μ4 + 756μ2
2μ5 − 126μ4μ5 − 84μ3μ6 − 36μ2μ7 +μ9

10 22680μ5
2 − 37800μ2

2μ
2
3 − 18900μ3

2μ4 + 4200μ2
3μ4 + 3150μ2μ

2
4 + 5040μ2μ3μ5 −

126μ2
5 + 1260μ2

2μ6 − 210μ4μ6 − 120μ3μ7 − 45μ2μ8 + μ10

11 415800μ4
2μ3 − 92400μ2μ

3
3 − 207900μ2

2μ3μ4 + 11550μ3μ
2
4 − 41580μ3

2μ5 +

9240μ2
3μ5 + 13860μ2μ4μ5 + 9240μ2μ3μ6 − 462μ5μ6 + 1980μ2

2μ7 − 330μ4μ7 −
165μ3μ8 − 55μ2μ9 + μ11

12 −1247400μ6
2 + 3326400μ3

2μ
2
3 − 92400μ4

3 + 1247400μ4
2μ4 − 831600μ2μ

2
3μ4 −

311850μ2
2μ

2
4 + 11550μ3

4 − 498960μ2
2μ3μ5 + 55440μ3μ4μ5 + 16632μ2μ

2
5 −

83160μ3
2μ6 + 18480μ2

3μ6 + 27720μ2μ4μ6 − 462μ2
6 + 15840μ2μ3μ7 − 792μ5μ7 +

2970μ2
2μ8 − 495μ4μ8 − 220μ3μ9 − 66μ2μ10 + μ12

13 −32432400μ5
2μ3 + 14414400μ2

2μ
3
3 + 21621600μ3

2μ3μ4 − 1201200μ3
3μ4 −

2702700μ2μ3μ
2
4 + 3243240μ4

2μ5 − 2162160μ2μ
2
3μ5 − 1621620μ2

2μ4μ5 +

90090μ2
4μ5 + 72072μ3μ

2
5 − 1081080μ2

2μ3μ6 + 120120μ3μ4μ6 + 72072μ2μ5μ6 −
154440μ3

2μ7 + 34320μ2
3μ7 + 51480μ2μ4μ7 − 1716μ6μ7 + 25740μ2μ3μ8 −

1287μ5μ8 + 4290μ2
2μ9 − 715μ4μ9 − 286μ3μ10 − 78μ2μ11 + μ13
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Cumulant to Moments

n κn =

1 μ1

2 −μ2
1 + μ2

3 2μ3
1 − 3μ1μ2 + μ3

4 −6μ4
1 + 12μ2

1μ2 − 3μ2
2 − 4μ1μ3 + μ4

5 24μ5
1 − 60μ3

1μ2 + 30μ1μ
2
2 + 20μ2

1μ3 − 10μ2μ3 − 5μ1μ4 + μ5

6 −120μ6
1 + 360μ4

1μ2 − 270μ2
1μ

2
2 + 30μ3

2 − 120μ3
1μ3 + 120μ1μ2μ3 − 10μ2

3 +

30μ2
1μ4 − 15μ2μ4 − 6μ1μ5 + μ6

7 720μ7
1 − 2520μ5

1μ2 + 2520μ3
1μ

2
2 − 630μ1μ

3
2 + 840μ4

1μ3 − 1260μ2
1μ2μ3 + 210μ2

2μ3 +

140μ1μ
2
3 − 210μ3

1μ4 + 210μ1μ2μ4 − 35μ3μ4 + 42μ2
1μ5 − 21μ2μ5 − 7μ1μ6 + μ7

8 −5040μ8
1 + 20160μ6

1μ2 − 25200μ4
1μ

2
2 + 10080μ2

1μ
3
2 − 630μ4

2 − 6720μ5
1μ3 +

13440μ3
1μ2μ3 − 5040μ1μ

2
2μ3 − 1680μ2

1μ
2
3 + 560μ2μ

2
3 + 1680μ4

1μ4 − 2520μ2
1μ2μ4 +

420μ2
2μ4 + 560μ1μ3μ4 − 35μ2

4 − 336μ3
1μ5 + 336μ1μ2μ5 − 56μ3μ5 + 56μ2

1μ6 −
28μ2μ6 − 8μ1μ7 + μ8

9 40320μ9
1 − 181440μ7

1μ2 + 272160μ5
1μ

2
2 − 151200μ3

1μ
3
2 + 22680μ1μ

4
2 + 60480μ6

1μ3 −
151200μ4

1μ2μ3 + 90720μ2
1μ

2
2μ3 − 7560μ3

2μ3 + 20160μ3
1μ

2
3 − 15120μ1μ2μ

2
3 +

560μ3
3 − 15120μ5

1μ4 + 30240μ3
1μ2μ4 − 11340μ1μ

2
2μ4 − 7560μ2

1μ3μ4 +

2520μ2μ3μ4 + 630μ1μ
2
4 + 3024μ4

1μ5 − 4536μ2
1μ2μ5 + 756μ2

2μ5 + 1008μ1μ3μ5 −
126μ4μ5 − 504μ3

1μ6 + 504μ1μ2μ6 − 84μ3μ6 + 72μ2
1μ7 − 36μ2μ7 − 9μ1μ8 + μ9

10 −362880μ10
1 + 1814400μ8

1μ2 − 3175200μ6
1μ

2
2 + 2268000μ4

1μ
3
2 − 567000μ2

1μ
4
2 +

22680μ5
2 − 604800μ7

1μ3 + 1814400μ5
1μ2μ3 − 1512000μ3

1μ
2
2μ3 + 302400μ1μ

3
2μ3 −

252000μ4
1μ

2
3 + 302400μ2

1μ2μ
2
3 − 37800μ2

2μ
2
3 − 16800μ1μ

3
3 + 151200μ6

1μ4 −
378000μ4

1μ2μ4 + 226800μ2
1μ

2
2μ4 − 18900μ3

2μ4 + 100800μ3
1μ3μ4 −

75600μ1μ2μ3μ4 + 4200μ2
3μ4 − 9450μ2

1μ
2
4 + 3150μ2μ

2
4 − 30240μ5

1μ5 +

60480μ3
1μ2μ5 − 22680μ1μ

2
2μ5 − 15120μ2

1μ3μ5 + 5040μ2μ3μ5 + 2520μ1μ4μ5 −
126μ2

5 + 5040μ4
1μ6 − 7560μ2

1μ2μ6 + 1260μ2
2μ6 + 1680μ1μ3μ6 − 210μ4μ6 −

720μ3
1μ7 + 720μ1μ2μ7 − 120μ3μ7 + 90μ2

1μ8 − 45μ2μ8 − 10μ1μ9 + μ10
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Centered and scaled Moment to Cumulants

n μn =

1 0

2 1

3 κ3

4 3 + κ4

5 10κ3 + κ5

6 15 + 10κ2
3 + 15κ4 + κ6

7 105κ3 + 35κ3κ4 + 21κ5 + κ7

8 105 + 280κ2
3 + 210κ4 + 35κ2

4 + 56κ3κ5 + 28κ6 + κ8

9 1260κ3 + 280κ3
3 + 1260κ3κ4 + 378κ5 + 126κ4κ5 + 84κ3κ6 + 36κ7 + κ9

10 945 + 6300κ2
3 + 3150κ4 + 2100κ2

3κ4 + 1575κ2
4 + 2520κ3κ5 + 126κ2

5 + 630κ6 +

210κ4κ6 + 120κ3κ7 + 45κ8 + κ10

11 17325κ3 + 15400κ3
3 + 34650κ3κ4 + 5775κ3κ

2
4 + 6930κ5 + 4620κ2

3κ5 +

6930κ4κ5 + 4620κ3κ6 + 462κ5κ6 + 990κ7 + 330κ4κ7 + 165κ3κ8 + 55κ9 + κ11

12 10395 + 138600κ2
3 + 15400κ4

3 + 51975κ4 + 138600κ2
3κ4 + 51975κ2

4 + 5775κ3
4 +

83160κ3κ5 + 27720κ3κ4κ5 + 8316κ2
5 + 13860κ6 + 9240κ2

3κ6 + 13860κ4κ6 +

462κ2
6 + 7920κ3κ7 + 792κ5κ7 + 1485κ8 + 495κ4κ8 + 220κ3κ9 + 66κ10 + κ12

13 270270κ3 + 600600κ3
3 + 900900κ3κ4 + 200200κ3

3κ4 + 450450κ3κ
2
4 + 135135κ5 +

360360κ2
3κ5 + 270270κ4κ5 + 45045κ2

4κ5 + 36036κ3κ
2
5 + 180180κ3κ6 +

60060κ3κ4κ6 + 36036κ5κ6 + 25740κ7 + 17160κ2
3κ7 + 25740κ4κ7 + 1716κ6κ7 +

12870κ3κ8 + 1287κ5κ8 + 2145κ9 + 715κ4κ9 + 286κ3κ10 + 78κ11 + κ13

14 135135 + 3153150κ2
3 + 1401400κ4

3 + 945945κ4 + 6306300κ2
3κ4 + 1576575κ2

4 +

1051050κ2
3κ

2
4 + 525525κ3

4 + 2522520κ3κ5 + 560560κ3
3κ5 + 2522520κ3κ4κ5 +

378378κ2
5 + 126126κ4κ

2
5 + 315315κ6 + 840840κ2

3κ6 + 630630κ4κ6 +

105105κ2
4κ6 + 168168κ3κ5κ6 + 42042κ2

6 + 360360κ3κ7 + 120120κ3κ4κ7 +

72072κ5κ7 + 1716κ2
7 + 45045κ8 + 30030κ2

3κ8 + 45045κ4κ8 + 3003κ6κ8 +

20020κ3κ9 + 2002κ5κ9 + 3003κ10 + 1001κ4κ10 + 364κ3κ11 + 91κ12 + κ14
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Centered Moment to Cumulants

n μn =

1 0

2 κ2

3 κ3

4 3κ2
2 + κ4

5 10κ2κ3 + κ5

6 15κ3
2 + 10κ2

3 + 15κ2κ4 + κ6

7 105κ2
2κ3 + 35κ3κ4 + 21κ2κ5 + κ7

8 105κ4
2 + 280κ2κ

2
3 + 210κ2

2κ4 + 35κ2
4 + 56κ3κ5 + 28κ2κ6 + κ8

9 1260κ3
2κ3 + 280κ3

3 + 1260κ2κ3κ4 + 378κ2
2κ5 + 126κ4κ5 + 84κ3κ6 + 36κ2κ7 + κ9

10 945κ5
2 + 6300κ2

2κ
2
3 + 3150κ3

2κ4 + 2100κ2
3κ4 + 1575κ2κ

2
4 + 2520κ2κ3κ5 + 126κ2

5 +

630κ2
2κ6 + 210κ4κ6 + 120κ3κ7 + 45κ2κ8 + κ10

11 17325κ4
2κ3 + 15400κ2κ

3
3 + 34650κ2

2κ3κ4 + 5775κ3κ
2
4 + 6930κ3

2κ5 + 4620κ2
3κ5 +

6930κ2κ4κ5+4620κ2κ3κ6+462κ5κ6+990κ2
2κ7+330κ4κ7+165κ3κ8+55κ2κ9+κ11

12 10395κ6
2 + 138600κ3

2κ
2
3 + 15400κ4

3 + 51975κ4
2κ4 + 138600κ2κ

2
3κ4 + 51975κ2

2κ
2
4 +

5775κ3
4 + 83160κ2

2κ3κ5 + 27720κ3κ4κ5 + 8316κ2κ
2
5 + 13860κ3

2κ6 + 9240κ2
3κ6 +

13860κ2κ4κ6 + 462κ2
6 + 7920κ2κ3κ7 + 792κ5κ7 + 1485κ2

2κ8 + 495κ4κ8 +

220κ3κ9 + 66κ2κ10 + κ12

13 270270κ5
2κ3 + 600600κ2

2κ
3
3 + 900900κ3

2κ3κ4 + 200200κ3
3κ4 + 450450κ2κ3κ

2
4 +

135135κ4
2κ5 + 360360κ2κ

2
3κ5 + 270270κ2

2κ4κ5 + 45045κ2
4κ5 + 36036κ3κ

2
5 +

180180κ2
2κ3κ6 + 60060κ3κ4κ6 + 36036κ2κ5κ6 + 25740κ3

2κ7 + 17160κ2
3κ7 +

25740κ2κ4κ7 + 1716κ6κ7 + 12870κ2κ3κ8 + 1287κ5κ8 + 2145κ2
2κ9 + 715κ4κ9 +

286κ3κ10 + 78κ2κ11 + κ13

14 135135κ7
2 + 3153150κ4

2κ
2
3 + 1401400κ2κ

4
3 + 945945κ5

2κ4 + 6306300κ2
2κ

2
3κ4 +

1576575κ3
2κ

2
4 + 1051050κ2

3κ
2
4 + 525525κ2κ

3
4 + 2522520κ3

2κ3κ5 + 560560κ3
3κ5 +

2522520κ2κ3κ4κ5 + 378378κ2
2κ

2
5 + 126126κ4κ

2
5 + 315315κ4

2κ6 + 840840κ2κ
2
3κ6 +

630630κ2
2κ4κ6 + 105105κ2

4κ6 + 168168κ3κ5κ6 + 42042κ2κ
2
6 + 360360κ2

2κ3κ7 +

120120κ3κ4κ7 + 72072κ2κ5κ7 + 1716κ2
7 + 45045κ3

2κ8 + 30030κ2
3κ8 +

45045κ2κ4κ8 + 3003κ6κ8 + 20020κ2κ3κ9 + 2002κ5κ9 + 3003κ2
2κ10 +

1001κ4κ10 + 364κ3κ11 + 91κ2κ12 + κ14
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Moment to Cumulants

n μn =

1 κ1

2 κ2
1 + κ2

3 κ3
1 + 3κ1κ2 + κ3

4 κ4
1 + 6κ2

1κ2 + 3κ2
2 + 4κ1κ3 + κ4

5 κ5
1 + 10κ3

1κ2 + 15κ1κ
2
2 + 10κ2

1κ3 + 10κ2κ3 + 5κ1κ4 + κ5

6 κ6
1 + 15κ4

1κ2 + 45κ2
1κ

2
2 + 15κ3

2 + 20κ3
1κ3 + 60κ1κ2κ3 + 10κ2

3 + 15κ2
1κ4 + 15κ2κ4 +

6κ1κ5 + κ6

7 κ7
1 + 21κ5

1κ2 + 105κ3
1κ

2
2 + 105κ1κ

3
2 + 35κ4

1κ3 + 210κ2
1κ2κ3 + 105κ2

2κ3 + 70κ1κ
2
3 +

35κ3
1κ4 + 105κ1κ2κ4 + 35κ3κ4 + 21κ2

1κ5 + 21κ2κ5 + 7κ1κ6 + κ7

8 κ8
1 + 28κ6

1κ2 + 210κ4
1κ

2
2 + 420κ2

1κ
3
2 + 105κ4

2 + 56κ5
1κ3 + 560κ3

1κ2κ3 + 840κ1κ
2
2κ3 +

280κ2
1κ

2
3 + 280κ2κ

2
3 + 70κ4

1κ4 + 420κ2
1κ2κ4 + 210κ2

2κ4 + 280κ1κ3κ4 + 35κ2
4 +

56κ3
1κ5 + 168κ1κ2κ5 + 56κ3κ5 + 28κ2

1κ6 + 28κ2κ6 + 8κ1κ7 + κ8

9 κ9
1+36κ7

1κ2+378κ5
1κ

2
2+1260κ3

1κ
3
2+945κ1κ

4
2+84κ6

1κ3+1260κ4
1κ2κ3+3780κ2

1κ
2
2κ3+

1260κ3
2κ3+840κ3

1κ
2
3+2520κ1κ2κ

2
3+280κ3

3+126κ5
1κ4+1260κ3

1κ2κ4+1890κ1κ
2
2κ4+

1260κ2
1κ3κ4 + 1260κ2κ3κ4 + 315κ1κ

2
4 + 126κ4

1κ5 + 756κ2
1κ2κ5 + 378κ2

2κ5 +

504κ1κ3κ5+126κ4κ5+84κ3
1κ6+252κ1κ2κ6+84κ3κ6+36κ2

1κ7+36κ2κ7+9κ1κ8+κ9

10 κ10
1 + 45κ8

1κ2 + 630κ6
1κ

2
2 + 3150κ4

1κ
3
2 + 4725κ2

1κ
4
2 + 945κ5

2 + 120κ7
1κ3 +

2520κ5
1κ2κ3 + 12600κ3

1κ
2
2κ3 + 12600κ1κ

3
2κ3 + 2100κ4

1κ
2
3 + 12600κ2

1κ2κ
2
3 +

6300κ2
2κ

2
3 + 2800κ1κ

3
3 + 210κ6

1κ4 + 3150κ4
1κ2κ4 + 9450κ2

1κ
2
2κ4 + 3150κ3

2κ4 +

4200κ3
1κ3κ4 + 12600κ1κ2κ3κ4 + 2100κ2

3κ4 + 1575κ2
1κ

2
4 + 1575κ2κ

2
4 + 252κ5

1κ5 +

2520κ3
1κ2κ5 + 3780κ1κ

2
2κ5 + 2520κ2

1κ3κ5 + 2520κ2κ3κ5 + 1260κ1κ4κ5 + 126κ2
5 +

210κ4
1κ6 + 1260κ2

1κ2κ6 + 630κ2
2κ6 + 840κ1κ3κ6 + 210κ4κ6 + 120κ3

1κ7 +

360κ1κ2κ7 + 120κ3κ7 + 45κ2
1κ8 + 45κ2κ8 + 10κ1κ9 + κ10

11 κ11
1 + 55κ9

1κ2 + 990κ7
1κ

2
2 + 6930κ5

1κ
3
2 + 17325κ3

1κ
4
2 + 10395κ1κ

5
2 + 165κ8

1κ3 +

4620κ6
1κ2κ3 + 34650κ4

1κ
2
2κ3 + 69300κ2

1κ
3
2κ3 + 17325κ4

2κ3 + 4620κ5
1κ

2
3 +

46200κ3
1κ2κ

2
3 + 69300κ1κ

2
2κ

2
3 + 15400κ2

1κ
3
3 + 15400κ2κ

3
3 + 330κ7

1κ4 +

6930κ5
1κ2κ4 + 34650κ3

1κ
2
2κ4 + 34650κ1κ

3
2κ4 + 11550κ4

1κ3κ4 + 69300κ2
1κ2κ3κ4 +

34650κ2
2κ3κ4 + 23100κ1κ

2
3κ4 + 5775κ3

1κ
2
4 + 17325κ1κ2κ

2
4 + 5775κ3κ

2
4 +

462κ6
1κ5 + 6930κ4

1κ2κ5 + 20790κ2
1κ

2
2κ5 + 6930κ3

2κ5 + 9240κ3
1κ3κ5+

27720κ1κ2κ3κ5 + 4620κ2
3κ5 + 6930κ2

1κ4κ5 + 6930κ2κ4κ5 + 1386κ1κ
2
5 +

462κ5
1κ6 + 4620κ3

1κ2κ6 + 6930κ1κ
2
2κ6 + 4620κ2

1κ3κ6 + 4620κ2κ3κ6 +

2310κ1κ4κ6 + 462κ5κ6 + 330κ4
1κ7 + 1980κ2

1κ2κ7 + 990κ2
2κ7 + 1320κ1κ3κ7 +

330κ4κ7 + 165κ3
1κ8 + 495κ1κ2κ8 + 165κ3κ8 + 55κ2

1κ9 + 55κ2κ9 + 11κ1κ10 + κ11
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